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Introduction: why algebraic
number theory?

Consider the following statement, known today as Fermat’s last theorem:

Theorem 0.0.1 (Wiles & al., 1994). Let n > 3 be an integer. Then the
Diophantine equation

n

2yt =z
has no nontrivial solution, i.e.

n

2"yt =2" xy, 2z €l = xyz =0.

In 1847, while this theorem still had not been proved, the French math-
ematician Gabriel Lamé had an idea for the case where n is an odd prime.
Suppose we have 2" + y" = 2" with z, y and z all nonzero integers, which
we may assume are relatively prime. Let ¢ = €2™/", so that (" = 1, and
consider

Z[¢] ={P(C), P € Zlz]},
the smallest subring of C containing . Then, in this ring, we have

n

o=y =] - ).

k=1

Lamé claimed that to conclude that each factor z — (*y is an n'" power, it
suffices to show that these factors are pairwise coprime. If this were true,
then we would be able to find integers z’, ¢ and 2/, smaller than z,y and z
but all nonzero, such that =™ + ¢y = 2; this would lead to an “infinite
descent” and thus prove the theorem.



Unfortunately, Lamé’s claim relied on the supposition that factorisation
into irreducibles is unique, and while this is true in Z, we now know that it
need not be true in more general rings such as Z[(]. For instance, in the ring

Z[iv/5] = {a + biv/5, a,b € Z} C C,
we have the two different factorisations
6=2x3=(1+14V5) x (1—1iV5),

where each factor is irreducible. Lamé was thus unable to justify his claim,
and the theorem remained unproved for almost 150 years.

The numbers ¢ and iv/5 are examples of algebraic numbers. The goal
of this course is to study the property of such numbers, and of rings such
that Z[(], so as to know what we are allowed to do with them, and what
we are not. As an application, we will see how to solve certain Diophantine
equations.



Preliminary reminders

I have gathered here some standard results that I expect you to know, and
that I will use without proof in this course.

Notation

Vz means for all z. 3z means there exists (at least one) . Finally, 3!z means
there exists a unique x.
For instance, the statement

VeeR JyeR:y>x
is true, whereas the statement
JyeR:VzeRy>z

is false.
Let X and Y be sets. A map from X to Y will be written as

f: X — Y

The product X x Y is the set of pairs (z,y) with z € X and y € Y.

Groups, rings, ideals, fields, and quotients

A group is a set G with an operation - : G x G — G and an element e € G
such that (g1 -g2) - g3 = g1+ (92~ g3) for all g1,00,93 € G, g-e=¢e-g=g
for all ¢ € G, and such that for all ¢ € G there exists g~' € ¢ such that

g9 =g"-g=e



An isomorphism between a group G and a group H isamap ¢ : G — H
which is bijective and satisfies ¢(g1 - g2) = ¢(g1) - ¢(g2) for all g1, g2 € G.

The order of an element g € G is the smallest n € N such that ¢" = e, if
it exists.

If G is finite then the cardinal of G is also called the orderdl of G.

Lagrange’s theorem states that the order of any subgroup of G divides
that of G. In particular, if ¢ € G has order n, then n divideﬂ the order of G,
since the subgroup (g) of G generated by g is {g,¢? -+ ,¢"*,¢" = e} and
is thus of order n. In particular, ¢#*¢ = e for all g € G.

The converse to Lagrange theorem’s in not true: in general, there will
exist divisors d or #G such that G has no element of ordei’| d. However, a
theorem of Cauchy’s tells us that if p € N is a prime dividing G, then dg € G
of order exactly p.

The group G is said to be Abelian if g; - go = g9 - g1 for all g1,9, € G.
Most of the groups considered in this course will be Abelian.

A ring is a set R with two operations + and x and elements 0,1 € R such
that R is an Abelian group for 4, and such that z X (y+z2) =x X y+ 2z X 2
and (y+z2)xrx=yxz+zxzand l xz=xx1=uzxforall z,y,z € R.

The characteristic of R is the smallest n € N such that n = 0 in R; if
no such n exists, we say that R has characteristic 0. For instance, Z/nZ has
characteristic n, and Z has characteristic 0.

We say that R is commutative if © x y = y x x for all z,y € R. Unless
stated otherwise, all rings considered in this course will be commutative.

An isomorphism between a ring R and a ring S is a map ¢ : R — S
which is bijective and satisfies ¢(x x y) = ¢(z) x ¢(y) and ¢(z x y) =
o(x) x ¢(y) for all z,y € R, as well as ¢(1) = 1.

A ring R is a domain if for all z,y € R, x x y = 0 implies z = 0 or y = 0.

An element € R is a unit (or is invertible) if there exists y € R such
that © X y = y x = 1; one then writes y = z=!. The set of units of R is
denoted by R*; it forms a group under the operation x.

Do not confuse the notion of order of a group with that of order of a group element!

2Thus the lcm of the order of the elements of G (a.k.a. the exponent of G) divides the
order of G. Beware however that this divisibility can be strict; for instance, the group
G =7Z/27 x Z./]27Z has order 4, but every element of G has order 1 or 2.

3Counter-example: G = Z /27 x Z/2Z has #G = 4 but the elements of G have order
1 or 2, never 4. In fact, a group G has an element of order #G iff. it is cyclic, thus
isomorphic to Z/#GZ.



Two elements x, y of a ring R are said to be associate if there exists a
unit v € R* such that y = uz (note that this implies z = u™'y).

A field is a ring in which 0 # 1 and every nonzero element is a unit. An
isomorphism of fields is a map between two fields which is an isomorphism
of rings.

Given a domainﬁ R, the then set of fractions 5 with z,y € R and y # 0
forms a field containing R, called the field of fractions of R and denoted by
Frac R. For instance, if R = C|z] is the ring of polynomials with complex
coefficients, then Frac R = C(z) is the field of rational fractions with complex
coefficients.

Let G be an Abelianﬂ group whose operation is denoted by +, and let
H C G be a subgroup. The quotient group is the set G/H formed of all the
elements of GG, where g € G and go € G are identified whenever g, — g5 €
H. The operation + is still well-defined on G/H, i.e. if g — g2 € H and
g1 — g5 € H, then (g1 +¢g1) — (92+ g5) € H. The quotient group G/H is thus
an Abelian group.

The indez [G : H] of H in G is the order of the quotient G/H (which may
be infinite if #G is inifinte). Note that by Lagrange’s theorem, if [G : H] = m
is finite, then g™ = € for all g € G/H, where € denotes the neutral element
of G/H. This can be rephrased by saying that ¢ € H for all g € G.

For example, for all n € N, the group Z/nZ (under addition) is the
quotient of the group Z by the subgroup nZ. This quotient group is a group
of order n, so the index [Z : nZ] of nZ in Z is n.

An ideal of a ring R is a non-empty subset I C R satisfying
Vi,jel,i+jel
and
Vie [,Vr e Ryxi € 1.

Given a ring R and an ideal I of R, the quotient ring R/I is the set of
elements of R where two elements x,y are identified whenever z —y € I (we
sometimes say that x and y are congruent modulo I). The addition + and
the multiplication x are still well-defined on R/I, which is thus a ring.

4This construction fails if R is not a domain, or worse, if R is not commutative.

5The construction of quotient groups is also possible with non-Abelian groups, but the
subgroup needs to satisfy and extra condition (it must be normal). We will not need this
in this course.



For example, for all n € N, the ring Z/nZ is the quotient of the ring Z by
the ideal nZ. The difference with the previous example is that we now view
7 as a ring and not merely as a group, so that we obtain a ring structure (as
opposed to a mere group structure) on Z/nZ.

Let R be a domain. Given x € R, the set
R = {zy,y € R}

of multiples of x is an ideal of R, which is also written (z). Ideals of the
form xR for some x € R are called principal ideals. Given x and y € R, the
principal ideals zR and yR agree if and only if Ju € R* such that y = ux.

We say that R is a PID (short for Principal ideal domain) if every ideal
of R is principal.

Let R be a PID. Given a,b € R, the set aR+bR = {au+bv, u,v € R} is
an ideal of R, so there exists g € R such that aR+bR = gR. This g is called
the ged of a and b, and is only defined up to multiplication by a unit. We say
that a and b are coprime if their ged is a unit, that is to say if aR+ bR = R.
This is the same as saying that there exist u,v € R such that au + bv = 1
(Bézout).

Polynomials and Euclidean division

Given a ring R, we let R[z| be the set of polynomials in the indetermi-
nate x with coefficients in R. More generally, given several indeterminates
X1, , Ty, we can consider the set Rz, - -, x,] of polynomials in xq,- -+, x,
with coefficients in R. Then R[z| (and more generally Rz, - - , z,]) is a ring.

For example, R = Clu,v] is the set of polynomial in the two vari-
ables v and v and with complex coefficients. Note that the set {P(u,v) €
R | P(0,0) = 0} is an ideal of R, but not a principal ideal (it can be gener-
ated by the two elements U and v, but not by a single element); thus R is
not a PID.

Let R be a domain. We say that R is Fuclidean if there exists a map
v: R— {0} — N such tat for all a,b € R with b # 0, there exist ¢, € R
such that @ = bg + r and either r = 0 or v(r) < v(b). The domain Z is
Euclidean, and so is K[z] for any field K. In fact, in the case of Z and
of Klz], quotients and remainders are unique for each division (this is not
required in the definition of a Euclidean domain in general).

9



Every Euclidean domain is a PID. In particular, Z and K [x] (K any field)
are PID’s.

Finally, we mention that every field K can be embedded in a (possibly
larger) field L such that every polynomial in K[z] factors completely (i.e.
into terms of degree 1) over L (in many cases, for instance when K = Q or
R, we can take L = C).

Linear algebra

Let R be aring, let n € N, and let A be a matrix of size n x n with coefficients
in R. Then A has a trace Tr A € R and a determinant det A € R, and A is
invertible (with an inverse also with coefficients in R) iff. det A is a unit in
R.

Let R[z] be the ring of polynomials with coefficients in R in the indeter-
minate x, and let I,, be the identity matrix of size n. Then zI, — A is an
n X n matrix with coefficients in R[z]. Its determinant is the characteristic
polynomial x 4(x) of A; it is a polynomial of degree n, of the form

xa(z) =2" — (Tr A)z™ '+ - + (=1)"det A.
Besides, we have the identity

xa(A4) =0,

the n x n zero matrix (Cayley-Hamilton).
In the special case when

A 0
A=
0 A,

is a block-diagonal matrix, then we have (of course)

Tr A= iTrAk,

k=1
but also )
det A = ] ] det Ay

k=1

10



In particular,

xalz) = [T xa, ().

Let now K be a field, V' a vector space over K of finite dimension d,
and (ey, -+ ,eq) a basis of V. If (fy,---, fy) is another basis of V', then the
change of basis matriz, also known as transition matriz, from the e;’s to the
fi’s is the d x d matrix P whose columns express the f;’s on the e;’s; in other

words, such that
d
fi= Z B jei
i=1

for all j = 1,--- ,d. This matrix is invertible, and its inverse is the change
of basis matrix from the f;’s to the e;’s.

Let now T: V — V be an endomorphism, that is to say a linear map
from V to itself, and let A is the d x d matrix with coefficients in K repre-
senting T on the basis (e, -+, eq), in equations

d
T((i]) = Z Ai,jei-
i=1

Then the matrix representing the same map 7" on the other basis (f1, -+ , fq)
i
PT'AP.

We have Tr(P~1AP) = Tr A, det(P7'AP) = det A, and xp-14p(z) =
xa(x). We may thus talk about the trace, determinant, and characteristic
polynomial of the endomorphism 7', since they do not depend on the basis
chosen to express it.

6In general this is not the same as PAP~!, nor than A, so be careful!

11



Chapter 1

Number fields

1.1 Resultants

Before we actually get started with number theory, let us introduce a tool
which will turn out to be very valuable.

Definition 1.1.1. Let K be a field, and let A = 77" a2’ and B =
> h_o bk be two polynomials with coefficients in K. The resultant of A
and B is the (m +n) x (m + n) determinant

Ay, Q1 e Qg 0 e 0
0 A Am—1 " Qo
- 0
0 0 A Gy a
Res(A, B) = b, by b 0 ' 00 ;
0 bn bnfl bO
0 O bn bn—l bO

where the first n rows contain the coefficients of A and the m last ones contain
those of B.

The main properties of the resultant are the following:

12



Theorem 1.1.2.

e Res(A, B) € K, and in fact, if the coefficients of both A and B lie in a
subring R of K, then Res(A, B) € R.

o If we can factor (over K or over a larger field) A and B as

deg A deg B
A=a H(x—aj) and B=10 H(I_ﬁk)7
j=1 k=1
then
deg A deg A deg B
RGS(A, B) _ adegB H B(a]’) — adengdegA H H (aj _ ﬁk)
j=1 j=1 k=1
deg B
_ (_1)degAdengdegA H A(Bk) _ (_1)degAdegB ReS(B,A)-
k=1

e Res(A, B) =0 if and only if A and B have a common factor in K|z].

Example 1.1.3. Take K = Q, A = 2> —2 € Q[z] and B = 2> + 1 € Q[z].
Since actually A and B lie in Z[x], we have Res(A, B) € Z; this is simply
because by definition,

10 -2 0

01 0 =2
Res(A, B) = 10 1 0

01 0 1

Besides, since we have
A= (z—V2)(x+V2) and B = (z —i)(x +1)
over C, we find that
Res(A, B) = B(V2)B(—V2) = A(i)A(—i) = (V2—i)(V2+i) (—V2—i) (—V2+i) = 9.

Example 1.1.4. Suppose we have A = BQ + R in K|[z], and let b be the
leading coefficient of B. Then A(S) = R(3) for all roots 5 of B, so that

Res(A, B) = (—1)desAdes BydesA-des R Rog( B R).

This gives a way to compute Res(A, B) by performing successive Eu-
clidean divisions, which is more efficient (at least for a computer) than com-
puting a large determinant when the degrees of A and B are large.

13



1.2 Field extensions

1.2.1 Notation

Let K and L be fields such that K C L. One says that K is a subfield of L,
and that L is an extension of K.

In what follows, whenever o € L (resp. ai,as,--- € L), we will write
K(a) (resp. K(aq,as,---)) to denote the smallest subfield of L containing
K as well as « (resp. aj,as,---). For example, we have C = R(7), and
K(a) = K if anf only if a € K.

Also, when R is a subring of K, we will write

Rlo] ={P(a), P e Rlz]}
to denote the smallest subring of L containing R as well as «, and similarly
Rlag, - ,an] ={P(a1, - ,an), P € Ry, -+ ,x,]}

Example 1.2.1. The ring K|« is a subring of the field K(«).

1.2.2 Algebraic elements, algebraic extensions

Definition 1.2.2. Let a € L. Then set of polynomials P € K|z| such that
P(a) = 0 is an ideal V,, of K[z], and one says that « is algebraic over K
if this ideal is nonzero, that is to say if there exists a nonzero P € K]|x]
which vanishes at «. Else one says that « is transcendental over K, or just
transcendental (for short) when K = Q.

In the case when « is algebraic over K, the ideal V,, can be generated by
one polynomial since the ring K[z| is a PID. This polynomial is unique up
to scaling, so there is a unique monic polynomial m,(x) that generates V.
This polynomial m,(x) is called the minimal polynomial of o over K. One
then says that « is algebraic over K of degree n, where n = degm, € N, and
one writes degy, o = n. When K = Q, one says for short that « is algebraic
of degree n.

If every element of L is algebraic over K, one says that L is an algebraic
extension of K.

14



Theorem 1.2.3. Let L/K be a field extension, and let o € L be algebraic
over K of degree n. Then K[a| is a field, so it agrees with K(«). It is also
a vector space of dimension n over K, with basis

which we write as )
K(o) = K[o] = P Ko’
=0
Remark 1.2.4. On the other hand, if a € L is transcendental over K, then
it is not difficult to see that
K(a) ={r(a), r € K(z)}
is isomorphic to the field K (z) of rational fractions over K via

K(r) = K(a)
P(z) P(«)

Q) Qo)

(this is well-defined since, as « is transcendental, Q(«) # 0 as soon as Q(x) is
not the 0 polynomial), whence the notation K («). In particular, it is infinite-
dimensional as a K-vector space, and KJa] is a strict subring of K («).

Proof of theorem[1.2.3, Let us begin with the second equality. Let m(x) =
mea(z) € K[x] be the minimal polynomial of o over K, an irreducible poly-
nomial of degree n. For all P(x) € K|z|, euclidean division in K[z] tells us
that we may write

P(z) = m(x)Q(x) + R(z)
where Q(z), R(z) € K[z| and deg R(z) < n. Evaluating at z = «, we find
that P(a) = R(«), so that

Kla] = {nz_f)\jozj, A GK}.

J=0

Besides, if we had a relation of the form



with the A; in K and not all zero, this would mean that the nonzero poly-
nomial

n—1
> Nl € Kl
j=0

vanishes at * = «, and since its degree is < n, this would contradict the
definition of the minimal polynomial.

Therefore, the (a)o<j<n span K[a] as a K-vector space and are linearly
independent over K, so they form a K-basis of K|a].

For the first equality, we must prove that the ring K[« is actually a field.
Let us thus prove that any nonzero 8 € K|[a] is invertible in K[«a]. We know
from the above that § = P(«a) for some nonzero P(z) € K|[z] of degree < n.
Since m(z) is irreducible over K and deg P(z) < degm(x) = n, it follows
that P(x) and m(z) are coprime, so that there exist U(z) and V' (z) in K|[z]
such that

U(z)P(z) + V(x)m(z) = 1.

Evaluating at * = «, we find that U(a)P(«) + 0 = 1, which proves that
U(a) € K[a] is the inverse of § = P(«). O

Example 1.2.5. Let o = /2. Then a is a root of 2> — 2 € Q[z]. Since
this polynomial is of degree only 2, if it were reducible, it would split into
factors of degree 1; since o € Q, we conclude that 2 — 2 is irreducible, so
it is the minimal polynomial of «, which is thus is algebraic of degree 2. In
particular, we have

Q(v2) =Q[vV2| = Qe QV?2,

which means that every element of Q(y/2) can be written in a unique way as
a+ b2 with a,b € Q.

Similarly, since i = —1, ¢ is algebraic of degree 2, and its minimal poly-
nomial is 22+ 1. It is also algebraic of degree 2 over R, with the same minimal
polynomial z? 4+ 1, but which is this time seen as lying in R[z]. We deduce
that

Q@) = Q1) = Q& Qi
and that
C =R(:i) =R[i] = R @ Ri.

We thus recover the well-known fact that every complex number can be
written uniquely as a + b with a,b € R.

16



On the contrary, one can prove that 7 is transcendental over Q (but this
is not easy). In particular, R is not an algebraic extension of Q, and its
subfield Q(r) is isomorphic to Q(x).

Finally, one can prove that /3 is algebraic of degree 2 over Q(y/2). This
amounts to say that 22 — 3, which is irreducible over Q, remains irreducible
over Q(v/2). Indeed, if it became reducible, then v/3 would lie in Q(v/2).
Theorem tells us that (1,1/2) is a Q-basis of Q(1/2), so there would exist
a,b € Q such that v/3 = a + by/2. Squaring yields 3 = (a? + 20%) + 2abv/2,
which (again by theorem implies that a® + 2b%> = 3 and that 2ab = 0,
which is clearly impossible.

It follows that

QV2)(V3) =Q(v2) ® Q(vV2)V3

as a vector space over Q(y/2), so that every element of Q(v/2,v/3) can be
written in a unique way as a + bv/3 with a,b € Q(\/i)

We now prove that the four basic operations preserve algebraicity.

Theorem 1.2.6. Let L/ K be a field extension. The sum, difference, product,
and quotienﬂ of two elements of L which are algebraic over K are algebraic
over K.

Proof. Let a (resp. () be algebraic over K, so that there exists a nonzero
polynomial A(z) € K[z] (resp. B(x) € KJz]) such that A(a) = 0 (resp.
B(B) = 0). Factor A(z) and B(z) in some large enough extension of K,

n

(ZE—CY]'), B(x):H(x_ﬁk)’

j=1 k=1

N
&

I
3

with @ = a7 and = f;, and consider the polynomials A(y) and B(z — y)
as polynomials in y over the field K (x). Their resultant

C(z) = Res (A(y), B(x — y))

lies in K (x), and actually even in K[z] according to theorem [1.1.2] since the
coefficients of A(y) and B(xz — y) (still seen as polynomials in y) lie in K[z].

INot by 0, of course.
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Besides, still according to theorem [1.1.2] we have

Clz) =] Bz = )ly=a, = HBOC—O@ =T 11— =50,

j=1 J=1k=1

so that a 4 (3 is a root of C(x) and is thus algebraic over K.
The cases of « — 3, a8 and «/f can be dealt with similarly. O

A consequence of this theorem is that the set of complex numbers which
are algebraic over QQ is actually a subfield of C.

Example 1.2.7. According to this theorem, o = V2 + V3 is algebraic.
However, the computations needed to exhibit a nonzero polynomial vanishing
at a require a bit of effort. We will actually determine the degree and the
minimal polynomial of a by another method in example below.

1.2.3 The degree of an extension

Let L be an extension of a field K. If we forget temporarily about the
multiplication on L, so that only addition is left, then L can be seen as a
vector space over K.

Definition 1.2.8. The degree of L over K is the dimension (finite or infinite)
of L seen as a K-vector space. It is denoted by [L : K].
If this degree is finite, one says that L is a finite extension of K.

Example 1.2.9. Let a € L. If « is algebraic over K with minimal polyno-
mial m,(z) € K|x] of degree n, then theorem tells us that

n—1
K(&):{Z)\kaka )\kGK}ZKEBKOz@---@Ka”_l,

k=0

so [K(«a) : K] = n = degy . On the other hand, if « is transcendental over
K, then K(«) is isomorphic to the rational fraction field K(x), so [K(«) :
K] = .

Remark 1.2.10. Clearly, the only extension L of a field K such that [L :
K]=1is L = K itself.

An important feature of the degree is that it is multiplicative. In fact,
even more is true.
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Proposition 1.2.11 (Multiplicativity of the degree). Let K C L C M be

finite extensions, let (I;)1<i<ir:x) be a K-basis of L, and let (m;)i1<j<im:1) be

an L-basis of M. Then (I;m;)1<i<ip:x) % a K-basis of M. In particular,
1<G<[M: L)

M : K] =[M: L|[L:K].

Proof. Let m € M. Since (m;)i<j<m:1) is an L-basis of M, we have

[M:L)]

m = E )\jmj
j=1

for some \; € L, and since (l;)1<i<r:x) is a K-basis of L, each \; can be

written
[L:K]

)\ —ZNU

[M:L] [L:K]

m = Z Zp”lm],

j=1 =1

Thus we have

which proves that the [;m; span M over K.
Besides, if we had a linear dependency relation

[M:L] [L:K]

D D paglimy =0

7j=1 =1
with p; ; € K, then we would have

[M:L)]

Z )\jmj = O
j=1
where
[L:K]
)‘j = Z /JLZ‘J'ZZ' € L.
i=1

Since (m;)1<j<m.r) is an L-basis of M, this would imply that

[L:K]
O:)\j: Zui,jliEL

i=1
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for all j; and since (I;)1<i<[r:k] is @ K-basis of L, this means that the p; ; are
all zero. Thus the [;m; are linearly independent over K. O]

Example 1.2.12. According to example [I.2.5 above,

[Q(v2): Q] =2,

and

[Q(V2,V3): Q(v2)] =2
It then follows from proposition [1.2.11] that

[Q(vV2,V3):Q=2x2=4.

More precisely, since we know that (1,+/2) is a Q-basis of Q(1/2) by theorem

1.2.3 and that (1,v/3) is a Q(v/2)-basis of Q(v/2,/3) by theorem and
example 1.2.5L we deduce from proposition [1.2.11| that (1,v/2,v/3,v/6) is a

Q-basis of Q(v/2,v/3).

1.2.4 The trace, norm, and characteristic polynomial

Definition 1.2.13. Let L be a finite extension of K, and let & € L. Then
multiplication by « induces a K-endomorphism of L, denoted by

fo: L —> L
& — .

The trace, norm, and characteristic polynomial of a (with respect to the
extension L/K) are, respectively, the trace, determinant, and characteris-
tic polynomial of this endomorphism. They are denoted respectively by
Trk(a) € K, Nk(a) € K, and yk(a) € K[z]. When the extension L/K
is clear from the context, we will just write Tr(«), N(a) and x(«).

Remark 1.2.14. Note that, as K-endomorphisms of L, pinys = pa + g
and fta3 = pa © pg for all o, B € L; this translates respectively into the
identities Tr(a + f) = Tr(«a) + Tr(5) and N(af) = N(a)N(B). Thus the
trace is an additive group homomorphism from L to K, whereas the norm is
a multiplicative group homomorphism from L* to K*.

Also note that N(a) = 0 if and only if a = 0.

20



Example 1.2.15. Let L = Q(v/2,/3), seen for now as an extension of Q,
and let o = v/2 + /3 € L. With respect to the Q-basis (1, V2./3, \/6) of L

(cf. example|1.2.12)), the matrix of p, is

O = = O
_— O O N
—_ o O W
SN WO

therefore Trf;(or) = 0 € Q, N§ (@) =1 € Q, and x§(o) = 2*—102°+1 € Q[z].
On the other hand, if we have the extension L/K in mind, where K =
Q(v/2), then we find that the matrix of y, with respect to the K-basis (1,/3)

of L is

V2 3

1 V2)’
so that Tri(a) = 2v/2 € K, Nk(a) = —1 € K, and x%(a) = 22 —2V22r—1 €
K|x].

Proposition 1.2.16. Let L/K be a finite extension, let o be an element
of L, and let x = x%(a) € Klz] be its characteristic polynomial. Then x
vanishes at a.

Proof. Since x is the characteristic polynomial of the endomorphism g, we
have x(ia) = 0 by Cayley-Hamilton. But P(pa) = pp) for every poly-
nomial P € K[z, so in particular 0 = X(fta) = fiy(a), Which means that
x(a) =0. O

Corollary 1.2.17. If an extension is finite, then it is algebraic.

Remark 1.2.18. The converse does not hold! For instance, let Q be the
set of all complex numbers that are algebraic over Q. Then Q is a field by
theorem [1.2.6] and is an algebraic extension of Q by construction, but it is
not a finite extension of Q.

Definition 1.2.19. A number field is a finite extension of Q.

Thus every element of a number field is algebraic, and conversely every
algebraic number « spans a number field Q(«). In a nutshell, it can be said
that this course is about the arithmetic properties of number fields.
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Example 1.2.20. The fields Q, Q(v/2), Q(i) and Q(v/2,v/3) are number
fields, of respective degrees 1, 2, 2, and 4. On the contrary, neither R nor C
are number fields, for instance because 7 € R so that Q(7) CR C Cso [R:
Q] and [C : Q] are infinite because [Q(7) : Q] = oo since 7 is transcendental
over Q. Similarly, the finite fields such as Z/pZ are not number fields, since
they are not extensions of Q.

Proposition [1.2.16{above tells us in particular that the characteristic poly-
nomial is a multiple of the minimal polynomial. In fact, more is true:

Proposition 1.2.21 (Characteristic poly. vs. minimal poly.). Let L/K be
a finite extension of degree n. Let « € L, let m(x) be its minimal polynomial

over K, and let x(x) be its characteristic polynomial (with respect to the
extension L/K ). Let d = degm(x). Then d divides n, and x(z) = m(z)"/?.

Proof. We have a double extension K C K(«) C L. By hypothesis, [L : K] =
n; besides, we have [K («) : K] = degm(z) = d. Therefore, [L : K(a)] =n/d
is an integer.

Next, multiplication by « defines a K-endomorphism of K(«). The
characteristic polynomial of this endomorphism is monic, has degree d =
deg m(z), and vanishes at a by proposition therefore, this polynomial
agrees with m(x).

Let now M, € Matg.q(K) be the matrix of this endomorphism on a K-
basis (€;)1<j<a of K(a), and let (fi)i<k<n/a be a K(a)-basis of L. Then,

by proposition [1.2.11} (e;fi) 1<j<a is a K-basis of L, and in this basis, the
1<k<n/d
matrix of the multiplication-by-a endomorphism of L is

a diagonal of n/d copies of M,. Since m(x) is the characteristic polynomial
of M, and x(x) is the characteristic polynomial of this big block-diagonal
matrix, the result follows. O

Remark 1.2.22. If the chosen K-basis of K(a)is (1,a, - ,a® 1), then one
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sees easily that M, is the companion matriz

of the minimal polynomial m(z) =

1.2.5 Abstract field extensions

So far, we have been giving examples of field extensions (such as Q C Q(¢)) by
cutting out a piece of a very large field (such as C) containing all the fields we
were interested in. However, it is also possible to construct extensions of any
field “out of thin air”, without taking elements from an already constructed
larger field.

Theorem 1.2.23. Let K be a field, and let P € Klz] be an irreducible
polynomial with coefficients in K. The quotient ring F = Klz|/P(x)K|[z] is
a field, which is a finite extension of K of degree deg P, and the image of x
in L is a root of P.

Proof. Since P(x)K[z] is an ideal of the ring K[z], the quotient
E = Klz|/P(z)K[z] inherits a ring structure. We want to show that this
ring is in fact a field, that it contains K as a subfield, and that its degree as
an extension of K is deg P.

The proof of the fact that that E is a field is the same as that of the-
orem [1.2.3] More precisely, let us consider a nonzero element a € E, and
prove that it is invertible. This element « is represented by a polynomial
A(x) € Klz], which is not divisible by P(z) since a # 0. As P(x) is ir-
reducible, the polynomials A(z) and P(x) are coprime, so by Bézout there
exist U(z), V(z) € K|z] such that

A(x)U(z) + P(z)V(z) = 1.

Thus A(x)U(z) = 1 mod P(z), which means that U(x) represents the inverse
of A(z) in the quotient £ = K|x]/P(x)K|z].
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Similarly, the proof of theorem m (namely, taking the remainder of the
Euclidean division by P(z)) shows that {1,z, 22, -+ 2%~} is a K-basis
of E. Therefore E contains a copy of K as a subfield (namely the K-span of
1), and is a vector space of dimension deg P over K. O

Remark 1.2.24. The notation K[z|/P(x)K|[z] is often abbreviated into

Kla]/(P(x)).

Remark 1.2.25. In the special case when P is the minimal polynomial over
K of some (necessarily algebraic over K') element « of some extension of K,
then the ring morphism

eval, : K[z] — K(a)
F(z) — F(a)

factors through E and induces a field isomorphism between E and K («):

K [.T] evaly K(Oé)

Example 1.2.26. Take K =R and P = z* + 1. Then E = R[z]/(2? + 1) is
a degree 2 extension of R. In fact, 22 + 1 is the minimal polynomial of i over
R, the evaluation map F(x) — F(i) induces a field isomorphism between E
and R(i) = C:

eval;

R[z] R(i) = C
|
Rlz]/(z* + 1)

Example 1.2.27. Take K = Q and P = 23 — 2. One can show (cf. theorem
that P is irreducible over Q. Therefore, £ = Q[z]/(z3 — 2)Qlz] is a
degree 3 extension of Q.

This extension is isomorphic to Q(v/2) via

Qle] —" . (/3)

T

Qlz]/(2* - 2)
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but also to Q(e>™/3+/2) and to Q(e*™/3/2).

This illustrates the fact that which one of the 3 roots of 22 — 2 we choose
does not matter. The abstract extension Q[x]/(x3—2) is thus a model for this
extension that has the advantage of being canonical, since it does not pick a
particular root of 3 — 2: Q[x]/(x® — 2) is just Q(«), where « is something
having the property that o —2 = 0 but whose nature does not matter. This
reflects the fact that a number field can be seen as a subfield of C in several

inequivalent ways. We will study this in detail in section [I.3]

We are now going to prove that every number field is a quotient of Q[z],
that is to say is of the form Q(«) for some a.

1.2.6 Primitive elements

Definition 1.2.28. Let L/K be a field extension, and let o € L, so that
K(a) C L. One says that a is a primitive element for L over K (or just a
primitive element, when K = Q) if K(«) = L.

Remark 1.2.29. A primitive element for L /K, when it exists, has no reason
to be unique (and in fact it is never unique).

By looking at the degrees and in view of proposition [1.2.21] one immedi-
ately gets the following

Proposition 1.2.30. Let L/K be a finite extension, and let o € L. Then
the following are equivalent:

e « is a primitive element for LK,
e dega=[L: K],

e the characteristic polynomial x% () is irreducible over K,

the characteristic polynomial x%(c) is squarefree over K,

the characteristic polynomial x% () agrees with the minimal polynomial
of a over K.

Remark 1.2.31. If K has characteristic 0 (in particular, if K is a number
field), then x% () is squarefree if and only if it is coprime with its derivative.
This gives an efficient criterion to determine whether « is a primitive element

for L/K.
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Example 1.2.32. Let L = Q(v/2,v/3), and let o = v/2+ /3 € L. We know
from example [1.2.15| above that « is a root of

P(x) = z* —102* + 1 € Q[].

Since ged (P(z), P'(z)) = 1, P(z) is squarefree. It follows that it is irre-
ducible over @, and that [Q(a) : Q] = 4, so that Q(a) = Q(v/2,v/3). Thus «
is a primitive element for the number field Q(\/ﬁ, \/3) Besides, it follows
that the degree of « is 4, and that its minimal polynomial is P(x). Fur-
thermore, since (for instance) v/2 € L, this also means that there exists a
polynomial F(x) € Q[z] such that F(v/2 +/3) = /2, a fact which was not
obvious.

On the other hand, neither V2 nor v/3 nor /6 are primitive elements for
Q(v/2,/3), since they generate strictly smaller fields over Q. By proposition
, their respective characteristic polynomials with respect to L/K are
(22 — 2)?, (2% — 2)%, and (2% — 2)2

However, v/3 is a primitive element for L over Q(v/2); by proposition
[1.2.30] its characteristic polynomial relative to this extension must agree
with its minimal polynomial over Q(v/2) and has degree [L : Q(v/2)] = 2, so
it has to be 22 — 3, which is thus irreducible over Q(v/2).

Example 1.2.33. i is a primitive element for C over R, but certainly not
over Q since Q(7) is much smaller than C.

The following theorem guarantees the existence of primitive elements in
many cases.

Theorem 1.2.34. [Primitive element theorem] Let K be a field of character-
wstic 0. If L is a finite extension of K, then there exists a primitive element
for L/K.

In fact, one can even prove that with these hypotheses, “most” elements
of L are primitive elements.

Remark 1.2.35 (Technical, feel free to skip this). Without the character-
istic 0 hypothesis, this theorem is false. A classical counterexample is the
extension L/K, where K is the 2-variable rational fraction field K = F,(x,y)
over the finite field F, ~ Z/pZ with p elements, where p € N is prime, and

L= FP(%? \17@)
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In particular, every number field K has primitive elements, so it can be
written in the form K = Q(«), where a € K is an algebraic number of the
same degree as /. This means that K can be seen as the abstract extension
Q(a) ~ Q[z]/m(x) where m(x) = my(z) is the minimal polynomial of «
over Q. We can this of K as “Q adjoined some abstract element «, which is
entirely characterised by the relation m(«) = 0”. In particular, we can (and
should) think of K abstractly, as opposed to as a subfield of C.

Conversely, a convenient way of specifying a number field up to isomor-
phism is to give it in the form Q(«a), where « is a root of some irreducible
polynomial m(x), which is thus the minimal polynomial of « up to scaling.
It is important that m(z) be irreducible over Q, since otherwise the number
field is not well-defined.

We are now going to now explore the inequivalent ways a given number
field can be seen as a subfield of C.

1.3 Complex embeddings

1.3.1 Extension of complex embeddings

Let K be a number field, and let L be a finite extension of K. Let oo € L
be a primitive element of the extension L/K, and let m(z) € K[z] be its
minimal polynomial over K. Then m(z) is irreducible over K; in particular,
it is coprime with m/(x), so all its roots are simple. Suppose that we have
field embeddings ¢ : K — C and 7: L — C. If 7|x = o, we say that 7
extends o.

Since m(x) € Klz], we may apply o to its coefficients, which yields a
polynomial m?(z) € Clz]. If 7 extends o, then 7(«) € C must be a root
of m?(z); conversely, for each complex root z € C of m?(z), we can define
an embedding of L into C which extends o, by the formula

L — C
Sk — S o),
where the A, lie in K. The polynomial m?(z) is of degree [L : KJ; besides, it

is coprime with m/'?(z) (apply o to a relation U(x)m(xz) 4+ V(x)m/(z) = 1),
so it has no multiple roots in C. We thus get the following result.
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Theorem 1.3.1 (Extension of complex embeddings). Let K be a number
field, o: K — C an embedding of K into C, and L a finite extension of K.
Then there are exactly [L : K] embeddings of L into C that extend o.

Lemma 1.3.2. The only embedding of Q into C is the identity.

Proof. Let 0 : Q < C be an embedding. If z € QT is a positive rational. we
may write r = 5 with p € Z~o and q € Z>4, so that

:‘/L‘7

( )_ <p>_U(p)_0'(1+"'—|—1)_0‘(1)—}—---—}—0’(1)_1+...+1_]_)
TEONG) Tolg) e+ +1) o) +-4ol) 1+-+1 g

and if x € Q™ is negative, we have
o(z) = o(=|z]) = —o(|z]) = |z = =
by the above. O]

Corollary 1.3.3. Let K be a number field. Then K can be embedded into C
in ezactly [K : Q] different ways.

Proof. Apply the previous theorem to the extension K/Q. n

In particular, every number field K can be embedded into C in at least
one way, so it may be seen as a subfield of C. Some fields such as Q(v/2) are
given explicitly as a subfield of C and are thus equipped with a particular
embedding into C; however, unless K = Q, there are [K : Q] > 1 embeddings
into C, so there are [K : Q] > 1 inequivalent ways of seeing K as a subfield
of C, none of which is better than the other ones. As a consequence, it is
better to think of number fields as abstract extensions of Q rather than as
subfields of C whenever possible.

Example 1.3.4. Let K = Q(«) where o> —3 = 0. This is a number field of
degree 2, so there are 2 distinct ways of seeing K as a subfield of C, namely
by interpreting a as V3 or as —/3.

Let L = K(B), where 8> —4 — a = 0. One can prove that [L : K] = 2,
so for each embedding of K into C there are 2 embeddings of L into C that
extend it.

Namely, the [K : Q] = 2 embeddings of K into C are

o1ia+bara+bV3 and o9 a+barsa—bV3
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where (a,b € Q); each of them can be extended to L in [L : K] = 2 ways,
respectively by

c+df — o1(c) Lo (d)\/4+V3 and by c+df — oy(c) £oa(d)\/4— V3
where ¢,d € K. We thus recover all [L : Q] = 4 embeddings of L into C.

1.3.2 The signature of a number field

Definition 1.3.5. An embedding of a number field into C is real if its image
is contained in R. Nonreal embeddings come in conjugate pairs, so we can
define the signature of a number field K to be the pair (r1,73), where rq is
the number of real embeddings of K, and r, is the number of conjugate pairs
of nonreal embeddings of K.

A number field is said to be totally real if ro = 0, and totally complex if
r = 0.

Obviously, one has the relation [K : Q] = + 2rs.

Example 1.3.6. The number field Q(v/2) has signature (2,0) and is thus
totally real, whereas Q(i) has signature (0,1) and is thus totally complex.
On the other hand, Q(+/2) has signature (1,1), and is thus neither totally
real nor totally complex.
More generally, the signature of Q(«) is (r1,72), where 1 (resp. rq) is
the number of real roots (resp. the number of conjugate pairs of complex
nonreal roots) of the minimal polynomial of a.

1.3.3 Traces and norms vs. complex embeddings

The trace, norm, and characteristic polynomial are related to the complex
embeddings by the following formulae:

Theorem 1.3.7. Let K C L be number fields. Fiz an embedding o: K — C
of K into C, and let ¥ be the set of the [L : K| embeddings of L into C that
extend o. We have



and

Xic(@)(2) = [ ] (& = 7(a)).

TEX

What this theorem expresses is that once we have fixed o, that is to say
once we have decided on a way to see K as a subfield of C, then one can
compute traces, norms and characteristic polynomials from the embeddings
of L into C that are compatible with o; the results are then complex numbers
that represent elements of K via the chosen o.

Proof. Let n = [L : K]. Let § € L be a primitive element for L/K (there
exist many according to theorem [1.2.34), let m(z) € K|z| be its minimal
polynomial over K, and let m?(z) € C[z] be the polynomial obtained by
applying o to the coefficients of m(x), so that the n embeddings 7y,--- , 7, €
¥ correspond to the complex roots by, - - ,b, € C of m?, in that 7;(8) = b;
forall 1 <j<n.

Fix a K-basis on L, and consider the matrix M of pug : L — L, the
multiplication by £, with respect to this basis. The characteristic polynomial
of this matrix is x%(a)(z), which agrees with m(z) by proposition
since (3 is a primitive element, so the characteristic polynomial of the matrix
M? € Mat, x,(C) obtained by applying o to the entries of M is m?(z) €
Clx]. We know that this polynomial has no repeated roots in C, so M7 is
diagonalisable; in other words, there exists a matrix P € GL,(C) such that
P~1M° P is diagonal, and the coefficients on this diagonal are the eigenvalues
of M7, that is to say the complex roots by, - -+ , b, of m?(z).

Since a € L = K|f], there exists a polynomial A(x) € K|[z] such that
a = A(B). Let u, : L — L be the multiplication by «; then we have
Pa = pa = A(pg), so the matrix of p, with respect to the K-basis of L
that we have fixed is A(M). Therefore, the matrix

PrAM)’P =P 'A°(M°)P = A°(P~'M°P)

is diagonal, with diagonal entries A%(b1) = 7y («),- -, A7(b,) = To(). The
result then follows from the fact that the image by o of the trace (respec-
tively norm, characteristic polynomial) of « relatively to L/K is the trace
(respectively determinant, characteristic polynomial) of A(M)o, which is the
same as that to the similar matrix P~'A(M)° P. O
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Corollary 1.3.8 (Transitivity of traces and norms). Suppose we have a dou-
ble extension K C L C M, and let « € M. Then we have

Trjf‘(/[(a) = Tr%{ (Tr%(a))

and
N (a) = Ng (N2 (@),

Proof. Let 0: K < C be an embedding. Then we have

o(T (@) = 3 pla)
p: M—C
PIK=0

= > Y. s

7: L—>C p: M—=C
TIK=0 P|IL=T

= Z 7( Tré/[(a))

7: L—C

T‘K:U

= o (Trg(Try (o).

whence the result for traces since o, being an embedding, is one-to-one. The
proof for the norms is the same, with products instead of the sums. O

Corollary 1.3.9. Let K be a number field, and let 3 be the set of all its
embeddings into C. Then for all « € K, we have

Trg(a) = ) o(a),

oeEY

N§ (@) =[] o(a),

ceY

and

o (@)(2) = ] (¢ - o).

oeX

Proof. K is an extension of Q, and lemma tells us that the identity is
the only embedding of Q into C; in particular all embeddings of K into C
must extend it. Now apply theorem with o = Id. H
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Example 1.3.10. Let K = Q(v/—7) = {a+bv/—7, a,b € Q}. Then K :
Q] =2, so K has 2 embeddings into C, namely

a4+ bV/—=T — a4 biv7

and

a—i—bV—?»—)a—bz’ﬁ.

Thus we have
Trg (a+bvV=7) = (a + biNT) + (a — biv/T) = 2a,

NE(a+bv=T7) = (a + biVT)(a — biVT) = a® + TH,

and

Xg(a+b/=T7) = (x — (a+biV7)) (z — (a — bivVT)) = 2% — 2az + a® + TV°.
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Chapter 2

Algebraic integers

2.1 The ring of integers

In the previous chapter, we have defined number fields, which can be seen
as generalisations of Q. In order to perform arithmetic there, we would now
like to study subrings of number fields which are the analogue of Z C Q.
The question we are asking is thus: what is the generalisation of the notion
of integer to number fields?

2.1.1 Monic polynomials

Definition 2.1.1. Let « be an algebraic number. One says that « is an
algebraic integer if its monic minimal polynomial, which a priori lies in Q[z],
actually lies in Z[z].

The following lemma expresses the fact that monic polynomials with in-
teger coefficients have the same factorisation in Z[z] as in Q[z].

Lemma 2.1.2 (Gauss). Let P € Z[x] be a monic polynomial with integer
factorisations, and suppose that the exist monic polynomials Q, R € Q[x]
such that P = QR. Then Q, R also lie in Z[z].

Proof. Since Q € Q[z], we may find an integer ¢ € N such that the poly-
nomial ()1 = ¢ has integer coefficients, and such that the ged of these
coefficients is 1 (we then say that Q) is a primitive polynomial). Similarly,
we can find 7 € N such that R; = rR lies in Z[z] and is primitive. We then
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have the identity the identity
qrP = Q1 Ry

in Z[z].

Suppose now that @), or R, or both, do not lie in Z[z], i.e. have denom-
inators. Then gr > 1, so there exists a prime p € N dividing ¢qr. Reducing
the above identity mod p, we get that

0= QIRI (mod p)

But this is absurd: since p is prime, Z/pZ is a domain (and even a field),
so the product of two nonzero polynomials in Z/pZ[z| is nonzero, whereas
neither (), nor R; are the 0 polynomial mod p since they are primitive. [J

Since the factorisation in Z[z] of a monic polynomial can only involve
monic factors (up to sign), this lemma and proposition [1.2.21] imply the
following characterisation of algebraic integers:

Theorem 2.1.3. Let K be a number field, and let o« € K. The following are
equivalent:

e « is an algebraic integer,
e There ezists a nonzero momnic polynomial P € Z|x] such that P(a) = 0,
e The characteristic polynomial of « lies in Z[x].

Example 2.1.4. In Q(/—7), a = /=7 is an algebraic integer, because it
is a root of the monic polynomial z* + 7 (actually, this polynomial happens
to be the minimal polynomial of «, but we do not need that here!). On
the contrary, %\/—_7 is not an algebraic integer, because its characteristic
polynomial 2% + ;1 does not lie in Z[x]; we could prove this by noticing that
its monic minimal polynomial (which in this case is also 22 4+ 1) does not
lie in Z[z]|. Finally, Hé—m is an algebraic integer, since its characteristic
polynomial 2% — x + 2 lies in Z[x].

Dealing with monic polynomials allow us to perform some operations in
Z|z] even though Z is not a field. Namely:
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Lemma 2.1.5 (Euclidean division in Z[z]). Let A(z), B(x) € Z[z], and
suppose that B(x) is monic. Then there ezist Q(x), R(x) € Z[x] such that
A = BQ + R and such that either R = 0 or deg R < deg B. Moreover, the
pair (Q, R) is unique.

Proof. We can view A and B as elements of Q[z] and perform the Euclidean
division there. The only divisions that occur are divisions by the leading
term of B; as B is monic, these divisions are all exact, so the quotient and
remainder actually lie in Z[z]. O

As a result, we get an “integer” version of a previous theorem:

Theorem 2.1.6. Let « be algebraic of degree n over Q. If a is an algebraic
integer, then we have

n—1
Z[OZ] = {Z)\j&j | )\0,"' 7)\an S Z} .

Proof. By definition, Zl[a] = {P(«), P € Z[z]}. Since « is an algebraic
integer, its mimimal polynomial is a monic polynomial in Z[z|. Now combine
the previous lemma with the first part of the proof of theorem [1.2.3] m

Remark 2.1.7. We will soon see that this means that Z[a] is a lattice.

2.1.2 The ring of integers

The main point of this definition is that algebraic integers form a ring, just
like classical integers.

Theorem 2.1.8. The sum, difference, and product of two algebraic integers
is an algebraic integer. As a consequence, the set of elements of a number
field K which are algebraic integers forms a subring of K.

Proof. This can be proved just like theorem by considering resultants
of polynomials in Z[x][y]. O

Remark 2.1.9 (Sanity check). The reason why the same proof fails (as
it should !) to show that the quotient two algebraic integers o and ( is
an algebraic integer is that although we can use resultants to produce a
polynomial in Z[z] which vanishes at «//f, this polynomial is not monic in
general.
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Definition 2.1.10. The subring of a number field K formed by the elements
which are algebraic integers is called the ring of integers of K. It is denoted
by Zy (some people use the notation Ok).

Proposition 2.1.11. We have Zx NQ = Z.

Proof. Let a € K. If a happens to lie in Q, then its characteristic polynomial
is (z — a)®¥ which lies in Z[x] if and only if o € Z. O

Let a be an element of a number field K, and let ¢ : K — C be an
embedding. Then a and o(«) have the same minimal polynomial, so « is an
algebraic integer if and only if o(«) is. In view of theorem [1.3.7, we deduce
the following;:

Proposition 2.1.12 (Integrality vs. trace and norm, relative). Let L/K
be a finite extension of number fields, and let « € L. If a € Zj, then
Trk(a) € Zg, NE(Q) € Zg, and k(o) (x) € Zg|x].

Corollary 2.1.13 (Integrality vs. trace and norm, absolute). Let K be a
number field. For all o € Zy, we have Tr§ (o) € Z, N§ (@) € Z, and

xé (o) € Z[x].
Note that we already knew that for the characteristic polynomial.

2.2 Orders and discriminants

2.2.1 Linear algebra over Z

Definition 2.2.1. Let K = Q or R, so that Z C K, and let V' be a K-vector
space of finite dimension n. A lattice in V is a sub-additive-group of V' of
the form

I = {Z)\jvj, )\j S Z},
j=1

where (v;)1<j<n is a K-basis of V. We thus have

I={> Nv, NeZ} SV ={> Nuvj;, \; eK}.
j=1 j=1
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We will write

I:@Zvj:Zvl@---@va
j=1

and call (v;)1<j<n & Z-basis of I.

Example 2.2.2. Here is an example of a lattice in dimension n = 2:

The red vectors form a K-basis of K2, so they span a lattice, and form a
Z-basis of this lattice. You should keep this picture in mind, and try to
imagine what a lattice looks like in dimension 3 and higher.

Just as a vector space, a lattice has many different bases. Any two Z-bases
of the lattice differ by an element of

GL,(Z) = {A € GL,(Q) | A, A" € M,(Z)} = {A € M,(Z) | det A= +1}.

Suppose now that in K", we have a lattice J which is contained in another
lattice I; we then say that J is a sublattice of I. In particular, J is an
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additive subgroup of I, so it makes sense to consider the quotient group I/J;
the cardinal of this quotient is then called the index of J in I, and we write
it [I:J].

Remark 2.2.3. This is the same notation as for the degree of a field ex-
tension, although these are rather different notions ! Unfortunately, these
notations are well-established, so we cannot change them.

Theorem 2.2.4. [Computation of the index] Suppose we have a lattice I
i K", and a sublattice J C I be a sublattice. Fix a Z-basis vy, ,v, of I,
and a Z-basis wy,---w, of J, and form the n X n matrix A expressing the
w; in terms of the v;. Since J C I, the entries of A all lie in Z; besides,
det A # 0 since the v; and the w; are two K-bases of the vector space K".
The index of J in I is then given by [I : J| = |det A|; in particular, it is
always finite.

We thus recover the fact that I = J if and only if det A = +£1.

Example 2.2.5. Let I be the lattice in the previous picture, and let us pick
two linearly independent vectors (in blue) in I:
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Since these vectors are linearly independent, they form another K-basis of
K2, so they span another lattice .J. Besides, since these vectors lie in I, the
lattice .J is contained in I, so J is a sublattice of I.

In order to know whether J agrees I or is a strict sublattice, and more
generally to compute the index of J in I, we form the matrix A expressing
the Z-basis of J in terms of the Z-basis of I, in other words the blue vectors
in terms of the red vectors:

1 1
(0 4)

ldet A| =] — 2| = 2.

This result means that J vectors has index 2 in [; in particular, the con-
tainment J C [ is proper: not every point of I can be expressed as a
Z-combination of the blue vectors. The fact that the index is 2 expresses
that precisely half of the points I actually lie .J, which becomes clear if we
colourise the points of J in blue as on the picture above.

and we compute

2.2.2 Orders

Definition 2.2.6. Let K be a number field of degree n. An order in K is a
subring O of K which is also a lattice in the Q-vector space K.

Example 2.2.7. For example, Z[v/5] is an order in Q(v/5), whereas Z[%\/S]
is not (it is a subring but not a lattice), and neither is Z & Zi/5 (it is a
lattice but not a subring). Finally, Z[v/2] is not an order in K = Q(v/2,v/3),

because it does not span all of K over Q.

Remark 2.2.8. Let O C K be an order. Then O is in particular a lattice in
K, so it has a Z-basis wy, -+ ,w, (in fact it has many), where n = [K : Q].
This basis is also a Q-basis of K , so every a € K can be written (uniquely)
as a = Z;;l Ajw; with A; € Q. Clearing the denominators, we deduce that
for all a € K there exists n € N such that na € O. In particular, the field
of fractions of O is K.

More generally, theorem tells us that Z[a] is an order in Q(«) when-
ever « is an algebraic integer. In fact, the relation between algebraic integers
and latticies is even stronger:
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Proposition 2.2.9. Let o be an algebraic number. The following are equiv-
alent:

1. « is an algebraic integer,
2. Zla] is an order in Q(«),

3. There exist a number field K containing o and a lattice I in K which
15 stable under multiplication by «, i.e. such that ol C I.

Proof.

o [[|= [P} Let n =[Q(«) : Q] be the degree of o over Q. Then we know
by theorem that 1,c, -+ ,a" ! is a Q-basis of K, and theorem
[2.1.6]tells us that Z[a] is the lattice corresponding to this basis. Besides,
Z[a] is a subring of K by definition.

e 2= B} Simply take K = Q(«) and I = Zlal.

e B|=[1} If o C I, then the matrix of the multiplication-by-a map fiq
of L with respect to a Z-basis of I is a matrix with coefficients in 7Z,
so by definition x{ (c) lies in Z[x], which implies that « is an algebraic
integer.

]

Corollary 2.2.10. Let O be an order in a number field K. Fvery element
of O s an algebraic integer, so O C Zy.

This explains why we did not manage to find an order in Q(v/5) containing
V5 /2: indeed, V5 /2 is not an algebraic integer, since its minimal polynomial
is 2% — 5/4 & Z[x].

Corollary 2.2.11. Let « be an element of a number field K. The subring
Zla) of K is an order in K if and only if « is both a primitive element
for K/Q and an algebraic integer.
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2.2.3 Discriminants, part I

Definition 2.2.12. Let K be a number field of degree n. The trace pairing
is the bilinear form

Tr: KxK — Q
(0, 8) — Trg(ep)

Let aq, -+ , oy, be n elements of K. Their discriminant is the determinant

disc(aq, -+, ay) = det (Tréf(a,-aﬂ) € Q.
1<i,j<n
Proposition 2.2.13. disc(ay, - - ,a,) # 0 if and only if the a; are Q-
linearly independent, that is to say if and only if they form a Q-basis of K.

Proof. Let T' € Mat,,»,,(Q) be the matrix such that 7} ; = Trg(aiaj), so that
disc(ay, -+ ,a,) = detT.

If the a; are Q-linearly dependent, then we get a relation of linear depen-
dency on the columns (and also on the rows) of T', so detT" = 0.

Conversely, suppose that the a; form a Q-basis of K. If we had detT" = 0,
we would deduce a linear dependency relation between the columns of T'; in
other words, we would have Tr{j (a;e) = 0 for all i for some o = > Ay
with A; € Q not all zero. Since the o form a Q-basis of K, this means that
a # 0, and that Trg(ﬁa) =0 for all § € K. But this is absurd (take § = é,
and note that Tr(g(l) =n#0). O

Definition 2.2.14. Let O be an order in a number field K, and let (w;)1<j<n
be a Z-basis of O. The discriminant of O is

disc O = disc(wy, - -+ ,wy,) € Z,
a nomn-zero integer.

Remark 2.2.15. This does not depend on the chosen Z-basis of O. Indeed,
using another Z-basis amounts to replacing the matrix 7' = (Tréf (wiwj))ij

with "PT P, where P € GL,(Z) is the transition matrix between the two bases
and ‘P is its transpose, but det ‘PTP = det T since det P = det ‘P = +1.

We now arrive to the central result of this chapter:

Theorem 2.2.16. The ring of integers of a number field is an order in this
number field.
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Example 2.2.17. Let us continue with example [[.3.10] An element o =
a+bv/-T7, a, b € Qof K = Q(v/—7) lies in Z if and only if its characteristic
polynomial z? — 2ax + a* + 7b? lies in Z[z], that is to say if and only if 2a € Z
and a? + 70> € Z. One checks easily that this condition is equivalent to
2a € Z,2b € Z, and a + b € Z; thus

147

ZK:Z@ZT:Z{HT ”7}

The middle term makes it apparent that Zy is a lattice, with Z-basis (1, 1+‘2ﬁ);
the right term makes it clear that Zg is a ring.

In order to prove theorem [2.2.16] we need the following lemma, which is
important in its own right:

Lemma 2.2.18. Let K be a number field, and let o in K. There exists an
integer d € N such that da s an algebraic integer.

Proof. Let x(z) € Q[x] be the characteristic polynomial of «, and let d € N
be a common denominator for the coefficients of x(x), so that we may write

o

MH

" Aj
0—x(a)—a+ E

Jj=0

where n = [K : Q] and the \; are integers. Multiplying by d", we get

n—1
0=d"x(a) = (da)" + Y _d" I \;(da),
5=0
which proves that da is an algebraic integer. O

Note that this implies in particular that the fraction field of Zg is K itself
(compare with remark [2.2.8)).

Proof of theorem [2.2.16. We already know that Z g is a subring, and we must
show that it is also a lattice. According to the lemma, we can find a Q-basis
(wj)1<j<n of K formed of algebraic integers; let

QA =7Zw, @®- P Zw,
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be the lattice it spans. Let now o € Zx. We may write

n
o = E )\j(JJj
Jj=1

where the \; are rational numbers. Multiplying by wy, 1 < k < n, and taking
the trace yields the n x n system of linear equations

Z A Tr(wjwg) = Tr(awg) (1< k< n)
j=1

over Z, of which the \; form a solution. The determinant of this system is
A = disc(wy, - - - ,wy), which is a nonzero integer since the w; are algebraic
integers and form a Q-basis of K. By inverting the matrix of the system, we
thus see that the A; lie in %Z. We thus have

1

QCZ
CKCA

Q,

which shows that Zg, being cornered between two lattices, is itself a lattice.
m

Definition 2.2.19. In view of corollary [2.2.10, the ring of integers Zy of K
is thus an order which contains all the other orders of K as sublattices; it is
therefore sometimes called the maximal order of K.

Definition 2.2.20. By theorem [2.2.4] every order is contained in Zj with
a finite index, and this index is called the index of the order.

Definition 2.2.21. The discriminant of K is defined as the discriminant of
its ring of integers seen as an order, i.e.

disc K = discZg € Z,
a nonzero integer.

Example 2.2.22. Let us continue with example [2.2.17, We now know that
the ring of integers of K = Q(1/—7) is

Zx = 7o) = Z.® Za,
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where o = HT‘E As a consequence, we find that

Trg (1) Trg(l-a)

disc K = discZg = Trg(oz ) Tr(g(OzQ)

_‘2 1

We will soon see a much more efficient way to get to the same result.
To conclude this section, let us mention a famous result of Hermite’s:

Theorem 2.2.23 (Hermite-Minkowski). Up to isomorphism, there are finitely
many number fields of given discriminant.

2.3 Computing the maximal order

Given a number field K, it is (usually) not difficult to find orders in K. For
instance, if it is given in the form K = Q(«), we may assume without loss of
generality that the primitive element « is integral thanks to lemma [2.2.1§]
and then O = Z[o] is clearly an order in K. It may not, however, be the full
ring of integers of K.

2.3.1 Denominators vs. the index
Here is a consequence of the definition of the index of an order.

Proposition 2.3.1. Let O be an order in a number field K of degree n, let
f € N be its indez, and let (wj)1<j<n be any Z-basis of O. In particular,
(Wi)i<j<n 18 also a Q-basis of K, so every element of K can be uniquely

written in the form Y 7_, \jw; with A; € Q. Let denomo <E?:1 )\j&)j) denote

the lem of the denominators of the \;. Then denomp (Z?:l )\jwj) depends

on O, but not on the choice of the Z-basis (w;)i1<j<n of O.
Furthermore, we have denome(5) | f for all B € Zk; conversely, for all
p € N prime, there exists f € Zy such that denomp () = p.

In other words, when the elements of Z are put in the form } . A;w;,
the primes p € N that divide the denominator of one (or more) of the \; are
exactly the ones that divide f. For example, if O is of the form Z[a], we may
consider the Z-basis 1, a, - --a™ 1 of O, and denomp () is then the common
denominator of the coefficients of § expressed as a polynomial of degree < n
in .
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Proof. (Non examinable) Think of O, Zg and K as additive groups. Then
for every f € K, denomp («) is the order of this element in the quotient
group K/O, since

VneN, nf=0in K/O <= np € O <= denomp () | n.

Therefore, denomp(3) depends on O but not on the choice of a Z-basis of O.

Besides, Z /O is an Abelian group whose order is by definition f, so the
order of every element of Zy divides f by Lagrange’s theorem; conversely,
for all p | f prime, Cauchy’s theorem tells us that there exists an element of
Zx /O of order exactly p. O

Example 2.3.2. In K = Q(v/—7), the order O = Z[y/—7] is not the full ring
of integers of K; in fact, we know from example that Zyx = Z[HT\E],
so O is a non-maximal order of index 2. By the theorem, if we express the
elements of K in the form a + by/—7 with a,b € Q, then the denominator of

every element of Zy is a power of 2; for instance, Zg > HT‘E = % + %\/—7.

2.3.2 Discriminants, part II

The general approach to compute Zy consists in starting with an order of the
form Z[a], and enlarging it until it becomes maximal. We need to know when
we can stop, that is to say when the order is maximal. For this, the following
relation between the discriminant of and order and its index is primordial.

Theorem 2.3.3. Let K be a number field, and let O be an order in K of
indezx f € N. Then
disc O = f*disc K.

Proof. Let (wj)i1<j<n be a Z-basis of Zk, and let T be the matrix of the
Trg(wiwj), so that det T = disc K. If P € Mat,,«x,(Z) is the change of basis
matrix expressing a Z-basis of O on the w;, then we have det P = +f by

theorem [2.2.4] so disc O = det('PTP) = f*disc K. O

Definition 2.3.4. For prime p € N, let us say that O is p-maximal if p does
not divide the index of O.

Corollary 2.3.5. Let O be an order in a number field K. If O is not p-
mazimal, then p*|disc O. In particular, if disc O is squarefree, then O = Zg

and disc K = disc O.
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This allows us to compute the ring of integers when the discriminant of
the field is squarefree; unfortunately, it is usually not the case. We will see
other criteria for the p-maximality of orders in the next chapter.

To use theorem [2.3.3, we need to be able to compute discriminants of
orders of the form Z[a]. In this view, we introduce the discriminant of a
polynomial.

Definition 2.3.6. Let R be a domain, and let A(z) € R[z] be a monic
polynomial of degree n € N and leading coefficient a € 'R. The discriminant
of A(z) is

(_1)n(n—1)/2

disc A = Res(A4, A").

a
Remark 2.3.7. It can be easily seen on the definition of the resultant as a
determinant that Res(A, A") must be divisible by a, so disc A lies in R.

Example 2.3.8. Let A(z) = az® + bz + ¢, a # 0. Then A'(z) = 2ax + b, so
that

a b c
Res(A, A') =1{2a b 0| =4a’*c— ab?
0 2a b

so we recover the well-known formula
—1
disc A = — Res(A, A') = b* — 4ac.
a

Theorem 2.3.9. Let K be a field, and A(x) € K|x] be a polynomial of degree
n € N and leading coefficient a € K. Let Q be a field large enough to contain
all the roots of A(x), and let aq,..., o, € § be these roots, repeated with
multiplicity. Then

diSCA:( nn 1/2n2HP/O{]

:( 1nn1/22n2H _ak:

J#k

=q”"? H(&j — ).

i<k
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Proof. The first equality is just an application of theorem [I.1.2] Then, since

n
0| !

we have
Z [ - aw
=1 k#j
SO
P'(a) = a ] J(a; — ),
k#j
whence the result. O

Corollary 2.3.10. A(x) has multiple roots if and only if disc A = 0.

As discriminants can be tedious to compute explicitly, we establish once
and for all the following formula.

Proposition 2.3.11. (Non examinable) For alln € N and b, c € Q, we have
disc(z" + bx + ¢) = (—1)”(”_1)/2((1 —n)" " 4+ 0.

Proof. Let us introduce ¢ = ¢*™/(™=Y and B € C such that 3"~! = —b/n.

According to theorem [1.1.2] the resultant of P and P’ can be computed
in two ways: as the product of the values of P at the roots of P’ (essentially),
and vice versa. Here, the first way is easier, because the roots of P’ are easy
to express and manipulate. Explicitly, we have P'(x) = naz""! + b, whose
complex roots are the ¢*8, 0 < k <n — 1, and

P(¢*p) = kB -0k B + ¢ = ¢F <—§) +bC*B +c= (1 — —) BCFb + c.
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Therefore,

n—2
Res(P, P") =n" H P(¢*p) because the leading coefficient of P’ is n

k=0
n—2 1

(.
k=0 "

n—2 1
— n"(—1 n—1 .k 1— =
n"(=1) g(c c( n)ﬂb)

=n"(-1)""! (( - c)n*1 - ((1- 1/n)ﬁb)n71> as 1:[(:76 —CFy) = a7t -y !

— nncnfl o nnﬁnflbnfl(l/n . 1)n71

b
— nncnfl -n (__> (1 o n)nflbnfl
n
— nncnfl 4 (1 _ n)nflbn.
The result then follows since disc P = (—1)""~1/2 Res(P, P'). O

Corollary 2.3.12. (Ezaminable) In particular, we obtain the important for-

maula
disc(z® + b + ¢) = —4b® — 27¢2,

which you should learn by heart.

So far, we have introduced two notions of discriminants, one for orders,
and one for polynomials. We now show that these notions coincide.

Theorem 2.3.13. Let K = Q(«) be a number field, where « is integral, and
let m(x) € Z]x] be the minimal polynomial of o over Q. Then

disc Z]a] = discm.

Proof. Let ay,- - , v, be the complex roots of m(x) where n = [K : Q], and
consider the matrix
1 a o - ot
1 ay a2 - of!
A=|1 a3 a2 -+ af!
1 a, a2 -+ ot



Vandermonde tells us that det A = [[;_,(ax — ;). Besides, if B = "AA,
then we have

n

B;; = ZAk,z‘Ak] Zak ol = Zoz?jj_Z = Trf (o7?) = Trg (o' 'a? 1)
k=1

k=1

according to corollary [1.3.9, Since 1,a,a?,---,a""! is a Z-basis of Z[a], we
conclude that

disc Z[a] = det B = (det A)? = H(aj —ay)? = discm

j<k
since m is monic. O
We immediately deduce the following consequence:

Proposition 2.3.14. Let K be a number field of signature (r1,12). Then the
sign of disc K is (—1)"

Proof. Again, write K = Q(«) where « is integral, let m(x) € Z[x] be the
minimal polynomial of o, and let aq,--- ,a, be its complex roots, ordered
so that aq, -+, a,, are real and &, 1 = ay 4,45 for 1 < j < 7o We have

disc Z[a] = discm = H — )’

i<k

When j and k are both less than rq, (a; — ax)? is the square of a real number
and is thus positive. The other terms can be grouped in conjugate pairs
and produce factors ( + |a; — &k\2)2, which are also positive, except when
J,k > 1y and k = j + ro, in which case we get (a; — ag)? = (a; — @;)? < 0.
As a result, the sign of discm is (—1)™. Since disc K differs of disc Z]a] by
a square (thus positive) factor, the result follows. O

Example 2.3.15. Let K = Q(«), where « is a root of the polynomial
f(z) = 2* +2* — 20 + 8 = 0. Since f(z) is irreducible, this number field is
well-defined and has degree 3, so its signature is either (3,0) or (1,1). One
may compute that

disc(z® + 2% — 2z + 8) = —2012 = —22 - 503.
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Since this is negative, we can conclude that the signature of K is (1, 1), which
means that the polynomial f(x) has one real root and one pair of complex
conjugate nonreal roots.

Besides, as 503 is prime, theorem implies that the order O = Z[q]
is p-maximal for all p except maybe p = 2, and that the index of O divides
2. As a result, either O = Zy and disc K = —2012, or O has index 2 and
disc K = —503.

In fact, since it can be checked that § = QQ% is an algebraic integer,
O’ = Z|a, 5] is an order in which O has index 2 (if this is not obvious to
you, write down the matrix expressing a Z-basis of O on a Z-basis of O’, and
check that its determinant is £2), so Zx = O and disc K = —503.

This example has the particularity that no order of the form Z[y] is 2-
maximal, whatever the algebraic integer v € Zg is; we will see why in the
next chapter (example . In particular, Zx cannot be written in the
form Z[y] in the case of this number field.

2.4 The case of quadratic fields

Definition 2.4.1. A quadratic field is a number field of degree 2.

The classical formulae used to solve equations of degree 2 show that every
quadratic field is of the form Q(v/d), where d € Z is squarefree and different
from 0 and 1.

Quadratic fields are small enough that their ring of integers can be de-
termined explicitly.

Theorem 2.4.2. Let d € Z, d # 1 be a squarefree integer, and let K =
@(\/E) If d = 1 mod 4, then Zyx = 7Z [%ﬁ] and disc K = d, whereas if

d # 1 mod 4, then Zy = Z[/d] and disc K = 4d.

Proof. First, note that 4 { d since d is squarefree; thus d = 1,2, or 3 mod 4.
The discriminant of the order O = Z[/d] is

disc O = disc(z® — d) = 4d.

Since d is squarefree, we deduce by theorem that the index of O is either
1 or 2, and that disc K = 4d or d, respectively.

Suppose that the index of O is 2. Since O = Z & Z+/d by theorem [2.1.6]
proposition tells us that there exist a,b € Z not both even such that
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%ﬁ € Zg. If b = 2V were even, then a = 2a’ + 1 would be odd; but

d +W\Vde O C Zk by corollary [2.2.10 so we would have

1 bvd
52#—0{‘}‘5\/&)62[(,

which contradicts proposition [2.1.11] Similarly, the case a even, b odd implies
that 1\/_ € Lk, Which is also absurd since its characteristic polynomial
relamve to K/Qis 22 — ¢ ¢ Z[z] as 41 d. So a and b must both be odd,

which by a similar line of reasonmg implies that %ﬁ € Zk. Its characteristic
polynomial is

1+Vd 1—-Vd) 1-d
T — 5 T — 2 =z _$+T’

which lies in Z[z] iff. d =1 mod 4. Therefore, if d Z 1 mod 4, then the index

of O cannot be 2, so it must be 1, so Zx = O = Z[V/d] in this case.

On the contrary, if d = 1 mod 4, then H—f € Zi \ O,s0 O C Zyk. We
then have have O C O = [HT‘[] since \/_ = 2”‘[ 1; the transition
matrix between the Z-basis (1,v/d) of O and the Z-basis (1 ,HT\f) of O is

() 1) sol0-0 -2

1
disc 0 = ﬁdisc(’) =d

by theorem [2.3.3| As d is squarefree, this forces Zx = O'. O

Example 2.4.3. The ring of integers of Q(i) is Z[i], and its discriminant
is —4. Similarly, the ring of integers of Q(v/2) is Z[v/2], and its discriminant

is 8, but the ring of integers of Q(v/5) is Z [H‘[} and its discriminant is 5.
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2.5 The case of cyclotomic fields

Cyclotomic fields are another important class of number fields whose ring of
integers is easily described.

Definition 2.5.1. An algebraic number ( satisfying (" = 1 for some n € N
is called an n'* root of unity. If (™ # 1 for m < n, then it is a primitive n'®
root of unity. Thus in C the n'™ roots of unity are the e?*™/" 0 < k < n,
and the primitive ones are the ones for which k£ and n are coprime.

The n'" cyclotomic polynomial is

b= [ @-0= [ @-ei.

¢ primitive nt? ke(Z/nZ)*
root of unityeC
It has degree p(n) =n][,, (1 — zla) (Euler’s phi function). Moreover, it lies

in Z[z], and it is irreducible over Z (and hence over Q).
The n'® cyclotomic field is Q(¢), where ¢ is any primitive n'® root of
unity. It is thus a number field of degree ¢(n).

Theorem 2.5.2. Let K = Q(C), where  is a primitive n™ root of unity,
n € N. Then

1. Zx =Z[¢], and

2. (Non examinable) Let n = [, p;’ be the factorisation of n, with p; € N
distinct primes and v; € N. Then

—1)¢(n)/2pp(n)
disc K = (=1) n

= (=172 Hp?(”/pj)pav'j_l (@s-e;-1) ,

11 pso(n)/(pj—l) J

Y] J

In particular, when n = p¥ is a prime power, then disc K = i—ppvfl(p”_”_l);

more generally, for p € N an odd prime we have
p|disc K <= p|n,
and for p = 2 we have

2 | disc K <=4 |n.
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Chapter 3

Ideals and factorisation

In the previous chapter, we have defined the ring of integers Zy of a number
field K. We are now going to investigate the properties of this ring.

A very important (and a first glance disappointing) thing to notice is that
in general, we do not have uniqueness of factorisation in Zg, as demonstrated
by the following example.

Example 3.0.1. Take K = Q(v/—5), so that Zyx = Z[/=5] by theorem
In Zg, a number a = a + by/=5 (a,b € Z) is invertible if and only
if its norm N(g(oz) = a® + 5b? is 1, as can be easily seen from the formulae
NE(af) = NE(«)NF(B) and o' = m. In particular two associate
elements must have the same norm.

Consider the two factorisations

6=2-3=(1++v-5)(1—v-5).

No factor of the first one is associate to a factor of the second one, because the
norms of these factors are respectively 4, 9, 6 and 6. Besides, these factors are
irreducible: if they were not, by taking norms, we would get integer solutions
to a® 4 5b% = 2 or 3, which is clearly impossible. We thus have two complete
and yet distinct factorisations of 6 in Zg.

A great insight came from Kummer, who imagined that there should exist
what he called “ideal numbers” pq, po, p3 and p, such that 2 = p1po, 3 = p3py,
14++v—5 =p1p3, and 1 —+/—5 = pop4. Indeed, this would allow us to recover

a unique factorisation

6 = (p1p2)(P3pa) = (P1b3)(P2pa).
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We will see that the ring of integers is what is called a Dedekind domain,
which means that it enjoys very nice properties which make up for the non-
uniqueness of factorisation: in a nutshell, we do not have uniqueness of fac-
torisation of elements, but we will see that we have uniqueness of factorisation
of ideals. We we will study the non-uniqueness of factorisation of elements
more closely in chapter

3.1 Reminder on finite fields

Theorem 3.1.1.
1. The cardinal of a finite field is always a prime power.

2. Conversely, if ¢ = p" 1s a prime power, then there exists a finite field
with q elements.

3. If two finite fields have the same number of elements, then they are
1somorphic.

This justifies the notation IF, for “the” finite field of size ¢ when ¢ € N is
a prime power. For instance, we have I, ~ Z/pZ for all prime p € N. Note
however that Fyn % Z/p"Z when n > 2, as the latter is not a field.

Theorem 3.1.2. Let q and r be prime powers. Then F, 1s isomorphic to a
subfield of ¥, if and only if r is a power of q.

In particular, if ¢ = p/ with p € N prime and f € N, then F, contains a
copy of FF,,, and is thus of characteristic p.

Example 3.1.3. F,; and Fg both contain a copy of Fy = Z/2Z, but Fg does
not have any subfield isomorphic to F4. The smallest finite field containing
both a copy of F, and Fg is Fgy.

Theorem 3.1.4. The multiplicative group of every finite field is cyclic, i.e.
Fx~Z/(q—1)Z.
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3.2 Reminders on ideals

Throughout this section, we let R be a commutative ring. When aq, -+, i,
are elements of a R, we will denote by

m
(0417"' 705m) = {eraj
=1

the ideal of R generated by these elements. We will say that an ideal of R
is nonzero if it is not reduced to {0}, and that it is nontrivial if it is not the
whole of R.

(STRER ,rmER}

Definition 3.2.1. Let ay,--- ,a,, be ideals of R. Their sum and product
are defined to be

m
E aj:a1+~--—|—am:{a1+---+am]aleal,--~,am€am}
j=1
and
m n
Haj:almam: E i Qmj |nEN, and Vj, a1j €ay, -, pj € ap .
j=1 j=1

Both are ideals of R.
Example 3.2.2. We have

(a1, -+ ,am) =R+ +a,R = (a1) + - + (o),

and

More generally,
(041 e am)(ﬁl ‘e 6?1) = (alphalﬁl, tt 7Oéiﬁj7 e 705m6n)

Remark 3.2.3. An intersection of ideals ﬂ;n:l a; is also always an ideal;
however the union |Jj_, a; is usually not an ideal of R. In fact, > 7", a; is
the ideal generated by Jj_, a;, and we have

m m m
HajgﬂamgaiQZaj (*)



for all 1 <7 < m, where each of these inclusions can be strict.
For instance, if we take R = Z, a; = ay = 2Z, and a3 = 3Z, then ()
becomes
12Z C 6Z C (2 or 3)Z C Z.

Definition 3.2.4. Let a and b be two ideals of R. We say that a and b are
coprime if a4+ b = R, that is to say if we can write 1 + « + 3 for some o € a
and g € b.

Theorem 3.2.5 (Chinese remainders). Let ay,--- , a,, be ideals of R which
are pairwise coprime, and let b = ay---a,. Then the canonical projections
induce a ring isomorphism

R/b ~ ﬁR/ai.
=1

Definition 3.2.6. Let a C R be a nontrivial ideal of R.

1. One says that a is a prime ideal (or just a prime, for short) of R if for
allr,s € R, rs € R impliesr € Ror s € R.

2. One says that a is a mazimal ideal of R if whenever b is an ideal such
that aC b C R, then b=aor b ="R.
Theorem 3.2.7. Let a C R be a nontrivial ideal of R.

1. a is prime if and only if the quotient ring R/a is a domain.

2. a is mazimal if and only if the quotient ring R/a is a field.
Proof. Whenever x € R, let T denote the class of = in R/a.

1. a is prime if and only if rs € a = r € a or s € a, if and only if
7s=0=7=0o0r3s =0, if and only if R/a is a domain.

2. Suppose a is maximal, and let 7 € R /a be nonzero. Then r ¢ a, so the
ideal (r) + a must be the whole of R. In particular this ideal contains
1, so that there exist s € R and a € a such that 1 = s+ a. But then
we have 7s = 1, which proves that R/a is a field.

Conversely, suppose that R/a is a field, and let b be an ideal such that
a C b, and let us prove that b = R. There exists r € b, » € a. We
then have T # 0, so there exists s € R such that 7s = 1 since R/a is a
field. This means that rs = 1+ a for some a € a,so0 1 =rs—a € b,
which proves that b = R. ]
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Corollary 3.2.8. Every mazimal ideal is prime.

Example 3.2.9. Let R = Z[z|, and let p € Z be a prime number. Then
the ideals (p) and (z) are prime but are not maximal, because the respective
quotients, F,[z] and Z, are domains but are not fields. On the contrary, the
ideal (p, x) is maximal, because the corresponding quotient is F,, which is a

field.

3.3 Integral closure

Definition 3.3.1. Let R C S be domains, and let s € S. One says that s
is integral over R if there exists a nonzero monic polynomial P € R[z] such
that P(s) = 0.

If every s € § is integral over R, one says that § is an integral extension
of R.

On the contrary, if the only elements of & which are integral over R lie
in fact in R, one says that R is integrally closed in S.

In particular, one says for short that R is integrally closed if it is integrally
closed in its fraction field FracR.

Thus, for example, the set of the elements of a number field K which are
integral over Z is precisely Zy. Also, Z is integrally closed.

Example 3.3.2. The ring R = Z[V5] is not integrally closed. Indeed,
a= %5 lies in Frac R, and satisfies a®> — a — 1 = 0 so « is integral over R
(and even over Z), yet o & R.

Theorem 3.3.3. Let K be a number field, and let Zg be its ring of integers.
Then Zy s integrally closed.

Proof. Let a € K be such that there exists a nonzero monic polynomial
P(z) € Zk[z] such that P(a) = 0; we want to show that o € Z.

Write K = Q(f) for some primitive element 5 € K, and let B(x) € Q|x]
be the minimal polynomial fo 5 over Q.

The coefficients of P(x) lie in Zj and in particular in K, so they can
be expressed as polynomials in § with coefficients in Q. Therefore there
exists a polynomial P(y,x) € Qly, z] such that Py(f8,x) = P(x). For each
embedding o of K into C, let P’(z) € C[z] be the polynomial obtained
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by applying o to the coefficients of P(x), so that P?(z) = Py(o(f), z), and

consider
Q)= [I P
o: K—C
On the one hand, since the o(3) are the roots of B(y), we have

Q)= [ Pu(o(B),z) = Res, (B(y), Pa(y, ),
o: K—=C
which shows that Q(z) € Q[z]. On the other hand, the coefficients of P(x)
are algebraic integers, so the coefficients of P?(x) also are for all o, therefore
the coefficients of Q(x), which are sums of products of these coefficients, are
algebraic integers by theorem As a result, Q(x) € Z[x] by proposition
; besides, Q(x) is clearly monic. To conclude, notice that

Q(a) = Res, (B(y), Px(y,a)) =0

since B(y) and P»(y, @) have a common root, namely y = 3. This shows that
« is an algebraic integer. O

Corollary 3.3.4. Let O be an order in a number field K. Then O is inte-
grally closed if and only if O = Z.

Remark 3.3.5. This proof is not the standard one. The usual way of proving
this theorem consists in proving that when we have domains R € § C T
such that S is integral over R and T is integral over S, then 7 is integral over
R; unfortunately, the proof of this fact requires using the notion of module
over a ring, which is beyond the scope of this course. For those of you who
do know this theory, here is the (of course non examinable) proof:

First, if R C § are two commutative rings, given finitely many elements
S1,+++, 8, € S we have the equivalence

S1,+ " , Sy integral over R <= R[s1, -, S,] is a finitely generated R-module.

Indeed, = is immediate from the definition of integrality, and < follows
from Cayley-Hamilton (cf. the proof of proposition . As a result, if we
suppose that R € & C T are such that S is integral over R and 7T is integral
over S, then for all t € T, we have a relation t" + 37" s;t' = 0 for some
s; € S;if we let M = R[sg, - ,8S,_1], then M is a finitely generated R-
module, and M]Jt|] is a finitely generated M-module, so that
MIt] = R[so, " ,Sn1,t] is a finitely generated R-module, which proves
that t is integral over R.
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3.4 Dedekind domains

Proposition 3.4.1. Let K be a number field, and let a be a nonzero ideal of
Zy. Then a is a lattice in K ; in particular, the index [Zy : a] is finite.

Proof. Let @ € a, a # 0, so that aZx C a C Zi. We know that Zy is
a lattice in K; let wy, -+ ,w, be a Z-basis of it, where n = [K : Q]. Then
awi, -+, wy, 1S a Z-basis of aZk, which is thus also a lattice in K. Since a
is an additive subgroup of K which is cornered between the two lattices aZ g
and Zp, it is itself a lattice. n

This prompts the following definition.

Definition 3.4.2. Let a be a nonzero ideal of Zx. The norm of a is the
index [Zg : a]. It is denoted by N(a) € N. By convention the norm of the
zero ideal is O.

Proposition 3.4.3. Let a C Zk be an ideal. Then N(a) € a.

Proof. By definition, N(a) is the order of the finite additive group O/a, so
the image of the integer N(a) in Zg/a is 0 by Lagrange’s theorem. O

Theorem 3.4.4. Let o € Zg, and let a be the ideal aZy of Zyx. Then
N(a) = [Ng (a)].

Proof. Let (w;)1<j<[k:q) be a Z-basis of Zg. Then (aw;)i<j<[k:q) is a Z-basis
of a, and the change-of-basis matrix between these two bases is the matrix
of the multiplication-by-av map with respect to the basis (w;)i1<j<x.q)- The
index [Z : a] is the absolute value of the determinant of this matrix, but by
definition this determinant is N (c). O

Lemma 3.4.5. Let a C b C Zg be two ideals. Then N(b) divides N(a),
with equality if and only if a = b.

Proof. Since a C b C Zy we have [Zg : a] = [Zk : b][b : a], that is N(a) =
N(b)[b : a]. This proves the divisibility, and there is equality if and only
if [b:a] =1, if and only if a = b. O

Corollary 3.4.6. Let a C Zg an ideal, and let « € a, a # 0. Then N(a)
divides |N§ ()|, with equality if and only if a = aO.
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Proof. This follows immediately from Theorem and Lemma [3.4.5] O

Definition 3.4.7. Let R be a ring. We say that R is Noetherian if there
exist no infinite strictly increasing sequence a; C as C --- of ideals of R.

Remark 3.4.8. One can show that R is Noetherian iff. every ideal a of R
is finitely generated, that is to say that there exist finitely many elements
aq, -,y of R such that a = (g, -+, aup).

Proposition 3.4.9. The ring of integers Zk is a Noetherian ring.

Proof. Consider a sequence of ideals a; C ay C ---. The norms of these
ideals form a nondecreasing sequence of positive integers, hence stabilises, so
by Lemma the sequence of ideals must stabilise. O

Lemma 3.4.10. Fvery finite domain is a field.
Proof. Let R be a finite domain, let » € R be nonzero, and consider the
multiplication-by-r map
R — R
r — rx’

Since R is a domain, p, is injective. In addition R is finite, so p, is a
bijection. In particular, the element 1 has a preimage, which proves that r
is invertible. O

Proposition 3.4.11. Every nonzero prime ideal of Zk is maximal.

Proof. Let p C O be a nonzero prime ideal. Then R = O/p is a domain,
and by Proposition the ring R is finite. Lemma proves that R
is a field and therefore p is a maximal ideal. O

Definition 3.4.12. An domain R is called a Dedekind domain if it is Noethe-
rian, integrally closed, and if every nonzero prime ideal of R is maximal.

Theorem 3.4.13. The ring of integers of a number field is a Dedekind do-

main.
Proof. This is the conjunction of Proposition|3.4.9, Theorem and Propo-
sition B.4.111 O

Remark 3.4.14. Apart from this theorem, all the statements in this section
remain true if we replace Zx with O and a with an ideal of O. In particular,
every order is Noetherian, and has the property that all its nonzero prime
ideals are maximal. What makes orders different from Zg is that they are
not integrally closed; in particular, they are not Dedekind domains.
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3.5 Factorisation theory in Dedekind domains

The reason why we introduced the notion of Dedekind domain is the following
major result.

Theorem 3.5.1. Let R be a Dedekind domain. FEvery ideal a of R is a
product of prime ideals,
a= H pj'
j=1

Furthermore, this factorisation is uniqudl]

Thanks to this theorem, we can perform arithmetic in a Dedekind domain,
but on ideals, not on numbers. The usual notions of divisibility, gcd, lem...
can be translated in terms of operations on ideals:

Theorem 3.5.2. Let R be a Dedekind domain.

1. Let a, b be two ideals of R. Then a divides b (meaning there exists an
ideal ¢ such that b = ac) if and only if a D b.

2. If ay,--- ,a,, are ideals of R, then
ged(ag, -+, ay,) =a; 4+ -+ ap,

and
10H1<Cl1,"' ,Clm) =a;MN---Ndy,.

Example 3.5.3. For R = Z, this translates into the following more familiar
statements:
a|b<= aZ D VZ,

ged(ay, -+ yam)Z = ayZ+ -+ + anZ,

and
lem(ay, -+ ,am)Z = a1 ZN -+ N apZ.

Example 3.5.4. Let p, p’ be two prime ideals. If p and p’ are distinct, then
they are coprime, which means that p 4+ p’ = Zx and that pNp’ = pp’. On
the other hand, if p = p’, then we have p+p = p and pNp = p. Note
that p? is an ideal contained in p; in fact, this containment is strict by the
uniqueness of the factorisation of ideals.

1Up to the order of the terms, of course.
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Example 3.5.5. Let z € R, and let a be an ideal of R. Then
rea<= (z) Ca<=a| ().
This fact is frequently used in practice.

Remark 3.5.6. In fact, it can be shown that the factorisation property
presented in theorem [3.5.1] characterises Dedekind domains. Briefly,

e because containment means divisibility, the fact that ideals factor into
primes implies that the domain is Noetherian,

e if a domain is not integrally closed, then using elements of the field
of fractions which are integral but not in the domain, one can exhibit
ideals which do not factor properly,

e in view of the equivalence between containment and divisibility, the
fact that nonzero prime ideals play the role of irreducibles means that
they are maximal.

As a first application of this, we can prove that although Dedekind do-
mains are not in general principal, every ideal can be generated by at most
two elements. In fact, even more is true:

Proposition 3.5.7. Let a be an ideal in a Dedekind domain R, and let
a€a, a#0. Then there exists § € a such that a = («a, ).

Proof. Since a € a, we have a’R C a, so in the factorisations

m m

aq €5

oR =[]py, a=]]»7.
j=1 =1

we have e; < a; for all j. By uniqueness of the factorisation, for each j there
exists 3 € pjj \p? H, and by Chinese remainders we may find § € R such

that for all j, 8 = f3; mod p;jﬂ. In particular, for all j we have 3 € p;j\p?ﬂ,
so we have the factorisation

BR=b]]¥;,
j=1
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where b is coprime to the p;. As a result, we have

m

(@, 8) = aR + BR = ged(aR, BR) = [ [ p7 = u,

Jj=1

as wanted. O

We now take R = Zk to be the ring of integers of some number field K.

Theorem 3.5.8 (Multiplicativity of the norm). Let a,b C Zg be ideals of
the ring of integers of a number field K. Then N(ab) = N(a)N(b).

Proof. 1t is enough to prove that

N (H p?) = I~

whenever the p; are pairwise distinct nonzero primes and the e; are positive
integers.

By uniqueness of factorisation we have pi* + p;j = Lk, i.e. the p; are
pairwise coprime. The Chinese remainder theorem then tells us that

N (Hp?) = HN(p?),

so to conclude we must show that N(p}’) = N(p;)%.

Let p C Zk be a nonzero prime. By uniqueness of the factorisation of
ideals, there exists m € p \ p2. The factorisation of the ideal 7Zy must then
be 7Z = pa, where the ideal a is coprime to p (else 7 would lie in p?), i.e.
a+p=~Zg. Fixn € N, and consider the homomorphism of additive groups

prZg/p — pr/ptt
r —— 7.

It is well-defined, since if x € p, then 7"z is a product of n 4 1 elements of
p and hence lies in p™™. Suppose x € Zyg represents and element of Ker y,
then 7"z € p™*!, so p™™! | (7"z) = (7)"x = p"a"(z); as a and p are coprime,
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this means that p"™' | p"(z) by unicity of the factorisation, whence p | (z)
so x € p; therefore Ker p = 0 and p is injective. Finally, the image of pu is

(WnZK =+ pn+l)/pn+1 _ (pnan + p"“)/p”“ _ (pn(an + p>)/pn+1 _ p"/p"ﬂ

since a” +p = Zk as p and a are coprime, so p is surjective. Thus p is an
isomorphism, so that

[p" = p" ] = #(p" p" ) = #Zk /p = N(p)

foralln € N. Asaresult, for alle € N, in view of the chain Zx 2 p D --- D p°
we have

N(p®) = [Zk : 9] = [Zx 2 pllp 9] - [P 9] = N(p)",
and the proof is complete. n

Remark 3.5.9 (Failure of multiplicativity for a non-maximal order).
This proof relies heavily on unique factorisation, which comes from the fact
that Z is a Dedekind domain. It is therefore not surprising that if we replace
Zy with an order, then the conclusion does not hold anymore!

For instance, take K = Q(a) where a = /=3, let O = Z[a] € Zyg =
Z[*2), and let a = Z2® Z(a + 1) C O. We have a2 = (—1)2 + 1(a + 1)
and a(a +1) = (=2)2+ 1(a+ 1), so aa C a and a is thus an ideal of

O, of “norm” [O : a] = |det (2) D = 2. However, a? is generated by
{22 2(a + 1), (a + 1)} over Z, and since (o + 1) = —2(a + 1), the set
{222(av+ 1)} is a Z-basis of a?, whence [O : a?] = |det BL 3 =8 # 22,

This illustrates the fact that definition is the “right” one.

3.6 Decomposition of primes

Since the primes (meaning the prime ideals) of Zy are the building blocks of
all the nonzero ideals, they deserve particular attention.

Lemma 3.6.1. Let a C Zgi be a nonzero ideal. Then a N Z is of the form
aZ for some nonzero a € N. Besides, if a is a prime ideal, then a is a prime
number.
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Proof. Let f: Z — Zk/a be the canonical ring homomorphism. Then aNZ =
ker f, so it is an ideal of Z. Since Z is a PID, this ideal is of the form aZ
with a € Z.

Now f induces an injective ring homomorphism f: Z/aZ < Zy /a. Since
the ring Zg/a is finite by Proposition [3.4.1] the ring Z/aZ is also finite,
so a # 0, and since we can replace a with —a, we may assume a > 0.

If a is prime, then Zg /a is a domain, so the subring Z/aZ is also a domain
and therefore a is a prime number. O]

Remark 3.6.2. Another way to see this is that a is the characteristic of the
finite ring Zg /a, and is therefore nonzero; moreover this characteristic must
be a prime number if Zy /a is a domain.

Definition 3.6.3. Let p be a prime of Zg, and let p € N be the prime
number such that p NZ = pZ. One says that p is the prime number below p,
and that p is a prime ideal above p.

By Lemma , for all nonzero prime p, the quotient Zg /p is a finite
field, called the residue field of p. The characteristic of this field is by defi-
nition the prime number p below p, so this field is isomorphic to F,, where
q = p/ for some f € N called the residue degree of p (some people say inertial
degree).

Remark 3.6.4. The prime number below a prime ideal p is the unique p
such that N(p) is a power of p.

By definition, an integer is a prime if it does not factor in Z. However,
it may very well factor in the larger ring Zg. The following results tells us
what kind of decompositions occur.

Theorem 3.6.5. Let p € N be prime, and let K be a number field. Then we
have the factorisation

g9
pZK - Hpj‘j7
j=1
where the p; are exactly the primes of Zx above p and e; = 1 for all j.

Besides, if we let f; be the residue degree of p;, we have the identity

g

> eif;=1K:Ql.

=1
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Proof. Let p be an ideal above p. Then by definition p D pZg, so p divides

pZK.

This proves that the integers e; are all nonzero.

Next, by definition, we have N(p;) = p/i, so

g g g
(I ) T - I
=1 j=1 j=1

by theorem [3.5.8, On the other hand, we also have

N(Zx) = |Ng (p)| = [p"9]

by theorem [3.4.4], so the identity follows. O

Definition 3.6.6. The ramification index of a prime p is the exponent e > 1
of p in the decomposition of pZg, where p is the prime below p. If e > 2, we
say that p is ramified; otherwise we say that p is unramified. Let n = [K : Q).

If there exists at least one ramified prime p above p, we say that p
ramifies in K.

If pZy = p™ (so that the ramification index of p is e = n and its residue
degree is f = 1), then we say that p is totally ramified in K.

When pZg is a prime ideal, so that the above decomposition is simply
pZ = p, then we say that p is inert in K.

If p is neither inert nor ramified, we say that p splits in K (or that K
splits at p).

If we have a decomposition pZx = [[;_, p; with the p; all distinct (so
that their residue degrees are all 1), we say that p splits completely
in K.

3.7 Ramification

Ramification is an important type of behaviour that can occur when decom-
posing rational primes in a number field. The following theorem is extremely
important, but we will not prove it.
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Theorem 3.7.1. The primes p € Z which ramify in K are exactly the ones
which divide the discriminant of K. In particular, there are only finitely
many of them.

Remark 3.7.2. One can be more specific. Indeed, one can show that if the
decomposition of a prime p € N in K is

g
pZK = H pj‘jv
j=1

then the exponent of p in disc K is ) 9_, €}, where €} = ¢; if p { ¢; (tame
ramification case) and €} > e; if p | ¢; (wild ramification case).

In other words, the more ramified p is, the more it divides disc K.
We should mention the following result of Minkowski’s.

Theorem 3.7.3. If K # Q is a number field, then | disc K| > 1, so there is
at least one ramified prime p € N.

This can be rephrased by saying that there is no nontrival everywhere-
unramified number field. We postpone the proof of this result to the next
chapter.

The case when p is totally ramified is a very special one, which allows

us in particular to take a nice shortcut when computing the ring of integers
of K.

Definition 3.7.4. Let P(z) = x"—l—zy;g \;jz? € Z[z] be a monic polynomial,

and let p € N be a prime. We say that P(z) is Fisenstein at p if p divides
all the \;, but p*{ Ao.

Example 3.7.5. P(z) = 2?—84x+90 is Eisenstein at 2, but not at 5 because
5184, nor at 7 because 7190, nor at 3 because 32 | 90.

Theorem 3.7.6 (Eisenstein’s criterion). Let p be a prime number, and
let P(x) € Zlx] be a monic polynomial. If P(x) is Eisenstein at p, then it is
irreducible over Q (and thus also over 7). Moreover, let K = Q(«) where «
is an algebraic number such that P(«) = 0; then K 1is totally ramified at p
and the order Z|a] is mazimal at p.
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Remark 3.7.7 (non-examinable). Conversely, if K is a number field which
is totally ramified at p, then there exists a primitive element o € Zx whose
minimal polynomial over QQ is Eisenstein at p.

The proof of this theorem being a bit more technical than the rest of this
section, we only give it here for reference; it is not examinable.

Proof. Suppose that P(x) € Z[z] is Eisenstein at p, and let n be its degree.
If P(x) = Q(z)R(z) were reducible over Z, then we would have Q(x)R(z) =
P(z) = 2™ mod p, so that Q(x) = 27 and R(x) = 2" mod p for some nonzero
integers ¢,7. But this would mean that p divides the constant terms of
Q(z) and R(z), so that p? would divide the constant term of P(z), which
contradicts the fact that P is Eisenstein at p. Therefore, P(x) is irreducible
over Z (and thus also over Q).

In particular, K = Q(«) is a well-defined number field of degree n. If the
order Z|a] were not maximal at p, then by Proposition there would exist
integers A; not all divisible by p such that Z;:& %(xj € Zg is an integer.
Then, if j, is the smallest integer such that p { A;, then after subtract an
element of Z[a] C Zg and multiplying by a7 we would get
s an n—jo—2
iO./n_l + — Z )\j0+1+kak € ZK.

p r =

However, the relation P(«) = 0 and the fact that p divides the coefficients of
P(z) imply that %~ € Z[a] C Zg, so we would have %a"‘l € Zk. Taking

A% NK (o)

the norm, this would mean that 40—~ € Z. Now, N(g(a) is, up to sign,
the constant coefficient of P(x), so it is of the form pq for some integer ¢ € Z

n n—1

which is coprime to p. We would then have Aj“i € Z, a contradiction.

It follows that the order Z[a] is maximal at p. Theorem [3.8.1 which
we will prove in the next section, implies that since P(x) = 2" mod p, the
decomposition of p in K is pZyx = p", where p = (p,«). In particular, p is
totally ramified in K.

Conversely, suppose now that K is a number field in which p € N is
totally ramified, say pZyx = p™ where n = [K : Q]. For nonzero x € Z, let
vp(w) be the largest nonnegative integer such that p*»@ | 2Zg (i.e vy(z) is
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the exponent of p in the factorisation of the ideal #Zy), and set v,(0) = +o0.
Clearly, for every finite family of algebraic integers z; € Zg, we have

Uy (H xl> = va(:ﬂi) and v, (Z xz> > miinvp(xi).

Besides, if >, #; = 0, then the minimum min; v,(z;) must be attained for at
least two values of i, for if not, say v,(z1) < vy(z;) for all i > 2 for instance,
then we would have

vp(71) = vy <— ;$z> > min vy (2;) > vy(21),

a contradiction. Note that for all m € Z, we have vy,(m) = n - v,(m), where
vp(m) denotes the exponent of p in the factorisation of m in Z; in particular,
vp(p) = n.

Since p € p, according to proposition there exists o € Zg such that
p = (p, ). This means that ged(pZk, aZk) = p, so we must have v,(a) = 1.
Let P(z) = 2™+ >_,_,, Az’ € Z[x] be the minimal polynomial of «, where
m < n is the degree of a. Then, in the relation

o™+ Z)\iai =0,

the minimum of v, must be attained at least twice; but since
vy(a’) =i - vy(a) = i and p | vy(N;) for all i, this forces m = n and p | \;
for all 4. In particular, this shows that « is a primitive element for K/Q.
Finally, the constant coefficient A\ is, up to sign, the norm of «, which is, up
to sign, the norm of the ideal aZy by theorem . Since vp(o) = 1 and p
is the only prime above p, this proves that p*{ ¢, so that P(z) is Eisenstein
at p. ]
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3.8 Practical factorisation

We are now going to see how to factor ideals explicitly. Let us start with the
ideals pZy, where p € N is prime.

Theorem 3.8.1. Let K be a number field, p € N be prime, o € Zk be an
integral primitive element for K, m(x) € Z[z| its minimal polynomial over

@’ g
mi(e) = [[ sy

the full factorisation of m(x) = m(x) mod p (that is to say, in F,[z]), and
f; = degm;(z). If the order Z[a] is p-maximal, then the full factorisation of
pZK 18

g
pZK = H p§j7
j=1

where p; = (p,m;(«)) and m;(x) denotes any lift of m;(x) to Z[z]. Besides,
the residue degree of p; is degm;(x).

Proof. (non-examinable) Let n = [K : Q] = degm(x). For each j, let
K; C Z[x] be the kernel of the ring homomorphism

pj : Llx] —= Zla] — Zla] /pZlo] — Lx [pLx —= Lk [p;,

where the first map is evaluation at x = «, the third is induced by the
inclusion Z[a| C Zg, and the others are the reduction maps. All these maps
are clearly surjective, except maybe for the third one; however, since Z[q/]
is p-maximal, proposition tells us that every element of Zy is of the
form >_,_, Aya® with rationals A\; € Q whose denominators are coprime to p.
As a result, it makes sense to reduce the A\, mod p, so that this third map
is in fact an isomorphism. Therefore, the composite map p; is onto, so the
quotient Zg /p; is isomorphic to Z[z]/K;. The fact that m;(x) is irreducible
over [F,, implies that

Zlx]/ (p,mj(w)) ~ Fyla] /7 (x)

is a field, so the ideal (p,m;(z)) of Z[z] is maximal by theorem . But
K clearly contains p and m;(x), so it contains this maximal ideal, so it is
either equal to it, in which case

L [p; ~ Zlx]/ (p, m;(x)) ~ Fylz]/m;(x)
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is a field with p/i elements, which means that p; is a prime of Zx above p of
residue degree f;, or K is the whole of Z[z], in which case Zg /p; is the {0}
ring.

Let P be the ideal []7_, p;’ of Zx. We have

py = (P, 0% gy 1)
where p1; = m;(a), so P is generated by the elements of Z of the form vy =
peuit -+ - pg” with the a; nonnegative integers such that >37_ja; = >°9_; ¢;
and a; < e; for 7 # 0. Clearly, v € pZg if ag > 0, whereas if ap = 0, then
necessarily a; = e; for all 7 # 0, in which case we have v € pZy anyway
since the fact that

Hm] = m(x) + pR(x)

for some R(z) € Z[z] 1mphes that

7= [Imie) = pR(@).

Thus P C pZg, so lemma tells us that p" | N(P) with equality iff.
P = pZy, where n = [K : Q]. But by multiplicativity of the norm, we have

HNm%—HUmmD

7j=1

depending on whether Zy /pj is a field with p/i elements or the {0} ring,
whence

ejfj or 0),

|| Mi@

with equality iff. P = pZg. However we have n = Z?zl e; f; by looking at
the degrees of m(x) = []]_, m;(x)%, so the only possibility is that P = pZs
and that Zx /p; is a field with p%i elements for all j.

To conclude, we note that since the m;(z) are irreducible and pairwise
distinct, they are pairwise coprime, so for each i # j there exist u(x) and
v(x) € F,[z] such that

u(z)mi(x) 4+ v(x)m;(z) = 1.
Lifting and evaluating at x = « shows that 1 € (p, u;, tj) = p; + p;, which
means that the p; are pairwise coprime, and hence pairwise distinct. O
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Remark 3.8.2. In the case when for some p € N, no order of the form Z[f]
and maximal at p exists (or is known), it is still possible to determine explic-
itly the decomposition of pZg, but the method is much more complicated.

Remark 3.8.3. Notice how this theorem is consistent with theorem B.7.11
Namely, for all primes p € N such that Z[«a] is p-maximal, we have
p | disc K

59 ) | disc Z[q]

il p | discm(z)

<= discm = 0 mod p

2Ll m(z) mod p has repeated factors

LR p ramifies in K.

Remark 3.8.4. In the special case where m(z) is Eisenstein at p, we know

that Z[a] is p-maximal by theorem [3.7.6] so theorem applies. More
precisely, since we have m(z) = 2" mod p, we get that p splits as

pZy = p" where p = (p, ),
which is a refinement of theorem B.7.6l

Example 3.8.5. Consider the number field K = Q(«) where « is a root
of f(z) = #3—x+1. For K to be well-defined, we need to prove that 23 —z+1
is irreducible; in fact it is already irreducible modulo 2 as we will see below.
The discriminant of f(z) is —4(—1)% — 27 - 1% = —23, and this is also the
discriminant of Z[«]. Since the index f = [Zk : Z[a]] satisfies

—23 = disc Z[a] = f*disc K,

we must have f = 1: we have Zy = Z[a]. Let us look at some decompositions
of primes that can occur.

e at 2: the polynomial 2® — 2 + 1 has no root in Fy. If it were reducible
over Fy, it would have a linear factor. So f(x) mod 2 is irreducible
and 2Z is prime: it has residue degree 3 and ramification index 1: the
prime 2 is inert in K.
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e at 5: the polynomial 2® — 2 + 1 has 3 as a root modulo 5, yielding a
factorisation f(z) = (z—3)(z*+32+3) mod 5. Since x?+3z+3 has no
root modulo 5 and has degree 2, it is irreducible. We obtain 5Zx = pp’
where p = (5, — 3) has residue degree 1 and ramification index 1
and p’ = (5, a* 4+ 3a + 3) has residue degree 2 and ramification index 1:
the prime 5 is split but not totally split in K.

e at 23: we have f(z) = (z+10)*(z+3) mod 23. We obtain 23Zx = ¢*q’
where q = (23, a + 10) has residue degree 1 and ramification index 2,
and q' = (23, a + 3) has residue degree 1 and ramification index 1: the
prime 23 is ramified but not totally ramified in K.

Example 3.8.6. Let f(x) = 2° + 22 — 22 + 8, and let K = Q(«) where
f(a) = 0. We saw in example that the order Z[a] is p-maximal for all
p # 2, so for instance we may compute that since f(z) remains irreducible
mod 3, the ideal 3Z is prime, so that 3 is inert in K. Similarly, the full
factorisation of f(z) mod 5 is

f(z) = (x+1)(z* + 3) mod 5,
SO
5Zk = (5,a +1)(5,a* + 3)

splits as the product of a prime of degree 1 times another prime of degree 2.

With the help of a computer, we can increase the value of p until we find
one which is totally split. We find that the smallest totally split p > 3 is
p =59, because

f(z) = (x + 11)(x 4+ 20)(x 4+ 29) mod 59

splits completely mod 59 but does not for any smaller p. In particular, we
have

597 = (59, a + 11)(59, a + 20)(59, o + 29),

a product of three distinct primes of degree 1.
Finally, we know from example [2.3.15| that disc K = —503, so 503 is the
only prime p € N which ramifies in K. More precisely, we can check that

f(z) = (x + 354)%*(x + 299) mod 503,

so that
503Zx = (503, o + 354)2(503, a +299).
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However, we cannot see how 2Zg factors in Zg by factoring f(z) mod
2, because Z|a] is not maximal at 2. In principle, we could look for another
primitive element /5 € Zg such that the order Z[(] is maximal at 2, and then
determine the decomposition of 2Zj by factoring the minimal polynomial
of 8 mod 2. This approach usually works, but unfortunately it does not in
this particular case; indeed it can be proved that 2 splits completely in K,
so if Z[f] were maximal at 2, then the minimal polynomial of 8 would be
completely split and squarefree mod 2, which is impossible since the only
possible linear factors mod 2 are z and x 4+ 1. Therefore, an order in this
field of the form Z[3] is never maximal at 2.

In general, to factor an integral ideal a, we can use the fact that the
norm is multiplicative, and that every prime ideal having norm a power of
a prime p appears in the factorisation of pZjy. The method consists in first
factoring N(a) in Z, then, for each prime p that appears in the factorisation,
decomposing pZy, and finally, collecting the prime ideals that divide a.

Example 3.8.7. Let us come back to the problem of factoring 6 in
Z[\/—5] = Zk, where K = Q(v/—5). Since

2?2 +5=(x+1)* mod 2
we have
27 = (2,1 +v-5)%,

and 2 is totally ramified in K.
Since
2> +5=(x—1)(x+1) mod 3,

we have
3Zk = (3,14++vV-=5)(3,1 —v—=h),

and 3 is totally split in K.
We obtain the factorisation

6Zk = (2Zx)(3Zk) = (2,1 +V=5)%(3,1+ vV/=5)(3,1 — V/=5).

Furthermore, since the ideals (1 & /—5)Zg are of norm 6, they must each
factor into the product of a prime of norm 2 times a prime of norm 3, namely

(1+vV-5)7Zx = (2,1 +vV=5)(3,1 £ /-5).
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Thus the factorisations
6=2-3=(1+v-5)(1—-+v-5)

lead to the same decomposition into primes, as they should. Kummer’s
insight about “ideal numbers” was right!

Example 3.8.8. Let K = Q(y/—7) and let a = @ Let us compute the
factorisation of the ideal a = («) in Zg. Since —7 = 1 mod 4 we have Zy =
Z|w] where w = HT\E Since a« =w + 6 € Zg, ais an integral ideal of Zg.
We compute the norm of this ideal using Theorem

1
N(a) = [NJ ()| = Z<7+ 13?) = 44 = 2% - 11.

From this we get that a is a product of some primes above 2 (one prime of
norm 4 or two primes of norm 2, possibly twice the same) and of one prime
above 11 of norm 11. We therefore decompose the primes 2 and 11 in K.
The minimal polynomial of w is m(z) = 2? — x + 2 and Zx = Zw], so we
can apply Theorem [3.8.1]

e p = 2: we have m(z) = z(x — 1) mod 2, so 2 splits completely in K
and 2Zx = pp’ where p = (2,w) and p' = (2,w — 1).

e p = 11: we have m(z) = (v +4)(z +6) mod 11, so 11 splits completely
in K and 11Zx = qq’ where q = (11,w +4) and q' = (11,w + 6).

Now we know that a is a product of two primes above 2 (since they both
have norm 2) and one prime above 11, and we must determine which ones.

We clearly have o = w+2-3 € p. On the other hand we have @« = w+6 =
1 mod p’ since w = 1 mod p’, so a ¢ p’, in other words p’ does not divide a.
So p divides a with exponent 2. In addition we have o = w + 6 € q’. We
conclude that a = p?q’.
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3.9 The case of quadratic fields

In this section, we let K = Q(\/a), where d € 7Z is a squarefree integer
different from 0 and 1, and we let p € N be an odd prime.
Recall that the Legendre symbol is defined by

d 0 if p|d,
<—> =< +1 if dis a nonzero square mod p,
—1 if d is a nonzero nonsquare mod p.

The Legendre symbols tells us exactly how odd primes split in quadratic
field.

Theorem 3.9.1. Let p € N, p # 2 be a prime.

o If <;—f> =0, then pZy = p? is totally ramified in K.
o [f <§> = +1, then pZy = p1ps splits completely in K.
o [f <]i‘f> = —1, then pZyk = p is inert in K.

Proof. Since p # 2, the order Z[/d] is p-maximal, so theorem applies,

and tells us that the decomposition of pZy is governed by the splitting be-

haviour of 22 — d mod p. When (%) =0, +1, or —1, 22 — d mod p is

respectively a square, a product of two distinct linear factors, or irreducible,
hence the result. O]

Remark 3.9.2. For the case (g) = 0, we could also have used Eisentein’s

criterion (theorem [3.7.6)).

The case of p = 2 is special and must be stated separately.
Theorem 3.9.3.

e Ifd=2 or3mod 4, then 2Z = p* is totally ramified in K.

o [fd=1mod8, then 2Zx = p1p2 splits completely in K.

o [fd=>5mod8, then 2Zk = p is inert in K.
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Proof. If d =2 or 3 mod 4, then theorem m tells us that Zx = Z[/d], so
we may apply theorem [3.8.1] Furthermore, we have 22 —d = (z — d)? mod 2,
so 2 is totally ramified in K.

Let us now suppose that d = 1 mod 4. Then Zx = Z [Hg/g], so the-

orem does not apply to Z[\/&]; on the other hand, it does apply to

Z [_1+2\/E] . The minimal polynomial of %ﬁ isz?—z— %; when d = 1 mod 8

it reduces to x(xr — 1) mod 2, whereas when d = 5 mod 8 it reduces to
2% 4+ 2 4+ 1, which is irreducible over F,. O

The point of this is that, thanks to quadratic reciprocity, the decompo-
sition type of p can be read off the class of p modulo 4d. If you have not
seen quadratic reciprocity, do not worry: we will not ask you to use it in
assignments or exams.

Example 3.9.4. In K = Q(v/—5), for all prime p € N we have
e pis (totally) split in K if and only if p = 1,3,7 or 9 mod 20,
e pisinert in K if and only if p = 11,13,17 or 19 mod 20,

e p is (totally) ramified in K if and only if p = 2 or 5 mod 20.

3.10 The case of cyclotomic fields

In this section, we fix an integer n > 3, and we let K = Q((), where ( is a
primitive n'® root of unity. The law governing the splitting of primes in K
is the following.

Theorem 3.10.1. Let p € N be a prime number, let p¥ be the largest power
of p which divides n (so in particular v =0 if pfn), let m = n/p’, and let
f € N be the smallest nonzero integer such that pf = 1 mod m, i.e. the order
of p in the group (Z/mZ)*. Then the decomposition of pZy is

Ly = (p1---pg)?®"),

where the p; are distinct primes which are all of inertial degree f. In partic-
ular, g = ¢(m)/f.
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Proof. (Non examinable) We know from theorem that Zx = Z[(], so
by theorem [3.8.1| the decomposition of pZg corresponds to the factorisation
of the cyclotomic polynomial ®,(x) mod p. When §; (resp. 7;) ranges over
the set of primitive m™ (resp. (p*)™) roots of unity, then the products &mn;
range over the set of primitive n' roots of unityP} so

@, (z) = [ [(x — &my).

i,J

Note that this factorisation takes place in Zg[x], so it makes sense to reduce
it modulo ideals of Zg. Let p be a prime of Zx above p. Since @, (z) divides
(2" — 1) which is (x — 1)?" mod p and thus also mod p, we have

O (2) = [ (= = ny) = (¢ = )*P") mod p,

J

and so 7; = 1 mod p for all j since Zg /p is a field. As a result,

P, (z) = H(x —-&-1) = (I)m(my(pv) mod p,

0,
so the coefficients of the difference ®,,(z) — ®,,(2)?®") lie in pNZ = pZ, i.e.
D, (z) = By ()" mod p.

We are thus led to studying how &,,(z) factors mod p. Now, ®,,(x) divides
2™ — 1, which is coprime mod p with its derivative mz™~! since p 1 m;
therefore ™ — 1 is squarefree mod p, and so is ®,,(z). In other words,
reduction mod p is injective on m'™ roots of unity, and in particular primitive
m'™ roots remain primitive mod p.

Since the multiplicative group of a finite field is cyclic, the field Fj. con-
tains a primitive m' root of unity if and only if m | p* — 1, if and only if
p* = 1 mod m, if and only if f | a.

On the other hand, if ®,,(z) = fi(z)... fr(z) mod p is the factorisation
of @, into irreducibles over IF,[z], then ®,, has a root in F,. if and only if
one of the f; has a root in Fa, if and only if there is an i such that deg f; | a.

Putting these together, we obtain that for all ¢, f | deg f;. Moreover, the
field IF,s contains a primitive m-th root of unity, and therefore contains all

2This is just the isomorphism (Z/nZ)* ~ (Z/mZ)* x (Z/p'Z)* from Chinese remain-
ders in disguise.
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of them, so ®,, splits completely over F,s, and therefore we have deg f; = f
for all i. As a result, the primes above p all have inertial degree f. The fact
that g = ¢(m)/ f follows from Theorem since

(K : Q] = ¢(p'm) = p(p°)p(m)
as p’ and m are coprime. O

Corollary 3.10.2. A prime p € N splits completely in K if and only if
p =1 mod n.

Corollary 3.10.3. A prime p € N ramifies in K if and only if it divides n,
except for p = 2, which ramifies in K if and only if 4 | n.

Remark 3.10.4. We already knew this last point from theorem [2.5.2]

Example 3.10.5. Let n = 15 and K = Q((,). Let us compute the decom-
position of some small primes.

e p = 2: we have m = 15, and by computing the powers of 2 mod 15 we
see that it has order f = 4. We therefore have g = p(m)/f = 8/4 = 2.
The decomposition of 2 is

27 = Papy,

and both these primes have residue degree 2 and ramification index 1.
The prime 2 splits in K but is not totally split.

e p = 3: we have m = 5, and 3 mod 5 has order f = 4. We therefore
have g = p(m)/f = 4/4 = 1. The decomposition of 3 is

37k = p3 since ¢(3) = 2,

and ps3 has residue degree 4 and ramification index 2. The prime 3 is
ramified but not totally ramified in K.

e p =5 we have m = 3, and 5 = —1 mod 3 has order f = 2. We
therefore have g = p(m)/f = 2/2 = 1. The decomposition of 5 is

57k = ps since ©(5) = 4,

and ps5 has residue degree 2 and ramification index 4. The prime 5 is
ramified but not totally ramified in K.
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e The smallest prime that splits completely in K is p = 31, since it is the
smallest prime which is 1 mod 15.

In the case when n = p? is itself a prime power, we can say a little more:

Theorem 3.10.6. If n = p*, then pZyx = (¢ — 1)?™ . In particular, p is
totally ramified in K. Moreover, the minimal polynomial ®,(x + 1) of ( — 1
15 Eisenstein at p.

Proof. We already know that p is totally ramified by Theorem |3.10.1} and
that pZg = p¥™ where p = (p,( — 1), since ®,(z) = (z — 1)¥™ mod p. We
have

®,(z+ 1) = 2¢™ mod p.

Besides,
—1
pY p A
@ _ X 1 _ l'p'ufl‘7
n v—1 9
P —1 ,
Jj=0

so the constant term of ®,(z 4 1) is ®,(1) = p, so that Nj (¢ — 1) = *p.
Therefore, ®,,(x+1) is indeed Eisenstein at p. In addition, the inertial degree
of the prime p is 1 so its norm is p, and since ( — 1 € p has norm +p, we can
conclude that p = (¢ — 1). O
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Chapter 4

The class group

4.1 UFDs. vs. PID. vs. Dedekind domains
Section is not examinable.

Let R be a Noetherian domain.

Definition 4.1.1. Let a,f € R. We say that « | 5 if there exists v € R
such that f = ay. We say that o and g are coprime if the only § € R such
that 0 | @ and d | § are units. Finally, a € R is drreducible if it is not a
unit and cannot be factored, that is to say whenever we have o = v with
8,7 € R, one of  or 7 is a unit.

Example 4.1.2. The elements 2 and 3 are irreducible in Z, and coprime
in Z.

Remark 4.1.3. We have « | S iff. SR C oR. In particular, « is irreducible
iff. the ideal @R is maximal (with respect to inclusion) among the principal
ideals of R distinct from R. Note that the restriction to principal ideals
means that a/R is not necessarily a maximal ideal in the sense of definition
[3.2.6] as it need not be maximal among all ideals of R.

Lemma 4.1.4. Fvery nonzero element of R can be written as a finite product
of irreducibles.

Proof. Let a; € R be nonzero. If it is irreducible, we're good; else, a; factors
non-trivially, so let ay be one of the factors, and start over.
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This way we produce a sequence of elements of R such that

() & (a2) & -+

=

Since R is Noetherian, this sequence must stop; in other words, we get to an
irreducible element after finitely many splittings. Now resume the process
on the factors left aside. m

Definition 4.1.5. We say that R is a UFD (short for Unique Factorisation
Domain) if for every nonzeroaw € R, the decomposition of a as a product
of irreducibles is unique up to the order of the factors and multiplication by
units.

Example 4.1.6. Z is a UFD. The factorisations
6=2-3=3-2=(-2)(-3)

do not contradict this fact since they only differ by units and by the order
of the factors.

Definition 4.1.7. An element o € R is prime if the ideal (a) of R is a
prime ideal.

The relation between irreducible elements and prime elements is expressed
by the following two lemmas.

Lemma 4.1.8. Let a € R be nonzero. If o is prime, then it is irreducible.

Proof. Suppose that « is prime, and that we have a factorisation a = (7.
Then Bv € (a), so since («) is a prime ideal, we have 8 € (a) or v € ().
Suppose for instance that § € («). Then f is of the form ad for some § € R,
whence o = vy = ady and

a(l —dy) =0.

Since o # 0 and R is a domain, this implies Jy = 1, which means that ~
(and ¢) is a unit. Thus « cannot be factored non-trivially, which means that
it is prime. ]

The converse does not hold. In fact:

Theorem 4.1.9. Let R be a Noetherian domain. The following properties
of R are equivalent:
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(i) R is a UFD,
(it) (Converse of lemmal{.1.8) Every irreducible element of R is prime,

(111) (Euclid’s lemma) For all m € R irreducible, for all o, 5 € R, if m | af
then | o or w | B,

(iv) (Gauss’s lemma) For all o, 5,y € R such that a and B are coprime
and « | By, we have a | .

Proof. - and : Suppose that R is a UFD. Then every nonzero
element of R has a unique factorisation into irreducibles, the factorisation of
af is the joint of that of a and of that of 8, and | « iff. its factorisation
is a part of the factorisation of a. These facts clearly imply Euclid’s and
Gauss’s lemmas.

(i) <= (ii): Let 7 be irreducible. Then ({iil) can be rewritten as af8 €
() = a € () or § € (7), and thus is equivalent to stating that 7 is prime.

= : Suppose holds and let w, o and [ be as in . As T
is irreducible, either 7w | a, or m and « are coprime. In the first case we're
good, else implies that 7 | 5.

— : Finally, let us assume that holds, and prove that R is a
UFD. Suppose that some a € R has two factorisations

_ Vi __ Wi
O‘_H”z' —”Hw
i J

then 7 | a so by iterating we get that m; | II; for some j. As m; and II;
are irreducible, this means that they are associate to each other. As R is a
domain, we can cancel m; and II;; continuing this way, we get that the two
factorisations are the same of to units and permutation. ]

In particular, Euclid’s and Gauss’s lemmas do not hold in domains that
are not UFDs. Another consequence is the following:

Corollary 4.1.10. Every PID is a UFD.

Proof. Let R be a PID, and let 7 € R be irreducible. By remark [£.1.3]
(7) is maximal among principal ideals. But since R is a PID, all ideals are
principal, so (7) is maximal among all ideals, hence prime by corollary ,
and so 7 is prime. We have thus shown that every irreducible of R is prime,

which implies that R is a UFD by theorem [£.1.9 O
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As demonstrated by example [3.0.1, Dedekind domains are not UFD’s in
general. In fact,

Proposition 4.1.11. A Dedekind domain is a PID if and only if it is a
UFD.

Proof. By proposition[4.1.10] we only have to show that if a Dedekind domain
is a UFD, then it is a PID.

Let thus R be a Dedekind domain which is a UFD, and let a be a nonzero
ideal of R; we want to show that a is principal.

Let a € a be a nonzero element. Since R is a UFD, we can factor « into
irreducibles

Since the m; are irreducible, the ideals (m;) are prime by theorem [4.1.9]

Therefore,

H(Wj)aj

is the factorisation of the ideal («) into prime ideals. Since a divides («), we
have .
a=]]0)

Jj=1

for some e; < a;. It follows that

i)

is principal. Therefore R is a PID as claimed. O

The ring of integers of a number field is thus not always a UFD. Given a
number field K, we would like to be able to decide whether Zg is a UFD; in
fact, we would like to have a way of deciding whether, in certain situations
where Zg is not a UFD, we can still use factorisation techniques to prove
results about algebraic integers. In this chapter we will introduce a tool to
do this: the class group.
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Remark 4.1.12. Every UFD is integrally closed. Indeed, let R be a UFD,
and let F' = FracR be its field of fractions. We must show that if « € F
satisfies P(a)) = 0 for some nonzero monic polynomial

n—1
P(z) =2" + er:cj € Rzl

J=0

then « lies in fact in R.
Since R is a UFD, we may write o = a/d, where a,d € R are coprime.
Clearing denominators, we get

n—1
a" +d Z Tjajd”_l_j =0,

J=0

which implies that d divides a”. Therefore, d must be invertible in R.

4.2 Ideal inversion

Definition 4.2.1. Let K be a number field. A fractional ideal of K (or of
Z) is a lattice in K of the form éa = {%, a € a} for some ideal a C Zy.

To avoid confusion, ideals of Zg in the usual sense are also called integral
ideals.

Example 4.2.2. The fractional ideals of Q are the 2Z, z € Q*.

The sum and product of a finite family of fractional ideals are defined
the same way as for integral ideals, and are fractional ideals. More generally,

the notations (o) = aZk and (aq,- -+, ) = (1) + - - + (qyy) initially used
for integral ideals (so for v, v, -+, vy, € Zg) can be extended to fractional
ideals, i.e. to a, aq, ..., a,, € K*. For instance, the fractional ideal generated
by an element @ € K* is
() = aZk C K.

Indeed, it is clear by lemma that (aq,...,q,,) is a fractional ideal for
all aq,...,a,, € K*. It is also clear that this ideal is an integral ideal if and
only if aq, ..., a,, lie all in Zg.
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Theorem 4.2.3. Let K be a number field. FEvery fractional ideal a of K is
invertible, meaning there exists a fractional ideal b such that ab = Zy. This
ideal b is unique, and is denoted by a=!.

Proof. 1t is enough to show that every nonzero integral ideal is invertible as
a fractional ideal. Indeed, every fractional ideal b is by definition of the form
éa for some nonzero integer d € N and nonzero integral ideal a C Zg, but
if a=! is an inverse of a, then clearly da~! is an inverse of b. So let a be a
nonzero integral ideal. Then N(a) € a by proposition [3.4.3] so a | N(a)Zg,
which means that there exists an ideal b such that ab = N(a)Zg. As a result,

1

Wb is an inverse of a. The fact that inverses are unique follows from the

associativity of ideal multiplication. O]

Remark 4.2.4. One can prove that
ol ={ze€ K |zacCZg}

Remark 4.2.5. Clearly, the inverse of an integral ideal contains Zy, and
vice versa.

Definition 4.2.6. Let K be a number field. The group of fractional ideals Ly
is the set of fractional ideals of K, equipped with ideal multiplication.

Proposition 4.2.7. Let K be a number field. FEvery fractional ideal a of K
admits a unique factorisation

a=]]»"

where e; € Z and p; are prime ideals of Z .

Proof. Let a = éb where d € Z~o and b is an integral ideal. By factoring b
and (d) we obtain a factorisation of a. The uniqueness statement follows
from uniqueness of factorisations of integral ideals. m

Remark 4.2.8.

To compute the factorisation of a fractional ideal, just put it in the form
%a with d € N and a integral, factor a and d separately, and divide their
factorisations.
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Remark 4.2.9. We could define the norm of the fractional ideal éa of K as
N(@ _ N
NE@)] [

the formulas N ([T, p{") = [, N(ps)® (vesp. N(aZg) = |N§ (@)]) still hold
with e; € Z (resp. a € K), but it is of little use. Also beware that the norm
of a fractional ideal may be an integer even if this ideal is not an integral
ideal (take for instance the fractional ideal pq~!, where p and q are primes
of the same norm).

This extension of the norm is then multiplicative, so that

4.3 Complement: the different

This section may be completely skipped. Its content is not examinable, and
will not be covered by the lectures.

Definition 4.3.1. Let K be a number field. The set
Ck ={a € K| VB € Zg, Try(aB) € Z}

is a nonzero fractional ideal of K called the codifferent of K. It clearly
contains Zg, so its inverse is an integral ideal of Zj, called the different of
K, and denoted by Dx = Cg'.

In general, computing the different is tricky, but in some cases it is very
easy:

Theorem 4.3.2. Let K be a number field, assume that there exists o € K
such that Zx = Z[a], and let m(x) € Z[x] be the minimal polynomial of «.
Then the different of K 1is

DK = m’(a)ZK.
Proof. Write m(x) = >_"_;m;z/, where n = [K : Q. Since m(a) = 0, there

exist coefficients 3; € K such that

n—1
m(z) = (r — «) Zﬁjxj.
5=0
We have 3,1 = af8; + m;, and since [3,_; = 1, we deduce that
Boj=0a" im0+ my 00?4y
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for all 1 < j < n. Therefore, (3;)o<j<n is another Z-basis of Z.
Next, let o1,...,0,: K — C be the embeddings of K into C, so that the
complex roots of m(x) of the o; = o;(cv). We have

mx) ot
Z r—oa;m (o)

i=1

for all £ < n, since both sides are polynomials of degrees < n which agree at
the ;. But

n—1

miz) _ > oi(By)a,

r — O
) =0

so the coefficient of 27 in the left-hand side is

X005ty = 2 () 4 (o)

i=1

As a consequence, we have

x( k B _ 1 ity =k,
o (o) = Lo ke

for all j, k < n, which shows that the codifferent of K is

ﬁO ﬂnfl 1
Cw =17 D7 = 7
) T ) T i)
whence the result by inverting both sides. O]

The two fundamental properties of the different are the following.

Theorem 4.3.3. The primes p that divide the different Dy are precisely the
ramified primes, and N(Dg) = | disc K|.

We do not give the proof of the first point here, because it is unfortunately
tedious to do so without introducing tools beyond the scope of these notes;
we just mention that these tools make it possible to compute the factorisation
the different prime-by-prime, by placing oneself in the case where theorem
applies. On the other hand, we obtain the second point as corollary
[4.3.6] below.

One of the reasons to introduce the different is that it can be used to
compute inverses of ideals.

88



Proposition 4.3.4. Let K be a number field of degree n, and let a be a
fractional ideal of K. Pick a Z-basis (w;)1<j<n 0f Zx and a Z-basis (a;)1<j<n
of a, let A € Mat,«,,(Q) be the matriz expressing the o in terms of the w;,
and let T' € Mat, «,(Z) be the matriz such that T; ; = Tr(g(wiwj). Then the
matriz (‘AT)" expresses a Z-basis of a "Dt on the basis (w;)1<jcn. Thus,
by multiplying the corresponding lattice by Dy, one can recover a™!.

Proof. By definition of A we have o;; = Y"1 | A; jw; for all j, so that

(tAT)Z'J = Z Ak,i Trg(wkwj) = Tr(g (Z Amwkwj) = Trg(aiwj)
k=1 k=1

for all 4 and j since A, € Q.

Let now C' be a column vector with entries ¢, -+ ,¢, in Q, and let v =
S " ciwi. Then C is in the Z-span of the columns of ("AT)~! iff. (‘AT)C
has integer entries, iff. Tr(y (ayy) € Z for all i, iff. Tr (ay) € Z for all o € a,
iff. Tr(g(avﬁ) € Zforalla € aand f € Zg (because ayff = (aff)y and ais a
fractional ideal), iff. ay € C for all « € a, iff. ya C Cg, iff. y € a7 1Cx. [

Remark 4.3.5. This method is convenient for a computer, but with pen and
paper the method used in the proof of theorem is usually much easier.

Corollary 4.3.6. The norm of the different is | disc K|.

Proof. Taking a = Zg in the above, we see that T—! expresses a basis of the
codifferent D' on the basis (w;)1<jcn. Since by definition det T = disc K,
the result follows. O

4.4 The class group

Recall that in a ring R we say that an ideal a C R is principal if it is
generated by one element, i.e. if there is x € R such that a = xZ.

Definition 4.4.1. Let K be a number field, and let a C K be a fractional
ideal. We say that a is principal if it is generated by one element, i.e. if there
is x € K* such that a = xZ.

Note that for an integral ideal, it is not clear that this is the same notion
as before since we allow generators that are not integers. However, we have
the following.
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Lemma 4.4.2. Let K be a number field, and let a C Zy be an integral ideal.
Then a is principal as a fractional ideal if and only if it is principal in the
usual sense.

Proof. Assume that ais principal, and let x € K* be a generator. Then 2Zy =
a C Zg, so that x is an algebraic integer. The converse is clear. O]

Example 4.4.3. Let K = Q(v/-5), so that Zx = Z[y/—5] and disc K =
—20. Let po (resp. p5) be the unique prime above 2 (resp. above 5) com-
ing from the decomposition of those primes (Theorems [3.9.1] and [3.9.3).
Since N(py) = 2, if py admitted a generator x + /—by € Zg then the
integers x, y have to satisfy NJ (x ++v/=5y) = * + by® = 2, which is clearly
impossible. So p, is not principal. On the other hand, p5 = (y/—5) is princi-
pal. However, p2 = (2) is principal.

Example 4.4.4. Let K = Q(v/—23), so that Zy = Z[w] where w = 2¥=22
and disc K = —23. Since —23 = 1 mod 8, the prime 2 = pyp}, splits com-
pletely in K by Theorem|[3.9.3] To see whether p is principal, let us compute

the norm of a generic element z = x + wy € Zgi. We have

923
N§(2) = (z+ 3y)° + Z?ﬁ = 2” + zy + 6y°.

If N§(2) = 2, then 2y? < 250 |y| < 24/% ~ 0.59. So we must have y = 0,
but then z € Z cannot have norm 2. Therefore py is not principal.
In the same way, if p2 were principal, then its generator z would have
2

norm 4, but again |y| < 5 ~ 0.83 and z has to be an integer. Therefore

the only element of norm 4 are 42, but (2) = pop, # p3 by uniqueness of
factorisation.

However, for (z,y) = (1,1) we get an element z ¢ Z of norm 8. The
ideals of norm 8 are p3, pip, = 2p2, pobh? = 2p, and p,3. Since z is not
in 2Zg (because its coefficients on the Z-basis of Zy are not divisible by 2),
the ideal (z) cannot be 2p, or 2p,. To determine whether (2) is p3 or ph3, we
must distinguish them by giving explicit generators.

The minimal polynomial of w is #? — x + 6, which factors modulo 2
as z(x — 1) mod 2. We have ps = (2,w) and p,) = (2,w — 1). Now z =
wH1=w-—1+2 € ph, so that (z) = p)3.

Finally, (8/2) = (papy)?/ph® = p3 is principal.
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In the last two examples, for each ideal we considered, a power of that
ideal was principal. This is a general phenomenon, and suggests that we
should look at the multiplicative structure of ideals and principal ideals.
This motivates the following definition.

Definition 4.4.5. Let K be a number field. Let Zx be the group of fractional
ideals of K and Pg be the subgroup of principal fractional ideals of K. The

class group of K is
ClK) =TIk /Pk.

An ideal class is a class in this quotient. We say that two ideals are equivalent
if they are in the same class. We write [a] for the ideal class of the fractional
ideal a.

With this definition, Zy is a PID if and only if CI(K) is trivial: we
say that the class group measures the obstruction for Zx to be a PID. By
definition, a fractional ideal a is principal if and only if the class [a] is trivial.

Note that every ideal class is represented by an integral ideal: a fractional
ideal éa with a C Zg is in the same class as a.

4.5 Finiteness of the class group: the Minkowski
bound
The most important result about the class group is that it is always finite.

Theorem 4.5.1 (Minkowski). Let K be a number field of signature (ry,rs)
and degree n = ry + 2ry. Let

L /4"
MK:n—(—) /| disc K.

n" \mw
Then every ideal class is represented by an integral ideal of norm at most M.

The number My is called the Minkowski bound (or the Minkowski con-
stant). If time permits, we will prove this theorem after introducing “geom-
etry of numbers” techniques.

Corollary 4.5.2. The class group CI(K) is finite.
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Proof. 1t suffices to prove that there are finitely many integral ideals of a
given norm, but that follows from the factorisation theorem. m

Because of this finiteness result, the following definition makes sense.
Definition 4.5.3. The class number hx of K is the order of CI(K).

Corollary 4.5.4. The class group of K 1is generated by the classes of the
prime ideals of norm at most M.

Proof. By the factorisation theorem, every integral ideal of norm at most Mg
is a product of the primes of norm at most M. Passing to the quotient gives
the result. O]

As claimed, we obtain that every ideal has a power that is principal.

Corollary 4.5.5. For every fractional ideal a of K, the fractional ideal a"%
1S principal.

Proof. Since the group CI(K) is finite, every element has finite order, and
that order is a divisor of the order hx of the group. O]

Corollary 4.5.6. For every fractional ideal a of K and every integer m
coprime to hy, if a™ is principal then a is principal.

Proof. Since m is coprime to hg, there exists integers u, v € Z such that um+
vhig = 1. We get

[a] = [a]" " = ([a]™)"([a]"*)" =1,

where [a]™ = 1 by hypothesis and [a]** = 1 by Corollary This says
exactly that a is principal. O

Theorem [3.7.3|is now a consequence of

Corollary 4.5.7. If K is a number field of degree n > 2 and discrimi-

nant disc K, then
, 4 (med2\"
|dlsCK|Z€—3< 1 ) > 1.
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Proof. Since every integral ideal has norm at least one, we have Mg > 1.
We can rewrite this as

2n 2n

| disc K| 2 (Z!)z (%)2 Z (Z!)z (%)n

Let u,, = % (%)n For all n > 2 we have

Up+1

T 27 o (20 <1+1> >7 2(1 1)
= - - = —ex nlo - —ex nl———
Uy, 4 n 4 P & n — 4 b n  2n?

Tew(2-2) = Tew(5)
= —ex - = —exp(=).
4P n) = 1P\

Since uy = 72 /4, we obtain the result. O]

For examples of computations of class groups, see Section [6.3]

4.6 Applications: Diophantine equations

4.6.1 Sums of two squares

The problem in this section is to determine the integers that are sums of
two squares. In other words, for each integer n € Z we want to determine
whether the equation

P +yi=n, rycl (4.1)

has a solution. An obvious necessary condition is that n > 0. Moreover, since
Equation clearly has a solution for n = 0, we can assume that n > 0. To
study this equation, we remark that we can factor it as

n=ax*+y*=(v+yi)(e—yi) = Ng(i)(a:+yi), z,y € Z.

Since the ring of integers of K = Q(i) is Zx = Z|[i], we see that Equation
is actually a special case of a norm equation:

N§(2) =n, z€Zg. (4.2)

What we are going to see on this particular example is a general method to
solve norm equations, although we may need to adapt it to the particular
situation.
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Note that a nice consequence of Equation is that the set of solutions
is multiplicative: a product of solutions is again a solution. This was not
obvious from Equation [£.1]

The first step is to find which positive integers n are the norm of an
integral ideal in Z.

Lemma 4.6.1. Let n € Z~g, and let n = [[, p;* be its factorisation into
distinct primes. Then n is the norm of an integral ideal in Z[i] if and only
iof for every p; that is inert in K, the exponent a; is even.

Proof. Let a = Hj q?j be an integral ideal of Zg, and for all j let ¢; be the
prime below q; and f; be the inertial degree of q;, i.e. f; = 2 if g; is inert
and f; = 1 otherwise. Then we have

N(a) = Hq]'jbj,
J

so the condition of the lemma is necessary.

Let us prove that the condition is sufficient. By multiplicativity of the
norm, it is enough to prove it for n a prime power, say n = p® If p is
not inert then there is a prime p above p of inertial degree 1, and hence of
norm p, so that N(p®) = p®. If p is inert, the condition says that a = 2b is
even, and N((p)b) = p°. ]

Theorem 4.6.2. An integer n > 0 is a sum of two squares if and only if for
every prime p dividing n and congruent to 3 modulo 4, the exponent of p in
the factorisation of n is even.

Proof. First, note that a prime number p is inert in K if and only if (_?1) =
—1, if and only if p = 3 mod 4.

By Lemma [4.6.1 the condition is necessary. Conversely, if n satisfies
the condition, then by Lemma there exists an integral ideal a such
that N(a) = n. But we have seen that hyx = 1, so a is principal: let z be
a generator of a, so that z € Zg. Then n = N(a) = N(2Zg) = |N§(2)| =
N§ (2) is a sum of two squares. O

4.6.2 Another norm equation

Proposition 4.6.3. The integers of the form x® + xy + 5y? are exactly the
positive integers such that for every prime p | n such that p =2 or that —19
s not a square mod p, the exponent of p in the factorisation of n is even.
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Proof. The statement suggests to look at K = Q(1/—19). Since —19 is
squarefree and —19 = 1mod 4, we have Zyx = Z[a] with a = 412

and disc K = —19. The norm of a generic element z = = + ya is
N§(2) = (z + 4)* +19()* = 2* + zy + by’

So the problem again reduces to a norm equation.

As before, a positive integer n is the norm of an integral ideal of Zy if
and only if every prime that is inert appears with an even exponent.

In order to apply the same method as before, we need to compute the
class group of K. Since the signature of K is (0,1), the Minkowski bound
is Mg = %\/1_9 ~ 2.77 < 3, so the class group of K is generated by the
classes of ideals above 2. Since —19 = 5 mod 19, the prime 2 is inert, so the
unique ideal above 2 is (2) which is principal, so hx = 1.

As before, since Z is a PID, a positive integer is the norm of an integral
ideal of K if and only if it is the norm of an element of Z.

Since 2 is inert, the condition on p in the Proposition is indeed equivalent
to p being inert. O

Remark 4.6.4. The ring Z[** {19] is a PID, but one can prove that it is
not Euclidean!]

4.6.3 A norm equation with a nontrivial class group

Let us see what happens when the class group is not trivial. Let us take
K = Q(v/—23). We know from example |6.3.4] that Zyx = Z[%‘Tg], that the
norm of x + y%ﬁlg is 22 + 2y + 692, that 2 splits in K, say (2) = paph, and
that CI(K) ~ Z/3Z is generated by the class of ps.

Because CI(K) is not trivial, discussing which n € N are of the form
22 + 2y + 6y? is much more difficult in general, so we are going to restrict
ourselves to prime powers. So lets us fix a prime p € N, and study the set of
n € Zso such that p" is of the form z? + xy + 6y

This is the case if and only if there exists an element o € Zg of norm
p", and the ideal («) is then an ideal of Zk of norm p™. Conversely, if there

ITo see this, assume on the contrary that d is a FEuclidean function, and
let @« € Zg \ Zj} minimizing d. Then every element of Zy /aZ g can be represented by
an element of Z;¢ U{0}, whence [N§ (a)| = #(Zx /aZk) < 1+ #Zy. = 3. But that is not
possible since 2 and 3 are both inert in K.

95



exits a principal ideal of Zg of norm p™, then there exists an o € Zg of norm
+p™; but Néf(a) > 0 for all @ € KX, so the equation 22 4+ xy + 6y = p" has
then a solution. To sum up,

2 +2y+6y* = p" has a solution <= 3 ideal a C Zg principal and of norm p".

Note that the condition N(a) = p™ implies that the prime ideals dividing a
all lie above p. We now distinguish three cases.

e If pis inert in K (example : p = 5), then the only prime above p is
p = pZy, which has norm p?. So there exists an ideal of norm p" if and
only if n is even; besides, this ideal, if it exists, is always principal since
p = (p) is principal. As a conclusion, p" is of the form z? + xy + 6y? if
and only if n is even.

o If psplits in K, say pZyx = pp’, then we have N(p) = N(p’) = p, so the
primes of norm p" are exactly the pp’ b where a and b are nonnegative
integers such that a + b0 = n. We now distinguish two subcases:

— If p is principal (example: p = 59), then so is p’ since [p'] = [p|~*,

so pop'® is principal for all @ and b. As a result, p™ is of the form
22 + 2y + 6y for all n.

— If p is not principal (example: p = 2), then neither is p’ since
[p'] = [p]~*. Since CI(K) ~ Z/3Z, [p] and [p'] are inverse classes
of order 3 in CI(K). Therefore, pp”’ is principal if and only if
a = bmod 3. As a result, p” is of the form z? + xy + 6y? if and

only if the equation
a+b=n
a =bmod 3

has a solution with a,b € Z-y. Now, if n = 1, this equation clearly
has no solution, whereas if n is even we can take a = b = n/2,
and finally if n is odd and > 3, we can write n = 2m + 3 and
take a = m + 3 and b = m. As a conclusion, p" is of the form
2?2 + xy + 692 if and only if n # 1.

e If p is ramifies in K, say pZx = p?, then p | disc K so p = 23. There
exits an element of norm 23 in Zg, namely +/—23, and the ideal gen-
erated by this element, which has norm 23, can only be p. So p is
principal. Next, an ideal of norm p™ can only be p™, which is principal
for all n. As a conclusion, 23" is of the form z? + xy + 632 for all n.
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4.6.4 Mordell equations

A Mordell equation is a Diophantine equation of the form
V=234+k zyeZ,

for some fixed k € Z. Our plan to study these equations is to factor them in
the form

2* = (y — Vk)(y + Vk),

and then hope that the factors on the right hand side must be cubes.

Lemma 4.6.5. If a and b are coprime integers, and ab is an n-th power,
then a and b are both of the form +a™.

Proof. Up to sign, the factorisation of ab is the product of the factorisations
of a and b. Since ab is an n-th power, the exponent of every prime is a
multiple of n. Since the sets of primes dividing a and b are disjoint, the
exponents in their respective factorisation are multiples of n, so a and b are
of the form +a". O

Example 4.6.6. Consider the Mordell equation
v =2+16, z,ycZ.

There are obvious solutions (0, +4). Are there any other ones?

We factor the equation as

=y —4)(y+4).

If y is odd, then a = y—4 and b = y+4 are coprime: any common divisor
would have to divide b — a = 8, but a and b are odd. By Lemma [4.6.5] a
and b are cubes, but they differ by 8. Since cubes get further and further
apart, there are no odd cubes that differ by 8. To see this, write the first few
odd cubes:

oo, =27, -1,1,27, ...

and note that after these, the differences are larger than 8.

If y is even, then z is even, so y?> = 2% + 16 is divisible by 8 and y is
divisible by 4: y = 4y/. Then 23 = 16y? — 16 is divisible by 16, so z is also
a multiple of 4: x = 42’. The equation now becomes

y/2 — 41,/3 + 1’
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so y' is odd: 3’ = 2y” 4+ 1. Simplifying the equation we get
II3 — y//(y// 4 1)

Since y” and y” + 1 are coprime, they are cubes. Since they differ by 1, we
must have y” = 0 or 4/ = —1. Again, to see this you can write down the
small cubes

...,—8,—-1,0,1,8, ...

and note that after these, the differences are larger than 1.
This gives 3y = +1 and hence y = +4, so the obvious solutions are the
only ones.

Proposition 4.6.7. Let K be a number field and let n > 1 be coprime to
the class number of K. Let a,b € Zy be such that the ideals (a) and (b)
are coprime and such that ab is an n-th power. Then a = ux™ and b = vy
where u,v € Ly are units and x,y € L.

Proof. Since the ideal (ab) is the n-th power of an ideal and (a) is coprime
to (b), by the factorisation theorem [3.5.1 (a) and (b) are n-th powers of
ideals: (a) = a™ and (b) = b™. Now n is coprime to the class number, and
the n-th power of a and b are principal, so a and b are principal: a = (x)
and b = (y). This gives (a) = (™) and (b) = (y"), so that a/2™ and b/y"
are units in Zg. O

Example 4.6.8. Consider the Mordell equation
vV =123-2 x,yel.

Let K = Q(v/—2). Since —2 = 2 mod 4, we have Zx = Z[v/—2| and the
discriminant of K is disc X' = —&. The Minkowski bound is

42
Mi=-=\/|-8/~18<2,

22
so the class group of K is trivial.

Suppose (x,y) is a solution. We have

2= (y —vV=2)(y +v-2).

We want to prove that the ideals (y — v/ —2)Zg and (y + v/ —2)Zk are co-
prime. Let p be a prime dividing both these ideals. Then both y — /-2
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and y 4+ v/—2 belong to p, so their difference also does: p divides 2v/—2.
Since N (2v/—=2) = 8 is a power of 2 and 2 decomposes as p3 in Zg, the
prime p must necessarily be ps.

We compute that ps = (2,v/—2). In particular, /=2 € ps, so we
have y = (y++v—2) — V-2 € po. But y € Z and p, N Z = 27 (this
is just saying that the prime py lies above 2), so this implies that y is even.
The equation then implies that z is also even, but then reducing modulo 4
gives a contradiction. So p does not exist, and the ideals (y — v/—2)Zy and
(y + v/—2)Zx are indeed coprime.

We have Zj;, = {£1} (we will see why in the next chapter), so every
element of Zj is a cube. By Proposition m, y + /=2 is thus a cube,
say (a+ +/—2b) with a,b € Z. We have

(a+bvV—=2)% = (a® — 6ab®) + (3a*b — 20%)v/—2,
giving the equations
a(a® — 6b?) = y and b(3a® — 2b%) = 1.
By the second equation, we must have b = +1.

e if b = 1, then 3a®> — 2b*> = 1 so 3a> = 3 and a = =1, giving the
solutions (z,y) = (3,15).

e if b= —1, then 3a® — 20> = —1, so 3a® = 1, which is impossible.

In conclusion, the solutions of the equation are (z,y) = (3, £5).

4.6.5 The regular case of Fermat’s last theorem

Using Proposition [£.6.7, Kummer was able to fix Lamé’s approach to Fer-
mat’s equation. Namely he proved that if p > 3 is regular, that is to say that
it does not divide the class number of Q((,) (which happens for all p < 100
except 37, 59 and 67), then 2P 4+ y? = 2P has non nontrivial solutions.
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Chapter 5

Units

As we saw in the last two chapters, using ideals we can recover a good
factorisation theory in number fields. But by going from elements to ideals,
we loose something: associate elements of Zg generate the same ideal. This
motivates the study of the unit group Zj.

5.1 Units in a domain

In this section, we fix a commutative domain K.

Definition 5.1.1. Let u € R. We say that u is a unit in R if it is invertible
in R, that is to say if there exists v € R such that uv = 1.
Such a v is then necessarily unique[], and is denoted by v = v~ 1.
The set of units of R is denoted by R*. It is an Abelian group under
multiplication.

Example 5.1.2.
e For R =7, we have R* = {£1}; this explains the term wunit.
o If R is actually a field, then R* =R \ {0}.
e If R = k[X] is a polynomial ring over a field k, then R* = k* = k\ {0}

consists of the nonzero constant polynomials.

Indeed, if we have uwv = uv’ = 1, then multiplying the identity uv = 1 by v’ yields
/
v="1.
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Proposition 5.1.3. Let a,b € R. Then the ideals aR and bR agree if and
only if a and b are associate in ring, that is to say if and only if there exists
a unit u € R* such that b = au.

In practicular, aR = R if and only if a is a unait.

Proof. First, note that
MRCaR<—=beaR < JuecR:b=au.

So if we have aR = bR, then there exist u,v € R such that b = au and
a = bv, whence a(1 —uv) = 0. If @ # 0, this implies that uv = 1 since R is a
domain, so that u and v are units in R; and if a = 0, then b € bR = aR = {0}
so b =0, and a and b are then trivially associate.

Conversely, if b = au with u € R*, then bR C aR; but we also have
a=>bu"! withu' eR,soaR CbR. m

5.2 Units in Zg

Definition 5.2.1. Let K be a number field. A wnit in K is an element
of Zj,.

Note that we are slightly twisting the definition of unit here: in principle,
we should talk about units in Zg, not in K, but such is the terminology!

Proposition 5.2.2. Let K be a number field, and let o € K. The following
are equivalent:

(i) o € Z;

(i1) alx = Ly ;

(iii) o € L and N§ (o) = £1;

(iv) o € Zg and the constant term of the minimal polynomial of av is +1;
(v) o € Zg and o™ € Zla].

Proof.

e (i) = (ii). This is a special case of proposition [5.1.3|
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e (ii) = (iii). Since aZy = Zk, we have o € Zg. By taking norms we
have |N§ (a)| = N((a)) = 1.

o (iii) = (iv). N§(«) = £1 is a power of this constant term, and both
are integers, so the constant term is also +1.

e (iv) = (v). Let Y1 , a;z" be the minimal polynomial of o, where ag =
+1 and a,, = 1. Write it as

o (i a,-o/—1> =—=1.
i=1

This proves that

al=—+ Zaio/—l € Zla],
i=1

e (v) = (i). Since a € Zg and ™! € Z]a| C Zk, we have o € Z5;.

Example 5.2.3.

l.a=1++v2¢ K = Q(2) lies in Zy = Z[v/2] and has norm —1, so
it is a unit. Indeed, 1/a = v/2 — 1 € Z[a]. Thus o™ is a unit for all
n € Z, and Zj; is infinite.

2. Similarly, ¢ = %5 € K = Q(V/5) is a unit of norm —1, so Z}. is again
infinite.

3. However, a = % € Q(7) has norm 1 but is not a unit, since it is not
an algebraic integer.

Corollary 5.2.4. For all number fields K C L, we have

Zy=KNZ;.
Proof. Since Zyx = K N Zy, this follows from (iv) of Proposition.2.2, O
Corollary 5.2.5. Let O C Zg be an order. Then

0" =0NZL.
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Proof. The inclusion C is clear. The opposite inclusion follows from (v) of
Proposition [5.2.2] O

In this setting, we can prove that the subgroup O* of Z has finite index,
and bound this index:

Proposition 5.2.6. Let K be a number field, let O be an order in K and
let f be the index of O in Zyk. Then O* C Zj is a subgroup of finite index,
and

[Zy: O] < #(Zi | fZx)™.

Proof. Let ¢: Zy, — (Zi/fZk)* be the reduction modulo f map. Let u €
ker . Then u —1 € fZx C O, so u € O. This proves that

ker¢p C O™ C Z,

so that
[Zje : O] < [Zy: ker @] < #(Zi [ [Zr)™,

where the last inequality holds because the induced map
Zy/ker ¢ — (Zk | fZk)™

is injective. [

5.3 Roots of unity

We will start by studying the simplest units: the ones that have finite order,
that is, the roots of unity.

5.3.1 Roots of unity under complex embeddings

Definition 5.3.1. Let K be a number field of signature (r1,75). We define
the Minkowski space to be Kg = R x C™. Let oy,...,0, be the real
embeddings of K, and let 0,,11,...,0,, 4, be representatives of the nonreal
embeddings of K up to complex conjugation. The Minkowski embedding

i K — Ky

is defined by .
Y(x) = (ai($))i;1 2,
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Example 5.3.2.

1. Let K = Q(a) where a? = 2. The number field K has signature (2, 0),
and the two real embeddings are o;: a V2 and 09: a = —v/2. So
the Minkowski embedding is

Sz +yaes (24 yvV2,z —yV2).

2. Let K = Q(B) where 3* = 2. The number field K has signature (1,1),
and we can choose the embeddings to be o1: 8 — 2'/3 and oy: 8 —
21735 (where j = exp(2i7/3)). The third complex embedding is o3 =
T3: B+ 24352 We obtain the Minkowski embedding

x4 yB 4 262 = (x4 323 4 2223 1 42135 4 222/352)

Proposition 5.3.3. Let K be a number field, and let B C Ky be a bounded
subset. Then X(Zg) N B is finite.

Proof. Let x € Zk be such that 3(x) € B, so that we have a bound on every
complex embedding of z, say |o(z)| < R for all 0: K < C (where R depends
only on B, not on z). Let m, be the minimal polynomial of z, whose roots are
the o(z) by Corollary By the expression of the coefficients in terms
of the roots, we obtain a bound on the coefficients of m, (|a;| < (7)R""
where n = [K : Q).

So there are finitely many possible characteristic polynomials for elements
of X(Z k)N B, and each of them has at most [K : Q] roots. So the set X(Zg)N
B is finite. m

For K be a number field, we write W, for the group of roots of unity
in K (other notations exist, such as g or fi(K)).

Remark 5.3.4. We have Wy C Z5. Indeed, let o € W,. Then « has finite
order, say n, so « is a root of ™ — 1 € Z[z], so a € Zy. Moreover the inverse
of av is also a root of unity, so a € Zj,.

Theorem 5.3.5. Let K be a number field. Then Wi is a finite cyclic group.
For all nonzero x € Zg, the following are equivalent:

(Z) x € Wk

(i1) |o(x)| =1 for every complex embedding o of K ;
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(i17) |o(x)| <1 for every complex embedding o of K.

Proof. Let W3 be the set of nonzero elements of Zy satsifying (ii), and let W3
be those satisfying (iii). We clearly have W C Wy C Wj since every complex
embedding of a root of unity is of the form exp(ain/b) for some a,b € Z.
By Proposition W3 is finite, so Wi is also finite. Since every finite
subgroup of the nonzero elements of a field is cyclic, Wi is cyclic.

To show that these sets are equal, let x € W3. For all integers n > 0,
x™ € Ws, but Wj is finite, so some of these powers coincide, say " = x™
with n < m. This gives (1 — ™), but x # 0 so 2™ " = 1, and x is a
root of unity. n

Example 5.3.6.

o Let K = Q(i,v/2), and let o = % Then 22 = i, so #* + 1 = 0, which
proves that z is an algebraic integer. Besides, |o(x)| = 1 for every

complex embedding o: K < C, so z is a root of unity by theorem[5.3.5]

In fact, since 2* = —1, we have 28 = 1, so x is an 8-th root of unity.

Since z* # 1, it is actually a primitive 8-th root of unity.

e Let # = 3% € Q(i). Then |o(z)| = 1 for all embeddings of Q(7) into C,
but z is not a root of unity since it is not an algebraic integer.

5.3.2 Bounding the size of Wi

To begin with, we have the obvious following fact:

Proposition 5.3.7. Let K be a number field. If K is not totally complex,

Proof. Since K is not totally complex, there exists at least one real embed-
ding o: K — R. If ¢ be an n-th root of unity in K, then o({) is an n-th
root of unity in R, so n | 2. O

Example 5.3.8. If K is an odd degree number field, then Wx = {£1}.

If K is totally complex, we can still bound the size of Wi by looking at
degrees and ramification. Indeed, if ( € K is a primitive n-th root of unity,
then K contains the n-th cyclotomic field Q(¢), so ¢(n) must divide [K : Q;
besides, we can also apply the following lemma:
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Lemma 5.3.9. Let K C L be two number fields, and let p be a prime number.
If p ramifies in K then p ramifies in L.

Proof. Let
g
pZi =[] s
i=1

be the decomposition of pZg in prime ideals of Zy, and let, for each 1,

9i
pily = H(B?JJ

Jj=1

be the decomposition of the ideal p;Zj, of Zy, in prime ideals of Z;. We have
the decomposition

g 9i N €i g 9
=TT (TT% ) =TT

i=1 \j=1 i=1j=1

In particular, if p ramifies in K, then one of the e; is at least 2, and hence *B; 1
appears with an exponent at least 2, so p ramifies in L. O

Example 5.3.10. Let K = Q(«) where « is a root of the irreducible poly-
nomial P = z* —z + 1. We compute that disc(Z[a]) = disc(P) = 229 is
prime, so Z[a] is maximal and the discriminant of K is disc K = 229. Sup-
pose that K contains a p-th root of unity for some odd prime p. Then K
contains the p-th cyclotomic field, which has degree p—1 over Q,sop—1 <4
and p < 5. But K is unramified at 3 and 5, so it cannot contain the cor-
responding cyclotomic fields by lemma Similarly, K cannot contain a
4-th root of unity since it is unramified at 2. So Wx = {£1}.

Here is a last test we can perform to eliminate the possibility of some
roots of unity:

Proposition 5.3.11. Let K be a number field, let ( € K be a primitive
n-th root of unity and let p be a prime ideal such that n is coprime to p.
Then n | N(p) — 1.

Proof. Since ( is a primitive n-th root of unity, it has exactly n distinct
powers, which are the roots of f(x) = 2™ — 1. We have disc f(z) = £n"
by proposition [2.3.11], so disc f(x) is nonzero in the quotient Zy /p (since
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pNZ = pZ and n is prime to p by assumption), so the roots of f(x) remains
distinct in Zg /p. Therefore, the image of ( € Zg /p still has multiplicative
order exactly n, so that the multiplicative group (Zg /p)* contains an element
of order n. By Lagrange, this implies that n | #(Zx/p)*. Finally, since p is
prime, Zg /p is a field with N(p) elements, so (Zg/p)* = N(p) — 1. O

Example 5.3.12. If 2 is unramified in K and there is a prime above 2 of
residue degree 1, then Wy = {£1}. Indeed, by Proposition the only
possible roots of unity would be (%, but if £ > 2 then 2 is ramified in Q((yx),
so this cyclotomic field cannot be contained in K by lemma [5.3.9|

5.4 Dirichlet’s theorem

We will now describe the structure of the full unit group.

Definition 5.4.1. Let K be a number field of signature (1, 79). Let oy,..., 0.,
be the real embeddings of K, and let o, 41,...,0. 4, be representatives of
the nonreal embeddings of K up to complex conjugation. For all 1 <1 <
r1 + ro, let n; = 1 if o; is real and n; = 2 otherwise. The logarithmic embed-
ding
L: 7y — R

is defined by

L(z) = (n;log |0i(x)|)rl+r2.

i=1
Theorem 5.4.2 (Dirichlet). Let K be a number field of signature (ry,rs).

Let V. C R™"2 pe the subspace of vectors whose coordinates sum to zero.
Then L(Zj.) is a lattice in V. As an abstract abelian group, we have

75 = Wi x 2N+,

Recall that every finitely generated abelian group is isomorphic to T'x Z",
where 7' is a finite group and r > 0 is an integer called the rank. The second
part of the theorem says that the rank of the unit group of K is r; +ry — 1.

We will also prove this theorem after introducing “geometry of numbers”
techniques.

Definition 5.4.3. Let K be a number field of signature (ry, ), and let r =
ri +ry — 1. A set of fundamental units of K is a Z-basis for the unit
group Zy /Wi, that is, aset of units ey, ..., &, € Zy such that (L(e1),..., L(e;))
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is a Z-basis of the lattice L(Zy ). Let M € Mat, 1, (R) be the matrix with
columns L(e1),...,L(e,). Let M' be a matrix obtained by deleting a row
of M, which is an r x r matrix. The regulator of K is

Regy = |det M'|.

Proposition 5.4.4. The regulator does not depend on the choice of a set
of fundamental units, on the ordering of the complex embeddings, or on the
choice of the deleted row.

Proof. 1f we change the set of fundamental units, this amounts to multiply-
ing M on the right by a matrix P € GL,(Z), and similarly M’ becomes M'P.
Since det P = 41, this does not change the regulator.

If we permute the rows of M’ does not change its determinant up to sign,
so this does not change the regulator.

Finally, since the sum of all the rows in M is zero, changing which row
we delete amounts to replacing one row in M’ by the negative of the sum of
the rows of M’. Since the determinant is an alternating map, this does not
change its value up to sign, so again this does not affect the regulator. [

Example 5.4.5. Let K be a real quadratic field, which we see as a subfield
of R. By Dirichlet’s theorem, the units of K have rank 1. Let € be a
fundamental unit of K. After changing e into e*! if necessary, we may
assume that € > 1. Then Reg, = loge: if o denotes the other real embedding
of K, then o(¢) = N§ (¢)/e = £, so that

B log e [ loge .
M = <log| :|:51|) a (—log5>
5.5 The case of quadratic fields

Proposition 5.5.1. Let K be an imaginary quadratic field of discriminant disc K.
Then the unit group Zy. is isomorphic to

o {£1} ifdisc K ¢ {—3,—4};
o 7/6Z if disc K = —3;
o 7/AZ if disc K = —4.
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Proof. By Dirichlet’s theorem we have Zy = Wk. If Wg = ((,) with n > 3,
then K contains the n-th cyclotomic field, and since K is quadratic we
have K = Q((,). So we need to determine the quadratic cyclotomic fields.
The n-th cyclotomic field has degree ¢(n), and it is easy to see from the
formula for ¢(n) that we have ¢(n) = 2 if and only if n € {3,4,6}. Fi-
nally Q(¢3) = Q(¢s) has discriminant —3, and Q(¢y) = Q(7) has discrimi-
nant —4. [

Proposition 5.5.2. Let K = Q(v/d) be a real quadratic field (d > 0 square-
free), seen as a subfield of R. Then Zj = {£1} x Z. Moreover, there ezists
a fundamental unit u € Zy such that u > 1. Write u = x + yVd with =,y
integers or half-integers. Then w is characterized among the elements of Zy;
by any of the following properties:

(i) w> 1 is the smallest as a real number;
(i1) x > 0 is the smallest possible;

(11i) y > 0 is the smallest possible (except for d = 5 where there are two units
with y = 1/2 and the fundamental unit is the one having norm —1).

Proof. Since the signature of K is (2,0), we have Wy = {£1} by Propo-
sition [5.3.7, and Zj = {£1} x Z by Dirichlet’s theorem [5.4.2] If u is a
fundamental unit, then u, —u,u ™!, —u~! are fundamental units and among
those there is one in the interval (1,00) since u # 1. Since every other unit
in (1,00) is of the form u"™ for some n > 0, w is the smallest one as a real
number. Let us prove that z and y are positive: we have +u*! = +x + y\/a,
and the choice giving the largest real value is z,y > 0. We now want to see
that smallest u is equivalent to smallest z or y. Let s € {£1}, and consider

units = + yv/d > 1 of norm s, i.e. satisfying

22 —dy?=s, x,y>0.

We have © = /s + dy? and y = IQd_S, so x is an increasing function of y,

y is an increasing function of z, and x + v/dy is an increasing function of
and of y. So if we sort the units of fixed norm by increasing z, y or x + v/dy,
the resulting ordering is the same.

e [f a fundamental unit has norm 1, then every unit has norm 1 and we
are done.
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e [f a fundamental unit v has norm —1, we need to compare it with
units of norm 1 the smallest of which is «?. But we have (z +yv/d)? =
(22 +dy?) + (22y)V/d and we have 22 +dy? > 2 and 2zy > y, unless =
1/2. In order to prove the proposition, we only have to eliminate the
possibility that = 1/2. If that is the case, then 1 — dz? = +4
where 2 = 2y € Zwg, so that dz? = 5 or —3. Since dz®> > 0 we
must have dz? = 5, so that d = 5. If the d = 5 case, there are two
units with y = 1/2, and the unit of norm 1 is the square of the unit of
norm —1.

]

Example 5.5.3.

1. ¢ = %5 is a fundamental unit in Q(v/5). By Examples [5.4.5, the
regulator is Regy = log(¢) ~ 0.481.

2. Let K = Q(v/6), so that Zg = Z[+/6]. In order to find the fundamental
unit, we look for solutions of

2 — 6yt =+1, z,y € Zey.
We try successive possible values for y:

e ify =1, then 22 = £146y? = £1+6 = 5 or 7, which is impossible.

o if y =2, then 22 = £1 + 6y> = &1 + 24 = 23 or 25, and 25 =
52, so we found the smallest solution (5,2) and a fundamental
unit 5 4 2v/6. The regulator of K is log(5 + 2v/6) ~ 2.29.

We could have enumerated the values of z, but we would have had to
try more values. This will be true in general, since = ~ v/dy.

3. Let K = Q(v/13), so that Zy = Z[a] with a = %ﬁ So we need to
look at solutions of 2% — 13y? = 41 with z,y positive half-integers, or
equivalently for solutions of

X2 132 =44, XY € Z-

by setting X = 2z, Y = 2y. We try values of Y:
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o if YV =1,then X2 =44+13Y?=4+4+13=9or 17, and 9 = 32

SO we ﬁnd the smallest solution (3,1) and a fundamental unit e =

3+‘ﬁ , which has norm —1. The regulator of K is loge ~ 1.19.

We need to be careful that the result M is an algebraic integer.
But since X2 —dY? = £4 and d is odd, X and Y have the same parity
so this will always work.

4. Fundamental units of real quadratic fields can be very large! For in-
stance:

e In Q(v19), the fundamental unit is 170 4+ 39+/19;
e In Q(v94), the fundamental unit is 2143295 4 221064v/94;
e In Q(v/9619), the fundamental unit is

81119022011248860398808533302046327529711431084023770643844658590226657549824152958804663041513822014290 +
827099472230816363716635228974328535731023047629801451791438952247858704503541263833471709896096965161v9619.

Remark 5.5.4. If you know what continued fractions are: it is also possible
to find fundamental units of real quadratic fields by computing the continued
fraction expansion of v/d. This leads to an algorithm that is much faster than
the one we saw here, but it is outside the scope of this course.

5.6 The Pell-Fermat equation

Let d > 1 be a squarefree integer. The Pell-Fermat equation is:
P —dy=1, x,ycZ. (5.1)

We can immediately reinterpret it as follows: let O = Z[/d], which is an

order in K = Q(v/d). Then the solutions of Equation (5.1)) are the (z,y) € Z>
such that v = = + y+/d is a solution of

N§(u)=1, ueO”. (5.2)

By Proposition[5.2.6 O has finite index in Z, and the index of O* in Z}: is
at most #(Zk [ fZk)*, where f is the index of O in Zg. If f =1 then O* =
Zy. If f =2, then 2 is unramified in K, so Z / fZ is isomorphic to Fy x Fy
or Fy, so #(Zk/fZk)* < 3. Since 1 € O, we have

O* = {£1} x Z and [0*: Z] < 3.
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Let eg € Zj be a fundamental unit for Z3. Let n > 1 be the smallest
positive integer such that ¢ € O, and let ¢; = ¢. Thenn < 3, and ¢; is a
fundamental unit for O*. Let e; = £} if N (€1) = —1 and &3 = &1 otherwise.
Then the solutions of Equation are the +e¥, n € Z, and the solutions
of Equation are the +(z,y) where = + yvd = €}, n € Z.

Example 5.6.1. Consider the Pell-Fermat equation
2 —13y* =1, z,y€Z.

Let K = Q(v/13), so that Zy = Z[%ﬁ], and let O = Z[V/13]. We saw

in Example [5.5.3| that ¢y = %ﬁ is a fundamental unit of Zj, and has
norm —1. Since gg ¢ O and &2 = %ﬁ ¢ O, the unit &y = &3 = 18 + 5V/13
is a fundamental unit of ©O*. Since N§ (e9) = —1, we have N§ (e1) = —1,

S0 g9 = €7 = 649 + 180v/13 is a fundamental unit for the norm 1 subgroup
of O*. The solutions of that Pell-Fermat equation are the

(z,y) where z + yv/13 = +(649 + 180V13)", n € Z.

5.7 Class groups of real quadratic fields

In this example we will see how to use units to compute class groups.

Example 5.7.1. Let K = Q(v/79), so that Zx = Z[v/79] and the discri-
minant is disc X = 4-79. Let a = v/79. The signature of K is (2,0), so
the Minkowski bound is My = 2v/disc K ~ 8.89. The class group of K is
generated by the classes of prime ideals of norm up to 8. We compute the
decomposition of the small primes:

e 2 is ramified: (2) = p2, and [ps]? = 1.

e 79 =1 = (+1)? mod 3, so 3 splits: (3) = psp; where p3 = (3, + 2)
and py = (3, + 1), and [ps] = [ps] .

e 79 =4 = (+2)? mod 5, so 5 splits: (5) = pspt where p5 = (5, + 3)
and p:r) = (57& + 2)? and [pls] = [pS]_l'

e 79 =2= (+3)?mod 7, so 7 splits: (7) = prp- where p; = (7, + 4)
and p,7 = (77 a+ 3)? and [P/7] = [p7]_1'
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So CI(K) is generated by the classes of ps, p3, ps and pr.

Let us compute some elements of small norm to try to get relations in the
class group. The norm of a generic element z = = + ya € Zy is 22 — 79y
With y = 1 we try x = 8,9, 10 and we get respective norms —15,2,21. Let
us compute the factorisation of the corresponding elements.

e The ideal (8 + a) has norm 15 = 3 - 5, so it is the product of a prime
of norm 3 and a prime of norm 5. Since 8 + @« = 2 + o mod 3 we
have p3 | (84 «). Since 84+« = 3+ a mod 5 we have p5 | (8 + «). This
gives (8 + a) = p3ps, so that [ps] = [ps] '

e The ideal (9 + «) has norm 2, so (94 «) = p2 and [py] = 1.

e The ideal (10 + «) has norm 21 = 3 -7, so it is the product of a prime
of norm 3 and a prime of norm 7. Since 10 + a = 1 + a mod 3, we
have p4 | (10 4 «). Since 10 + a = 3 + a mod 7, we have p’, | (10 + ).
This gives (10 + a) = p4p%, so that [p4][pt] = 1 and [p7] = [p3] '

We still need to find an ideal class of finite order. After a few trials, we
obtain the element 17 + 2o, which has norm —27 = —33. Since 17 + 2a =
2+ 2a = 2(1 + ) mod 3, we have p} | (17 + 2a) and p3 1 (17 + 2a), so
that (17 + 2a) = (ps)®. This gives [p3]® = 1.

With this we know that CI(K) = 1 or Z/3Z, and distinguishing between
these cases is equivalent to deciding whether p3 is principal. If we were in an
imaginary quadratic field, we could easily determine every element of norm 3.
Here, because there are infinitely many units, there could be infinitely many
elements of norm +3! However, up to multiplication by a unit, there are still
finitely many. In order to determine these elements, we need to first compute
a fundamental unit? of K. We need to find the smallest solution to

2?2 =79y =+1, xz,y € Z.

After trying successive values of y, we find that u = 80 4+ 9v/79 is a funda-
mental unit, and has norm 1.
Let us try to find an element z = x + ya of norm +£3. By reducing

modulo 4:
2? —79y* = 2* + y* mod 4,

2 Actually, any unit of infinite order would do, but using a fundamental one gives better
bounds and hence saves us some work.
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we see that 3 cannot be the norm of an element in Zyx. However, we cannot
rule out —3 using congruences. Suppose z has norm 3. After multiplying z
by some power of u, we can assume that

'zfl/2 <z < ul/Q.

Since z = x + ya has norm —3, we have 3/z = —z + ya. But we also have
the inequality
3uY? < 3/2 < 3ul/?

Summing these inequalities we get

2 1/2
Au™V? < 2y < 4ul? ) e 4

<y<

aul/Z

2u1/2

We compute ﬁ ~ 0.017 and === ~ 2.85. So it is enough to try y = 1
and y = 2, and we easily see that none of these work. So Zx does not contain
any element of norm 43, the ideal p3 is not principal, and finally

Cl(K) = Z/3Z.

5.8 The case of cyclotomic fields

Proposition 5.8.1. Let n > 3 and K = Q((,). Then we have
o Wi =7Z/(2n)Z if n is odd;
o Wi X Z/nZ if n is even.

Proof. Let m = #Wp. Then the m-th cyclotomic field embeds in K, so
that p(m) < (n). But n | m since K contains the n-th roots of unity,
so p(m) = ¢(n). Moreover, if k is a multiple of n such that p(n) = p(k),
then K embeds in Q((x) and by equality if degrees we have K = Q((x) so K
contains a primitive k-th root of unity. So m is the largest multiple of n such
that ¢(m) = ¢(n). But for all primes p, we have o(pk) = (p— 1)p(k) if pt k
and p(pk) = pe(k) if p | k. Som =2n if nis odd and m = n if nis even. O

Remark 5.8.2. Since the signature of K = Q((,) is (0, p(n)/2), the rank of
the unit group Zx is p(n)/2 — 1.
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Definition 5.8.3. Let n > 3 and K = Q((,). For all divisors d | n and for
all a coprime to n we define the cyclotomic unit

el — 1
Ugd = 7
4T a1

Proposition 5.8.4. Let n > 3 and let K = Q((,). For all divisors d | n and
for all a coprime to n, we have u,q € Zj.

Proof. Let ( € K be an arbitrary root of unity and £ > 0 an integer. Then

Applying this to ¢ = ¢¢ and k = a we find that u,4 € Zgk. Now since a
is coprime to n, there exists an integer b > 0 such that ab = 1 mod n, so
that (% = ¢,. We get

o Gi-1 g1
uad—Cad_l_ Cad_]_

Applying again the result above with ¢ = ¢4 and k = b shows that u;il € Ly,
proving the proposition. O

Remark 5.8.5. Once we have proved that u, q € Zg, we could also conclude
by noticing that ¢2¢ — 1 and (¢ — 1 are both roots of the same irreducible
polynomial ®,,/4(x 4+ 1), so they have the same norm and Ng(uayd) =1.

Remark 5.8.6. In the special case where n is a power of a prime p € N,
we know from theorem that ¢, — 1 is a generator of the unique prime
above p, and this is also true if we replace (,, by any primitive n-th root of
unity. So for all a not divisible by p the element gij generates the trivial
fractional ideal, which shows again that it is a unit.

Theorem 5.8.7. Let n > 3 and let K = Q((,). The group generated by the
cyclotomic units u,q € Zj has finite index in Zj.

We will not prove Theorem here. A proof may be found in L. Wash-
ington’s book on cyclotomic fields.
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Example 5.8.8. Let K = Q((5), which has degree 4, signature (0,2) and
unit rank 1 by Dirichlet’s theorem. Using Proposition [5.8.4] we find the

cyclotomic unit v = gf j = (5+1 € Zy. It turns out that u is a fundamental
unit for K.
Remark 5.8.9.

e [t is not true that the cyclotomic units always generate the full group
of units. For instance, in K = Q((136), they generate a subgroup of
index 2.

e [t is important not to forget the cyclotomic units u, 4 with d # 1, even
though there are exactly ¢(n)/2 — 1 cyclotomic units of the form wu, ;.
For instance, in K = Q((39), the cyclotomic units of the form u,;
generate a subgroup of rank 10, hence of infinite index in Z%.
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Chapter 6

Summary of methods and
examples

6.1 Discriminant and ring of integers

In summary, to compute the ring of integers in a number field K = Q(«)
given by the minimal polynomial P € Z[x] of «:

Compute the discriminant of Z[a], i.e. the discriminant of P, and
find its factorisation into prime numbers.

The discriminant disc K of K and the index f of Z[a] in Zj sat-
isfy disc(Z[a]) = f?*disc K. In particular every prime that ramifies
in K must divide disc(Z[a]).

If a prime divides disc(Z[«]) with exponent 1, then Z[a] is p-maximal.

If the minimal polynomial of « is Eisenstein at p, then Z[a] is p-
maximal.

The order Z[a] is often not maximal. In this case, you need to find an
element x € Zg \ Z[a] and examine the larger order Z[a, z]. You are
not supposed to know a general method to find z.
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6.2 Factorisation

In summary, to compute factorisations in a number field K = Q(«) given by
the minimal polynomial P € Z[z] of a:

To find the decomposition of a prime number p (equivalently the factori-
sation of the ideal pZ ) when Z[a] is maximal at p, factor P modulo p
into irreducible polynomials in F,[z]|, and apply Theorem [3.8.1]

To find the factorisation of an integral ideal I, for instance of the
form (5) with 8 € Zg, first compute the norm N(I) € Z and
factor this norm into prime numbers.

For each prime p dividing N () with exponent e, find the decomposition
of p into prime ideals, compute the possible products of these primes
that have norm p€, then find out which product really divides I.

Testing whether a prime ideal p divides (3) is equivalent to testing
whether the image of  under the reduction modulo p map Zy — Zg /p
is zero.

To compute the reduction modulo p = (p, ¢(«)) of an element S,
when Z[a] is p-maximal and ¢ is an irreducible factor of P mod p:
write § as a polynomial in aE]: f = R(«) for some R € Z[z]. Then you
can obtain the reduction modulo p of S by reducing every coefficient
modulo p, and then dividing the resulting polynomial by ¢ in F,[x].

6.3 Class group and units

We first study a number of examples of computations of class groups. The
general method is to first compute the Minkowski bound for the field under
consideration, then study the prime ideals up to that bound, and then study
their products. We will focus mostly on quadratic fields.

Example 6.3.1. Let K = Q(i), so that Zx = Z[i] and disc K = —4. We
already know that Zg is a Euclidean domain, hence a PID, but let’s reprove

f B ¢ Z[a], write 8 = '/d with 8 € Z[a] and d coprime to p; this is always possible
if Z[a] is p-maximal. Then d has an inverse v modulo p (du = 1 mod p), the reduction
map sends 1/d to u.
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it using our new methods. The Minkowski bound is My ~ 1.27 < 2, so by
Corollary 4.5.4] the class group of K is trivial; in other words, Zg is a PID
(and hence a UFD) in this case.

Example 6.3.2. Let K = @(\/m) Since 437 is squarefree and 437 =
1 mod 4, we have Zy = Z[%ﬁ] and disc K = 437. The Minkowski bound
is Mg =~ 10.45 < 11. By Corollary [.5.4] CI(K) is generated by the classes of
the prime ideals of norm at most 10. Since 437 = 5 mod 8, by Theorem [3.9.3
the prime 2 is inert in K. So the only prime ideal above 2 is (2), which is
principal, so it does not contribute to the class group. Since 437 = 2 mod 3
which is not a square, by Theorem the prime 3 is inert in K. Again the
prime (3) is principal. We similarly compute that 5 and 7 are inert in K. So
again, the class group of K is trivial.

What you should remember from this example is that you can ignore
inert primes when computing the class group.

Now let us complete the study of our examples Q(v/—5) and Q(+/—23).

Example 6.3.3. Let K = Q(v/-5). We saw that Zx = Z[/-5] and
that disc K = —20. The Minkowski bound is Mg =~ 2.85 < 3. By Corol-
lary , CI(K) is generated by the classes of the prime ideals of norm at
most 2. As we saw in Example the unique ideal p, above 2 has norm 2

and is not principal, but its square is principal. We conclude that CI(K) =
7, /27, our first nontrivial class group!

What you should remember from this example is that it is easy to get an
upper bound on the order of totally ramified primes in the class group.

Example 6.3.4. Let K = Q(v/—23). We have Zx = Z[*"2] and disc K =
—23. The Minkowski bound is My = 3.05 < 4. The class group of K is
generated by the classes of prime ideals of norm at most 3. We have seen
that the prime 2 splits in K: (2) = pop). This implies that [p5] = [pa] ™!, so
it suffices to consider one of them. We saw that p, and p3 are not principal
but that p3 is. This proves that [ps] has order 3. Since —23 = 1 mod 3 is a
square, the prime 3 also splits in K: (3) = psps, and [p3] = [ps]~'. Now we
can conclude by two different methods.

1. Recall that the norm of a generic element z = z + 1H¥=23 ”2_23y € Ly
is 22 + 2y + 6y%. Taking (z,y) = (0,1), we get an element 2z € Zg of
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norm 6. We factor the ideal (2) = qq’ where N(q) = 2 and N(q') = 3.
In the class group we have [q'] = [q]™!, so that [p3] belongs to the group
generated by [ps]. This proves that CI(K') = Z/3Z.

2. By Minkowski’s Theorem [£.5.1] every ideal class is represented by an
integral ideal of norm at most 3. The only such ideals are Z, pa, pb, ps,
and p4, so we have hx < 5. But we already exhibited an element [p,]
of order 3 so hk is a multiple of 3, so Cl(K) = Z/3Z.

What you should remember from this example is that the splitting of
primes gives relations in the class group for free, and elements of small norm
in Zjy provide the additional relations.

Example 6.3.5. Let K = Q(+/10). Since 10 is squarefree and 10 = 2 mod 4,
by Theorem we have Zyx = Z[v/10] and disc K = 40. The Minkowski
bound is My ~ 3.16 < 4. Since 2 | disc K, the prime 2 ramifies in K: (2) =
p3. Since N(py) = 2, if p, were principal then a generator z = x++/10y € Zg
would have to satisfy

r? —10y* = £2.

By reducing modulo 5, we see that x would be a square root of +£2 mod 5.
But only 0,1 and 4 are squares modulo 5, so z cannot exist. Hence p, is not
principal, and [ps] has order 2 since [ps]? = [(2)] = 1. Since 10 = 1 mod 3 is
a square, the prime 3 splits in K: (3) = p3p5. We have [p3] = [p5]~'. We find
another relation by looking for elements of small norm: taking (z,y) = (2,1)
gives an element z of norm —6. We factor the ideal (z) = pop%, where p% is
a prime of norm 3, so it is either p3 or p;. This gives [p4] = [pa] ™' = [pa).
Again, we can conclude by two methods.

1. By Minkowski’s Theorem [4.5.1], every ideal class is represented by an
integral ideal of norm at most 3. The only such ideals are Zg, ps, p3,
and pj, but [ps] is the same as the class of one of the primes above 3,
so hx < 3. Since we already know an element [py] of order 2, hi is a
multiple of 2, so hx = 2 and Cl(K) = Z/27Z.

2. We have ([ps]) = ([p5]) = ([p5]) = ([p2]). Since the class group
is generated by the classes of prime ideals above 2 and 3, we ob-
2])

tain CL(K) = <[yp ~ 7,/97.

What you should remember from this example is that you can sometimes
use congruences to prove that certain ideals are not principal.
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In summary, to compute a class group:

e First, compute the Minkowski bound, and list the prime ideals up
to that bound by decomposing prime integers.

e The decomposition of primes provides relations in CI(K) for free.
e Elements of Zj of small norm provide additional relations.

e In imaginary quadratic fields, you can test whether an ideal is principal
by computing bounds on the coordinates of a possible generator.

e You can often prove that an ideal is not principal using congruences.

e In real quadratic fields, after computing a fundamental unit, you can
determine all elements of Zg of a given norm up to multiplication by
a unit. This allows you to test whether an ideal is principal.

e Conclude using Minkowski’s theorem and the group structure.

6.4 Complete examples

Here is an example of computations with a number field. It is meant to
illustrate pretty much everything that has been seen in this course, and rep-
resents the upper limit of what can be done without the help of a computer
so do not be alarmed by its length! Also, if you feel that you could have
performed these computations by yourself (with a reasonable amount of in-
termediate questions) this means that you have understood algebraic number
theory very well.

Example 6.4.1. Let P(z) = 2 + 62 +6 € Z[z], and let K = Q(«), where «
is a root of P(z). Since P(z) is Eisenstein at 2 (and also at 3), it is irreducible
over Z and over Q, so K is a well-defined number field of degree [K : Q] = 3.

In order to compute the ring of integers Zg of K, let us have a look at
the order O = Z[a]. Its discriminant is

disc Z[a] = disc P(z) = —4.6° — 27.6”

by theorem [2.3.13] We want it in factored form (it is more interesting this
way, because we can then get information about ramification), so we factor
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and compute that
disc Z[a] = —6%(2%6 + 3%) = —63(2° + 3%) = —223°17.

Next, we know that disc Z[a] = f2disc K, where f = [Zf : Z[a]] € N is the
index of Z[a]. This tells us that f € {1,2,3,6}, so that the order Z[a] is
maximal at every prime except possibly at 2 and at 3. Besides, since the
primes that ramify in K are the ones that divide disc K, we see that the set
of ramified primes is a subset of {2,3,17}. In fact, we can be more accurate:
since disc Z[a] differs from disc K by a square and since the exponents of 3
and 17 in discZ[a] are odd, both 3 and 17 do ramify in K. On the other
hand, we do not know yet whether 2 ramifies (the factor 2% in disc Z[a] could
come either from disc K, in which case 2 would ramify, or from f2, in which
case 2 would not ramify).

To determine Zg, we must discover whether Z[a] is maximal at 2 and 3
or not. In general, we have not seen how to do that, but in this particular
case, our only weapon, theorem applies, and tells us that since P(x) is
Eisenstein at 2, the order Z[a] is maximal at 2 (i.e 21 f), and similarly for 3.
As a result, we have f = 1 and Zy = Z[a]. In particular, disc K = —223317,
so 2 does ramifies in K.

Let us now compute the class group of K. The signature of K is (ry,7s)
with r1 4+ 2ry = [K : Q] = 3, so the only possibilities are (3,0) and (1,1).
This corresponds to P(z) having 3 real roots, vs. P(z) having 1 real root
and 1 conjugate pair of complex roots (note that in the former case, K would
be totally real). To find out what the signature of K actually is, we have two
possibilities: studying the function P(z) to see if it has 1 or 3 real zeroes, or
using the fact that the sign of disc K is (—1)" (proposition[2.3.14)). The latter
is much faster of course, and allows us to effortlessly see that the signature
of K is in fact (1,1) (so in particular P(z) has 1 real root and 1 conjugate
pair of complex roots). As a result, the Minkowski bound for K is

L /4\"
My 3 (—) V223317 = 12.123 . . .

BEAY:
which tells us that that CI(K) is generated by the prime ideals above 2,3,5,7
and 11.
Let us determine these prime ideals. We are of course going to use the-

orem [3.8.1] which means that we will have to compute the factorisation of
P(x) modulo these primes. Now, a polynomial of degree 3 is irreducible over
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a field if and only if it has no root in this field, so a table of values of P(x)
at small integers will be usefu]ﬂ. Here it is:

n | -5 -4 3 -2 -10 1 2 3 4 5
P(n)|—149 —82 -39 —14 —1 6 13 26 51 94 161

Actually, we do not really need that for p = 2 and 3, since we already know
by theorem that these primes are totally ramified in K. Indeed, for
both of them we have P(z) = x3 mod p, so that

2Lk = (2,0)° = p3

and
BZK = (3, 04)3 = pg

Next, we observe that although the values of n in the table represent the
whole of F5 = Z/5Z (there is even plenty of overlap), none of the values of
P(n) is divisible by 5; this means that P(z) has no root mod 5. It is thus is
irreducible mod 5, so that 5 is inert in K, i.e.

5ZK — p53

(here and in what follows, we denote prime ideals by py, p'y, ..., where N is
their norm). Next, we observe that 7 divides P(—2), but none of the other
values of P in our table. Since the values of n in this table cover F; = Z/7Z,
this means that —2 is the only root of P(z) mod 7. In fact, we compute
by Euclidean division that P(z) = (z + 2)(2? — 2z + 3) mod 7, and that the
quadratic factor is irreducible over F; (because it does not have any root,
since it does not vanish at —2). In fact, we can save ourselves the trouble of
this irreducibility check: we know that 7 does not ramify in K since it does
not divide disc K, so theorem tells us that P(x) is squarefree mod 7,
which shows that the quadratic factor is irreducible (since its only possible
root over F; would be —2). Anyway, we deduce from theorem that the
decomposition of 7 in K is

TZi = (T,a+2)(7,0% — 2a + 3) = prpha.

2Tt will be even more useful when we will be looking for relations in the class group,
cf. infra.
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Finally, since the values of n in our table cover F;; and since none of the
P(n) is divisible by 11, we have that 11 is inert in K,

117 = P113.

Now that we have decomposed 2, 3, 5, 7 and 11 in K, we can ap-
ply theorem which tells us that CI(K) is generated by the classes
of pa, 3, 53, p7, 052 and pyys (in fact we could throw away pss, pl. and pqis
because their norms exceed the Minkowski bound, but let us pretend we
failed to notice that). The above decompositions also give us for free some
relations satisfied by these classes, namely

(o] = [2Zk] =1,

[ps]® = [3Zk] = 1,
[pss] = [5Zr] =1,
[p7].[p7] = [TZk] = 1,
[prs] = [11Zg] = 1.

In particular, we see that CI(K) is in fact generated by [pa], [ps] and [pr]
only.

There must be extra relations between [ps], [ps] and [p;] (otherwise the
class group would be infinite, which would contradict corollary . To
find them, we look for elements of small norm. Indeed, if the only prime
numbers dividing the norm of some [ € Zy are 2,3 and 7, then theorem
tells us that the only prime ideals in the factorisation of the ideal (53)
are g, p3, p7 and p,, so we have found a relation between the classes of these
ideals. To find such elements 3, we use our table of values of P(x) again.

For instance, we see that P(0) = 6, which tells us that the norm of « is
+6 (here we are using the fact that the constant term of the characteristic
polynomial of a matrix is, up to sign, the determinant of this matrix), so the
ideal (o) must factor as a prime of norm 2 times a prime of norm 3. As po
(resp. p3) is the only prime of norm 2 (resp. 3), we therefore have

(@) = paps.
Indeed, we can check (although is is not necessary of course) that

pap3 = (27 Oé)(3, CY) = (67 30&, 20[, a2) = (67 a, a2) = (67 a)a
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and N((«)) = [N§ (@) = 6 so 6 € («) by proposition (another way to
see this is simply to write 6 = a(—a? — 6)), whence ( ) (o). Anyway,
we have found the relation

[p2]lps] = [(@)] =1

in CI(K).
Similarly, we see in the table that a4 2 has norm £14, so (a + 2) factors
as a prime of norm 2 times a prime of norm 7, whence

(a +2) = popr

since py is the only prime of norm 7 (the norm of p’, being 7%, not 7). There-
fore, we have found the relation

[pa][p7] = [(a+2)] = 1.

(incidentally, this shows that there exists § € K* such that p7, = fp,, and
also v € K* such that p; = yps. Of course, such 5 and « cannot lie in Zg.)

As a result, CI(K) is generated by the class of p, alone. As [ps]® =1, we
have two possibilities; either [py] = 1 (i.e po is principal), and then CI(K) is
trivial, or [po] # 1 (i.e po is not principal), and then CI(K') ~ Z/3Z.

We are going to prove that py is actually not principal. A possibility
for this would be to write down the norm of a generic element of Zy in
terms of [K : Q] indeterminates, and prove that this norm can never be £2.
However, this would lead to a horrible homogeneous expression of degree 3
in 3 variables, so this approach would be very tedious, if not intractable. We
thus need another method.

If p2 were principal, say py = (f) for some € Zg, then we would have
(2) = p3 = (8?), so that v = 32/2 would be a unit. If we could prove that,
for all v € Z, the equation 3% = 2v has no solution 3 € K, then we could
conclude that ps is not principal. Unfortunately, this means considering
infinitely many cases : indeed, the rank of Zj is 1 according to Dirichlet’s
theorem , so Zj is infinite. To be precise, the only roots of unity in K
are +1 since K is not totally complex, so Zj =~ Z/ 27, X 7.

However, we see that Z% /(Zy)? ~ S(ZZ/ /2222)

which is not the cube of a unit, then its image in Zy /(Z})® generates this
quotient, so every unit is of the form u‘w?® for some w € Z} and some unique
i € {0,1,2}. Thus, if p, were principal, we could write 63 = 20 = 2u'w?

+ ~ /37, so if u is any unit
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whence 2u’ = (fw™')? so either 2, 2u or 2u® would be a cube in Zy. We are
going to prove that none of these three possibilities can occur. Note how we
are led to studying the units of K in order to reduce the study of its class
group from infinitely many cases to finitely many cases.

We need to find a unit u which is not the cube of a unit. In the table of
values of P(z), we spot that P(—1) = —1, which shows that u = a + 1 is
a unit. To prove that it is not the cube of a unit, we have two possibilities:
reduce v modulo a prime ideal and prove that it is not a cube in the quotient,
or write u in terms of a fundamental unit of K.

As an example of the first method, we can try to prove that the image of
umod p7 is not a cube in Zg /p; ~ F; (we have skipped ps and p3 because
everybody is a cube in Fy and in F3, and we have skipped pss because we
prefer to stay away fromE| F53). Unfortunately, a+2 € p7, so a reduces to —2
mod p7, so u = a + 1 reduces mod p7 to —1 which is a cube in Zg /p; ~ Fy,
so we cannot conclude anything. Let us try another prime. We do not want
to work in 72 nor in [Fyys, so let us try to find a new prime of inertial degree
1. We see in the table that P(—3), P(1) and P(2) are all divisible by 13,
which means that P(z) = (z+3)(z —1)(x —2) mod 13. As a result, 13 splits
completely,

13Zk = (13, + 3) (13,0 — 1) (13, ¢ — 2) = py3p’3pTs-

The image of a modulo these primes is —3, 1 and 2 respectively, so the image
of u is —2, 2 and 3 respectively. This time, we are in luck: —2 is not a cube
in [Fy3, so u is not a cube in Zg. (In fact, neither —2 nor 2 nor 3 are cubes
in [Fy3, so we have three distinct proofs of the fact that u is not a cube).

As a example of the second method, we can use the method from assign-
ment 5 to prove that u is actually a fundamental unit of K; in particular, it
is not a cube (nor a square, nor a fifth power, ...).

Anyway, we now have that if p, were principal, then either 2, 2u or 2u?
would be a cube in Zg. But we have already seen that v = —1 mod p~, so 2,
2u and 2u? reduce to 2, —2 and 2 mod p;. But neither 2 nor —2 is a cube in
F;, so we finally conclude that ps is not principal, and that CI(K) ~ Z/37Z
is a cyclic group of order 3 generated by [ps]. Phew!

3Actually it is not so hard to work in Fys, it is even pretty easy; but I don’t want to
scare you!
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Example 6.4.2. Here is another example with almost the same polynomial,
to show how delicate an invariant the class group is, and also to illustrate
more how to play with units.

Let P(z) = 2® — 62 + 6 € Z[z], and let K = Q(«a), where « is a root of
P(z).

Just as in the previous example, we find that P(x) is irreducible over Q
because it is Eisenstein at 2 (and also at 3), so K is a well-defined number
field. We compute that disc P(x) = —2233, and since P(z) is Eisenstein at 2
and 3, we again conclude that Zy = Z[a] and disc K = —2%33.

Besides, the sign of disc K shows that the signature of K is again (1, 1),
so the Minkowski bound has the same shape as before. But this time the
discriminant is much smaller, so the Minkowski bound is

L/ 4\"
3 (—) V2233 =294 ...

33 \7

only. This means that CI(K) is generated by the primes above 2 only. But
we know by Eisenstein’s criterion that 2 is totally ramified in K,

2ZK = ng

so CI(K) is cyclic and generated by the class of py. If we make a table of
values of P(z) at small integers, we spot that P(2) = 2, which tells us that
N§ (o — 2) = £2, so that the norm of the ideal (o — 2) is 2 by proposition
. Since po is the only prime of norm 2, this means that py, = (o —2). In
particular, p, is principal, so the class group of K is trivial, i.e. Zg is a PID
this time.

The relation py; = (a — 2) also tells us that (2) = ((a — 2)3), so
u = @ = —3a% 4+ 9o — 7 is a unit. As in the previous example, we
have Zj = {£e", n € Z} for some fundamental unit €, so could our unit u
be a fundamental unit (i.e. one of +e*1)? Let o: K < R be the unique real
embedding of K in R. The real root of P(x) is —2.85- - = o(«), so the image
of o(u) = —56.95. .., whereas the method from assignment sheet 5 merely
tells us that there exists a fundamental unit € of K such that o(¢) > 2.76. ...
Therefore, all that we can say is that u = —&™ for some n € {1,2,3}. In fact,
56.95... is so much larger than 2.76... that we can legitimately suspect
that our unit v is in fact not a fundamental unit.

Actually, if we have made a table of values of P(x), we spot that P(1) =1,
which means that N§(a — 1) = £1, so that ' = o — 1 is also a unit. But

127



o(u') = —3.85..., so we must have v’ = —¢, so v’ is also a fundamental unit.
This confirms our doubts: since u # +e*! (this is obvious under o), u is not
a fundamental unit. In fact, by computing the powers of u’, we find that
u=u?=—¢.

But this means that 2 = (au—_,Q)g = (o> + a — 4)® is a cube in K,
i.e. that K contains a subfield isomorphic to Q(3/2). Actually, we have
(K : Q] =3 = [Q(v/2) : Q] (because > — 2, being Eisenstein at 2, is irre-
ducible over Q), so that K is in fact isomorphic to Q(+/2), an isomorphism
being given explicitly by

Qv2) - K
S ONWRY e YN

J=0

where 8 = a® + a — 4 and the \; lie in Q.

If we want, we can compute the reverse isomorphism; this amounts to
expressing « in terms of § (which must be possible because the above de-
scription of the isomorphism implies that [ is a primitive element of K). In
general, this kind of rewriting process can be done by computing the powers
of B as polynomials in «, and by performing linear algebra over Q. For exam-
ple, in our case, we know that a must be a polynomial in 5 of degree at most

2 (since we are in a field of degree 3), so we compute that 3% = —a? —2a +4,
and we try to write o as a linear combination of 1, 3 and 3%2. We find that
a = —f3%2 — 3, which means that the reverse isomorphism is
K Q(¥3)
2 2
Z)\joﬂ — Z)\j(—\?/_2— V/2)
§=0 5=0

By looking at the image of ¢ = 1 — « under this isomorphism, we can infer
that \3/52 + /2 4 1 is a fundamental unit in Q(+v/2), so that

Regulator(K) = Regulator(@(%)) = log(\i‘yﬁ2 +V241)=1.347--- .
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Chapter 7

Geometry of numbers

This chapter is not examinable.

7.1 Lattices

Definition 7.1.1. Let G be an abelian group, and ¢1,--- , g, in G. We say
that (g1,-,9,) is a basis of G if every element of g can be written uniquely as
Yoy nig; with n; € Z.

Remark 7.1.2. Most abelian groups do not have a basis. Indeed, a group
having a basis with r elements is by definition isomorphic to Z".

Proposition 7.1.3. Let n > 1, V a real vector space of dimension n and
let L CV be a subgroup. The following are equivalent:

(i) There exists a Z-basis by, ..., b, of L with (by,...,b.) linearly indepen-
dent over R;

(i1) L is discrete;
(111) For all compact subsets K C V', the intersection K N L is finite.

Proof.
o (i) = (ii): Let ym = 327, 2™ b; be a sequence in L (2™ € Z), and

assume that it has a limit: v, —m 00 ¥ € L. Since (b;) are linearly
(m)
x:

. )m converges, as m — 00, to some x; € R. But

independent, each (
since xgm) € Z, the sequences (a:l(-m))m are eventually constant, so ¥, is

eventually constant. Hence L is discrete.
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e (ii) = (iii): K N L is compact and discrete, hence finite.

e (iii) = (i): Let X ={by,...,b.} be a maximal R-linearly independent
subset of L (it is finite since V' has finite dimension n). Let L' =
{>,zibi: x; € Z} be the group generated by X. We will first prove
that L’ has finite index in L. Let K = {)_, z;b;: x; € [0, 1]}, which is
compact. Then K N L is finite, say of cardinality M, so let d = M.

Now let z € L be arbitrary. We can write x = ) . x;b; where z; € R.
For all m > 1, define y,, = ) _.(max; — [ma;])b;, which belongs to K.
Since mx € L and ) _,|ma;|b; € L' C L, we have y,, € L. Since M =
#K N L, as m ranges over 0, ..., M, some of the y,, must coincide, say

Ymi = Ymeo-
For all 7 we then have
mix; — |myz; | = mex; — |max ],

which we rewrite as

2y = LmlxiJ - LmﬂzJ c

1
_Z7
myp — Mo d

since |my — my| < M. We have proved that
/ 1 !
L'CcLcC EL’

so that L’ has finite index in L. Now by construction, L’ has a Z-basis
that is R-linearly independent, and since it has finite index in L we
can obtain a Z-basis of L by multiplying the Z-basis of L' by a matrix
with nonzero determinant, so that Z-basis is also linearly independent
over R.

]

Remark 7.1.4. We must have » < n: a linearly independent set in V' can
have at most n elements.
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Example 7.1.5.

o L =7(1,2)+7Z(m 0) C R? satisfies the conditions of Proposition |7.1.3|
e L =7+ 7Z+/2 C R does not satisfy the conditions of Proposition m

Proposition 7.1.6. Letn > 1,V a real vector space of dimension n, let L C
V' be a subgroup satisfying the equivalent conditions of Proposition|[7.1.5, and
let by, ..., b, be a Z-basis of L. The following are equivalent:

(i) r=n;

(i) There ezists a compact subset K C V' such that for all x € V, there
exists y € L such that x —y € K.

Proof.

o (i) = (ii): Let K = {> ", @by, x; € [0,1]}. Let z € V, and write z =
Yoo wb; with o, € R Let y = >0 | |2;]b; € Z. Then z —y =
> i (@i — [zi])bi € K.

e (ii) = (i): Let W C V be the real vector space generated by L.
Since by,...,b, is a basis of W, we want to prove that W V

Let x € V. For all m > 1, ma € V so there exists y,, € L and k,, € K
such that mx = y,, + k,,. We write this as

m km
Tr = Ym + —.

m  m
Since K is compact, k,,/m — 0 when m — oco. Since y,,/m = x —

km/m, ym/m — x when m — oo. But y,,/m € W and W is closed,
so x belongs to W. This proves that V = W so that r = n.

O

Remark 7.1.7. A subgroup L C V satisfying the properties of Proposi-
tions [7.1.3l and [7.1.6] is a lattice.

Example 7.1.8.

o L =(1,v/2)Z+ (v/3,0)Z C R? is a lattice.

o [ =(1,2)Z + (7,27)Z C R? is not a lattice.

e L = (1,—-1)Z C R? is not a lattice in R? but it is a lattice in V =
{(z,y) eR* |z +y = 0}.
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7.2 Volumes

We will admitf]] that there is a good notion of “volume” of subsets of R”, such
that the volume of the unit cube [0,1]" C R™ is 1, and such that any linear
map f: R" — R” multiplies volumes by | det f|.

Definition 7.2.1. Let n > 1, V = R" and L be a lattice in V. If by,...,b,
is a Z-basis of L, the set

K = {ixlbl | z; € [0,1]}

is called a fundamental parallelotope of L. The covolume covol(L) of L is
defined to be the volume of K.

Proposition 7.2.2. Letn > 1,V = R" and L be a lattice in V. Letby, ..., b,
be a Z-basis of L, let A be the matriz with columns (b;), and let G be the
matriz with (i, j)-th coefficient (b;,b;), where (-,-) denotes the standard inner
product on R™. Then

covol(L) = |det A| = (det G)Y/2.
In particular, the covolume of L does not depend on the choice of a Z-basis.

Proof. Let C' = [0,1]™ be the unit cube and let K be the fundamental par-
allelotope corresponding to the basis (b;). Let f : R® — R" be the linear
map sending the element e; of the standard basis of R" to b;. Then A is the
matrix of f, so |det A| = |det f|. Moreover, K = f(C), so the volume of K
is | det A| times the volume of C', which is 1.

The matrix G is exactly ‘AA, so det G = (det A)2.

If we change the Z-basis, we replace A with AP where P € GL,(Z),
so det P = +£1 and the covolume does not change. O]

Corollary 7.2.3. Let L' C L be lattices in R™. Then L' has finite index
m L, and
covol(L") = [L: L'] covol(L).

Proof. We can obtain a basis of L’ from a basis of L by multiplying it on the
right by a matrix, whose determinant is [L: L] by theorem [2.2.4] O

! This is done properly by using the Lebesgue measure on R™, but you do not need to
know measure theory to understand what follows.
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7.3 Minkowski’s theorem on lattices

Lemma 7.3.1 (Blichfeldt). Let L C R™ be a lattice and let S be a subsef]
such that
vol(S) > covol(L).

Then there exists distinct elements x,y € S such that x —y € L.

Proof. Let (b;) be a Z-basis of L and K = {)_.x;b;,z; € [0,1]} be the
corresponding fundamental parallelotope. Let f : R®™ — K be the map
defined by f(>_, z:b;) = > ,(x; — |xi])b;. By construction, for all € R" we
have f(z) —z € L.

Now assume that the restriction of f to S is injective. The since f is a
piecewise translation, vol(f(S)) = vol(S), so vol(f(S)) > vol(K). But f(S) C
K, so that is impossible.

So f is not injective: there exists distinct elements x,y € S such that f(z) =
f(y). But then x —y =2 — f(z)+ f(y) —y € L. O

Definition 7.3.2. A subset S C R” is called

e conver if for all z,y € S, the line segment [z, y] is contained in S, i.e.
forall t € [0,1], tx + (1 —t)y € S.

o symmetric if for all z € S, we have —x € S.

Remark 7.3.3. A nonempty convex symmetric subset always contains 0 =
1 1
3T+ (=)

Theorem 7.3.4 (Minkowski). Let L C R" be a lattice, and let S be a convex
symmetric subset such that

vol(S) > 2" covol(L).
Then there exists a nonzero vector v € SN L.

Proof. Let ' = 15, which has volume vol(S5)/2" > covol(L). By Blichfeldt’s
Lemma |7.3.1] there exists distinct elements x,y € S’ such that v =z —y € L.

Butv:thTﬂy),and 2z and 2y are in S, so v € S. O

2The correct hypothesis on S is that it is Lebesgue-measurable.
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Corollary 7.3.5. Let L C R" be a lattice, and let S be a compact convex
symmetric subset such that

vol(S) > 2" covol(L).
Then there exists a nonzero vector v € SN L.

Proof. For all m > 1, let S,, = (1 + 1/m)S, which has volume strictly
greater than covol(L). By Minkowski’s Theorem , there exists nonzero
vectors v, € S, N L. Write v,, = (1 4+ 1/m)s,, with s,, € S. Since S is
compact, there exists a subsequence s4(,,) which converges to an element s €
S. But then vyimy = (14 1/¢(m))ssm) also converges to s € S. Every vg(m)
is in L\ {0}, which is closed, so the limit s is also a nonzero element of L. [J

Remark 7.3.6. The corollary is false without the compactness hypothesis:
take L = Z? C R? and S the open square centred at the origin and with sides
of length 2.

7.4 Applications to number theory

7.4.1 Minkowski’s theorem on the class group

Proposition 7.4.1. Let K be a number field of signature (ri,rs) and let
Y K — K @2 R"272 pe the Minkowski embedding of K. Let O be an order
in K and let L = ¥(0O). Then L is a lattice in Kg and

covol(L) = 27"2| disc(O)[*/2.

Proof. Since O has rank n = r{ + 2ry, proposition proposition implies
that L is a lattice in Kg. Let by, ..., b, be a Z-basis of O, so that by definition
we have disc(O) = det(Tr (bib;)). Let o1, ...,0,,4r, be representatives of
the complex embeddings of K up to conjugacy. For 1 < k < ri+rg, let n, =1
if 0y, is real and n; = 2 otherwise. By Corollary we have

Teg (biby) = Y ni Re(ow(bi)o(b;)).

We want to relate this to




Let C': Kg — Kg be the linear map defined by C(x)r = nixy for all 1 <
k <1y + 719 Then |det C| = 2", and we have

Tugs (biby) = (3(b:), C(2(0))),
so that by Proposition [7.2.2] we have
| disc(O)| = | det C| covol(L) = 2" covol(L).
O

Corollary 7.4.2. Let K be a number field of signature (ri,r3) and discri-
minant disc K and let ¥ : K — Kr = R"272 pe the Minkowski embedding
of K. Let a be a fractional ideal in K and let L = ¥ (a). Then L is a lattice
m Kr and

covol(L) = 27"2| disc K|*?N(a).

Proof. Since for all a € Q we have N(aa) = a"N(a) and covol(al) =
a" covol(L), it is enough to prove it for integral ideals. If a is an integral
ideal then N(a) = [Zk: a], so the result follows from Corollary and

Proposition [7.4.1] O
Lemma 7.4.3. Let V =R™ x C"2 2 R +2"2 gnd let

Si={ (@i () €V | Y lul + 23 Il <t}

Then .
vol(S;) = 2™ (g)m !

Proof. Omitted. n

H.

We now prove Minkowski’s theorem of the class group, which we restate
here for convenience.

Theorem 7.4.4 (Minkowski). Let K be a number field of signature (ry,rs)
and degree n = ry + 2ry. Let

L /4"
MK:n—(—) V| disc K.

n" \m

Then every ideal class is represented by an integral ideal of norm at most M.
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Proof. Let ¥ be the Minkowski embedding of K, let a be a fractional ideal
of K and let L = X(a™!). Let ¢t > 0 be such that

vol(Sy) = 2""2| disc K|Y2N(a™!) = 2" covol(L),

which we can rewrite as
4\
t" =n! (—) | disc K|Y2N(a)~".
T

By Minkowski’s theorem on lattices (Corollary [7.3.5)) there exists a nonzero
vector [ € S; N L, which we write [ = X(3) with 8 € a~! nonzero.
By definition of S; we have

S lola)| <t,

so by the inequality of arithmetic and geometric means we have

INg (B)] = 1:[ lo(2)] < (%)n _ i_z

Let b = fa, which is a fractional ideal in the same ideal class as a.
Since 8 € a!, we have b = 8a C aa™! = Zg, so J is an integral ideal. In
addition we have

t’n

N(J) = [Ng (2)|N(a) < —=N(a) = My,

which proves the theorem. O

7.4.2 Dirichlet’s theorem on units

Definition 7.4.5. Let K be a number field of signature (ry,r3). Recall
that Kg = R™ x C™. We endow Kp with the structure of a ring by coordi-
natewise operations. For all z € Kg, multiplication by = induces an R-linear
endomorphism of Kg, denoted by

[LIZKR — KR
y — xy.

We define N&®(z) = det(p,).

136



Lemma 7.4.6. With notations as in Definition let v = ((x:), (%5)) €
Kg. Then
NE< () = [T T] 1ol
i J

In particular, for all o € K, we have N§ (o) = NE=(2(a)).

Proof. 1t suffices to prove it on each R or C factor. For x € R, p, is the 1 x 1
matrix (x). For z = x+iy € C, on the basis (1,4) the matrix of the endomor-

, which has determinant 22 + y? = |z|?> (compare with

). The second claim is a restatement of Corollary [1.3.9} O

phism p, is

We now prove Dirichlet’s theorem, which we restate here for convenience.

theorem

Theorem 7.4.7 (Dirichlet). Let K be a number field of signature (ry,rs).
Let V. C R""*"2 be the hyperplane of vectors whose coordinates sum to zero.
Then L(Z}) is a lattice in V. As an abstract abelian group, we have

7% = Wy x ZnHr,

Proof. We first prove that L = £(Z}) is a subgroup of V: this follows from
the fact that every unit has norm +1 (Proposition [5.2.2]) and Corollary (1.3.9,
To prove that L is a lattice in V', we will prove that

a) LN B is finite for all compact subsets B C V, and

b) there exists a compact subset C' C V such that for all v € V| there
exists x € L such that v — x € C.

By Propositions [7.1.3] and [7.1.6} this is equivalent to L being a lattice.

a) In B, every coordinate is bounded, so by Proposition [5.3.3, the intersec-
tion with L is finite.

b) Let K} = {x € Kg | Nf®(x) = 1}, which contains %(Z}). By taking
exponentials, it is enough to construct a set C" C K} such that for all z €
K}, there exists u € Zj such that zX(u)™! € C".

Let L' = X(Zk), and let S be a compact convex symmetric subset of Kp
such that
vol(S) > 2" covol(L').

Let R = NE®(S) N Z, which is finite. For all r € R, define
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e Y, a set of representatives of the elements of norm r in Zx up to
multiplication by units.

Then S, is compact, and Y, is finite since two element differ by a unit
if and only if they generate the same ideal and there are finitely many
integral ideals of norm 7. So C,, = %(Y;)71S, = {X(y) 'z: y € Y,z € S, }
is compact.

Let C' = J,cg Cr, which is compact. We claim that C”" works.

Let z € K. Since covol(xL') = covol(L'), by Minkowski’s theorem
(Corollary there exists y € S Nal’. Let us write y = z - ¥(a)
with a € Zg. We have r = N¥®(y) = N&(a) since NEf*(z) = 1,
sor € Rand y € S,. By definition of Y;, there exists a unit v € Z3
such that au € Y,. But now zX(u)™! = X(au)™'y € Y,71S, € (', as
claimed.

This proves that L = Z", where r = dimV = ry + 1o — 1. By Theo-
rem [5.3.5, we have
ker £L = W,

which is precisely the torsion subgroup of Zj. By the structure theory of
abelian groups, we get
Ly =Wk xZ"

as claimed. O
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