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Exercise 1 Computations in an extension of Q (100 pts)

Let F (x) = x3 + 2x− 2, let α ∈ C be a root of F , and let K = Q(α).

1. (15 pts) Prove that [K : Q] = 3.

2. (10 pts) Find a, b, c ∈ Q such that α4 = aα2 + bα + c. Are a, b, c unique?

3. (15 pts) Find d, e, f ∈ Q such that 1
α2+α+3

= dα2 + eα+ f . Are d, e, f unique?

4. (20 pts) Does
√

2 ∈ K?

Hint: Think in terms of degrees.

5. (20 pts) Find all fields L such that Q ⊆ L ⊆ K.

6. (20 pts) Prove that Q(α2) = K.
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