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Abstract

Let p be a mod ¢ Galois representation. We show how to compute p
explicitly, given the characteristic polynomial of the image of the Frobenius
at one prime p and a curve C whose Jacobian contains p in its ¢-torsion. The
main ingredient is a method to p-adically lift torsion points on a Jacobian in
the framework of Makdisi’s algorithms.
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1 Introduction

1.1 Statement of the problem and notations

The notations set in this section will be used throughout the rest of this article.

Let £ € N be a prime number, let d € N, and let p : Gal(Q/Q) — GLg4(FF,) be
a mod ¢ Galois representation of degree d. We would like to compute p, that is to
say determine explicitly a polynomial F'(x) € Q[x] whose splitting field is the Galois
number field corresponding to the kernel of p, as well as an explicit indexation of
the roots of F'(z) (in some large enough field where F(x) splits completely) by the
points of F,? \ {0} such that the Galois action on these roots corresponds to the
action of p on F,*\ {0}. Indeed, given such data and a prime p € N at which p is
unramified, it is not very difficult to determine the image by p of the Frobenius at p
up to conjugacy in Im p, even for very large p, thanks to the technique presented
in [Dok13].

Suppose that we have an explicit model (for instance, equations) for a proper,
non-singular, geometrically connected curve C of genus g defined over QQ, such that
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there exists a d-dimensional Fy,-subspace T}, of the ¢-torsion J[¢] of the Jacobian .J
of C such that T}, affords the Galois representation p. We wish to use the knowledge
of the curve C' to compute p. For example, we showed in [Masl3] and [Mas18b]
how to compute the Galois representations attached to classical modular forms, by
taking C' to be a modular curve.

In the case when C' is a modular curve, we may use the Hecke action in order
to single T, out of J[¢] (cf. [Masl3] for details), but we have no such tool at our
disposal when C' is a general curve. Therefore, we instead assume that there is (at
least) one prime p € N at which p is unramified such that we know explicitly the
characteristic polynomial x,(z) € F¢[x] of the image by p of the Frobenius ® at p.
We actually make the requirement that p is distinct from ¢ and that our model of C'
has good reduction at p (which implies that p is unramified at p by Néron-Ogg-
Shafarevich). Furthermore, we suppose that the local L-factor L,(x) € Z[z] of C
at p is known explicitly, and that x,(x), which necessarily divides L,(z) mod ¢, is
actually coprime mod ¢ to its cofactor L,(x)/x,(x). This last requirement ensures
that the knowledge of x,(x) determines the subspace 7T}, of J[¢] uniquely.

The goal of this article is to present an algorithm that, given a model for C,
the prime p € N and the characteristic polynomial x,(z), computes p in the above
sense.

Remark 1.1. Since we have an explicit model of C, the local L-factor L,(z) may
in principle be recovered as the numerator of the Hasse-Weil zeta function of the
reduction mod p of C' by point-counting techniques. Here we assume that we have
somehow been able to determine it. In practice, this often means that p cannot be
too large.

Remark 1.2. We do not exclude the case where T, = J[{], i.e. where the represen-
tation we want to compute is that afforded by the whole ¢-torsion of J. In this case,
the output of our algorithm may be called an ¢-division polynomial of C'. Thanks
to [Dokl13], we can then compute the local factor L, (z) mod ¢ in time polynomial
in log p’ for primes p’ € N of good reduction. By Chinese remainders, we can thus
determine #C(F,n), at least in theory. This approach results in a point-counting
method whose complexity is as good as [AGS18|, but which is more general since it
is not limited to hyperelliptic curves.

Remark 1.3. Although we focus on the case of representations of Gal(Q/Q) for the
simplicity of exposition, it is completely straightforward to generalize the techniques
presented in this article to the case of mod ¢ representations of Gal(k/k) where k
is a number field, by taking C' to be defined over k, and replacing p by a finite
prime p of k£ whose residual characteristic is distinct from ¢ and at which C' has
good reduction.

Remark 1.4. The case of a representation with values in GL4(F,), where F) is
a finite extension of Fy, can also be treated by our methods (provided of course
that the curve C' is known), since restriction of scalars and the flexibility of [Dok13]
allows us to treat it as a representation with values in a subgroup of GLg,.r,(F¢).



1.2 Outline

Our strategy to compute p may be summarized as follows:

1. Compute d points forming a basis of the image of T, in J(IF,)[¢], where ¢ = p*
with a € N large enough to split p (i.e. large enough that the points of the
reduction of T, mod p are defined over F),

2. Fix an integer e € N, and lift these points to approximations with accu-
racy O(p°) of (-torsion points in J(Q,), that is to say to points of J(Z,/p®),
where Q, denotes the unramified extension of @, whose residue field is IF,
and Z, is the ring of integers of Q,,

3. Compute all the F,-linear combinations of these d points, thus obtaining a
model of T, over Z,/p°,

4. Evaluate a rational map o : J --» A! defined over Q at these ¢¢ points, and
form the monic polynomial F'(x) whose roots are these values,

5. Check that these values are distinct, else take another map from J to A! and
try again,

6. Identify F'(z) as a polynomial with coefficients in Q, or, if this fails, start over
with a larger value of e.

Indeed, for each nonzero t € T, «(t) lies in the field of definition Q(t) of ¢, so
the splitting field of F'(z) is a subfield of the field corresponding to the kernel of p,
and agrees with it with high probability since most elements of a number field are
primitive elements. More precisely, a sufficient condition for the Galois action on
the roots of F'(x) to reflect faithfully that on the points of T, is that a be injective
on T, which is what we check at step [5]

Remark 1.5. In step , we are justified in speaking of J(Z,/p®) thanks to our
assumption that C' has good reduction at p.

Remark 1.6. Because of the identification performed at step [6], the output of this
algorithm is not guaranteed to be correct, and should be certified by methods such
as [Mas18al.

Throughout this algorithm, we use Kamal Khuri-Makdisi’s methods [KM04], [KMO7]
to compute in J. We give a brief presentation of these techniques in section [2| in-
cluding a recipe to construct rational maps from J to A! and comments on the
implementation over a p-adic field.

The core of this article is devoted to the presentation of a technique to lift
torsion points from [, to Q, (up to some arbitrary p-adic accuracy) in Makdisi’s
framework. After differential calculus preliminaries in section [3, we show how to lift
a point from J(F,) to J(Z,/p®) for any e € N in section 4 and then how to ensure
that the lift of an (-torsion point over F, remains (-torsion over Z,/p® in section [

Finally, we explain in detail how to use these tools to compute Galois represen-
tations in section [, and we give explicit examples in section



Remark 1.7. As we will comment on in the next sections, in Makdisi’s method,
points on the Jacobian are represented by matrices of a certain size. The crucial
point is that most matrices of this given size do not represent any point on the Jaco-
bian; thus lifting a point from J(F,) to J(Z,/p®) is a non-trivial process. In [Mas13],
we used Makdisi’s methods over C, and we noticed that the accuracy deteriorated
little-by-little after each operation in J, in that the matrix crept away from the
locus corresponding to actual points on the Jacobian. This is the reason that ini-
tially prompted us to look for a method to “fix” representations of points on J in
Makdisi’s method given with poor accuracy. We then realized that performing this
“fix” p-adically led to an algorithm to compute Galois representations. The methods
presented in this article ought to also be able to “fix” complex approximations of
points in Makidisi’s method, although we have not actually tried them this way.

2 Computing in the Jacobian

2.1 Review of Makdisi’s algorithms

We start by recalling how Makdisi’s algorithms work; indeed we will reuse some of
their ideas in this article. None of the material present in this subsection is original
work.

Remark 2.1. Makdisi’s algorithms are very flexible and can be implemented in
many different ways, cf. [KM04] and [Brul3|] for more details. The version we give
here is the one that is best suited to our purpose. Connoisseurs will recognize the
medium model in representation By.

2.1.1 Representation of spaces of functions on the curve

As in the previous section, we consider a nice algebraic curve C' of genus g. However,
the ground field k£ need not be Q anymore, but could be any perfect field over which
one may perform linear algebra effectively. Given a divisor D on C, we will denote
the corresponding Riemann-Roch space by

LID) =A{f e k(@) [ (f) + D =0} U{0}.

We begin by picking an effective divisor Dy defined over k on C, of degree dy >
2g + 1, and we define

for all n € N. The space V5 will play a particular role, so we set
V=1

for brevity.
Let ngz > 5dy + 1 be an integer. We will assume that £ is large enough that we
can fulfil the following condition:

There exists an effective divisor Z formed of nz distinct points P; in C'(k)\supp Do.
(2.2)



Remark 2.3. For efficiency reasons, we should take dj as close to 29+ 1 as possible
and ny as close to bdy + 1 as possible (bearing in mind constraints such as those
described in remark and subsection [2.2.5). We will therefore assume that dy =
O(g) and that nz = O(g) for complexity analyses.

All the computations performed by Makdisi’s algorithms take place in the space Vj
(and so do the ones presented in the article). We represent an element v € V5 by a
column vector in k™% containing its values v(P;) at the ny points P, € C'(k). Since
such a function has degree at most 5dy, this representation is faithful, and defines
an embedding of V5 into k"%,

In this representation, addition and multiplication of functions is done point-wise,
which will simplify our task in the next sections. Given two column vectors ¢, ¢ €
k™z, we denote by ¢ ® ¢ their point-wise product, that is to say the column vector
whose i-th entry is ¢;c; for all i. Thus if ¢ and ¢ represent functions on C, ¢ ® ¢
represents their product (provided that all these functions lie in V).

We will work with subspaces of V5. Such a subspace S will be represented by a
matrix
81(P1) T SdimS(Pl)

M — ) )

Sl(PnZ) ot SdimS(PnZ)

of size ny x dim S whose i, j-entry is s;(F), where the s; € S form a k-basis of S
and the P; are as above. Thus the columns of M represent a basis of S in the above
sense. Since S has many k-bases, this representation is of course not unique. We
will call such a matrix a matrix representing S, or a matrix for S.

Given a column ¢ € k"Z and a matrix M with nyz rows, we denote by ¢ ® M the
matrix whose column are the ¢ ® Mj, where the M; are the columns of M. Thus if ¢
represents a function f and M represents a subspace S of Vs, then ¢ ® M represents
the subspace fS = {fs, s € S} (provided that this is still a subspace of V5).

Later on, we will frequently need to compute a matrix Kg of size (nz—dim S)xnyz
whose rows represent independent linear equations defining S as a subspace of k"%,
Such a matrix can be obtained simply as the transpose of the kernel of the transpose
of M, and will be referred to as an equation matriz for S.

Conversely, given a matrix A whose rows represent linear equations, we call a
matrix whose columns represent a basis of the space of solutions of these linear
equations a kernel matriz of A.

Remark 2.4. In this article, we will actually work with k = F, or Q,, where ¢ = p*
is a prime power, and we impose that the ny points P, € C(k) remain distinct
mod p. The Hasse bounds show that this is always achievable, possibly at the
price of enlarging a, and also that ¢ cannot be very small. We will also suppose
that matrices representing a subspace S of Vi, as well as kernel (resp. equation)
matrices, have coefficients in the ring of integers Z, of Q,, and that their columns
(resp. rows) remain linearly independent when reduced mod p. We will show how
to preserve this condition throughout our computations, and more generally how
to perform linear algebra over Z, without loss of p-adic accuracy, in section [2.2.4]
below.



By Riemann-Roch, every point 2 € J = Pic’(C) is of the form z = [D — D] for
some (non-unique) effective divisor D of degree dy. Such a point will be represented
by a matrix Wp for the dy-codimensional subspace £(2Dy — D) C V of V. Thus z
is represented by an effective divisor D such that [D — Dy| = x, itself represented by
the subspace L£(2Dy — D), itself represented by a matrix Wp of size nz x dy,, where

is the dimension of such a subspace. Since deg(2Dy—D) = dy > 2g+1, the Riemann-
Roch space L£(2Dy— D) is base-point-free, so this representation is faithful. However,
it is obviously not unique.

In particular, the space V; = L(Dg) represents the origin of .J, so we denote by W)
a matrix representing this space (thus Wy means Wy for D = Dg, not D = 0).

We suppose that we can compute an explicit basis of V; = L£(Dy) = Wy. This
presents various difficulties depending on what kind of model of C' we have, cf. for
instance [Hes02]. Thanks to algorithm [1] introduced below, we can then compute
matrices representing V,, for any n € N. We initialize Makdisi’s algorithms by
precomputing matrices Wy, My, and My, representing respectively Vi, V = Vs,
and V3, as well as equation matrices Ky and Ky, for V and V3. Although all the
action will take place in V5, we do not need to compute a matrix (nor an equation
matrix) for V.

Remark 2.5. The dissension between the notations My, My, (matrices for £(2Dy)
and L£(3Dg)) and Wp (matrix for the subspace £(2Dy — D) representing [D — Dy] €
J) is meant as a reminder that My and My, are “structure constants” describing
the curve C, whereas W represents a (variable) point on J.

2.1.2 Arithmetic on divisors

Before we present Makdisi’s algorithms per se, we show how we can add and subtract
divisors at the level of Riemann-Roch spaces. Let us start with addition.

Input: Matrices M4 and Mg for the spaces L(A) and L£(B), where A, B
are arbitrary divisors such that A, B,A+ B < 5D,
and deg A, deg B > d.

Output: A matrix for the space L(A + B).
1d«dmL(A)+dimL(B)+g—1; // d=dimL(A+ B)
2 S+ 0;

3 repeat
4 s < #5S;
5 for j < 1tod—sdo
6 a < a random combination of columns of My;
7 b + a random combination of columns of Mp;
8 Append a ® b to S,
9 end
10 S < a basis of the subspace of k™% spanned by S}
11 until #5 = d;
12 return the matrix whose columns are the elements of S

Algorithm 1: DivAdd



Proof. Makdisi proves in [KM04, lemma 2.2] that if A and B both have degree at
least 2g + 1, then the multiplication map

L(A)® L(B) —s L(A+ B)

is surjective; in other words, the space L(A + B) is spanned by elements of the
form fafp where f4a € L(A), fg € L(B). The condition A, B, A+ B < 5D,
ensures that these three spaces are subspaces of V5, so that their elements are rep-
resented faithfully by their values at the points P;. The dimension of £(A + B)
is computed at line [I| by Riemann-Roch; then, in each iteration of the for loop, a
(resp. b) represents a random element f4 € L(A) (resp. fg € L(B)), so a ® b rep-
resents an element fafp € L(A+ B), and we keep forming such products until we
generate L(A + B). O

Remark 2.6. If k is a very small finite field, it can be advantageous to execute the
for loop at line[5|a little more than d —#S times so as to ensure we get a generating
set of L(A 4+ B) with high probability (A detailed analysis of the situation is given
in [Brul3]). However, our assumption implies that k& cannot be too small, so
that in practice it is extremely rare that we need to execute the repeat...until loop
more than once even if we take just d products a ® b.

Remark 2.7. If k is a p-adic field and if we follow the conventions set in remark [2.4]
the linear algebra for the extraction of a basis of the span of S at line can be
performed mod p to save time.

We now show how to subtract divisors at the level of the Riemann-Roch spaces.
We begin with the case where the dimension of the result is known in advance, which
is frequently the case thanks to the Riemann-Roch theorem.

Input: Matrices M4 and Mp for the spaces L(A) and L(B) attached to
divisors A, B < 5Dg such that A — B < 3D, and deg B > dy, and
the dimension d of L(A — B).

Output: A matrix for the space L(A — B).

K4 < an equation matrix for £(A);

repeat

for j < 1to 2do

b; < a random combination of columns of Mp;

Kj < KA,

for i + 1 to ny do

‘ Multiply the i-th column of K; by the i-th coordinate of b;;
end

© W g O otk W N =

end

K <+ vertical stack of Ky,, K;, and Kjy;
11 S < a kernel matrix for K

12 until # of columns of S = d;

13 return S,

[
o

Algorithm 2: DivSub



Proof. As in algorithm [I} the condition A, B,A — B < 5D, ensure that the ele-
ments of the corresponding Riemann-Roch spaces are faithfully represented by their
evaluation at Z.
Since deg B > dy > 2g, the space L(B) is base-point-free; in other words, the
inequality
fel?(fB)(f) > -5

is actually an equality. It follows that
LA-B)={veVs|vL(B)C L(A)}.

Actually, we have L(A— B)={ve Vs |vL(B) C L(A)} since A — B < 3D,.

Now, b; and by represent random elements f; and f; of £(B), and the ma-
trix S computed at line represents ker Ky, N ker K7 N ker Ky. But the first
of these kernels represents precisely V5 by definition of Ky,, whereas the last two
represent {v € k"% | v ©®b; € L(A)} for j = 1,2. Thus S represents the sub-
space L ={v e Vs | vfi,vfy € L(A)} of V5.

If the inequality

inf ((f1)7 (fz)) =z —bB

is actually an equality, then L is exactly £(A — B) by the same logic as above.
Else, L is a strict super-space of L(A — B), but we can detect this by comparing
its dimension to the known dimension of £L(A — B), so we simply try again with
another choice of by and b,. O

Remark 2.8. As pointed out in section 3 of [KMO07], the condition inf ((f1), (f2)) =
— B can be understood as the condition that two elements of an ideal of a Dedekind
domain generate that ideal. This explains why we must take at least two ele-
ments f, fo € L£(B). This condition will then be satisfied with high probability,
except if k is a very small finite field, in which case it can be a good idea to consider
more than two elements fi, fo € L(B) (cf. [Brul3| for a detailed analysis). Due to
assumption , k cannot be too small, so two elements are enough in practice.

In the case where dim £(A — B) is not known in advance, we can still com-
pute L(A — B) by taking b; ranging over the columns Mp, which represent a ba-
sis (f;) of L(B) so that inf(f;) = —B. Of course, this leads to solving a larger linear
system, and is therefore slower, than with two random elements f, fo € L(B).

This more difficult case is in particular needed in the following situation: given
matrices Wp, Wpr representing points x = [D — Dgl, 2’ = [D' — Dy] € J, we
can test whether x = 2/, that is to say whether D ~ D’ since DivSub(Wp, Wp)
represents £(D — D’) which has dimension 1 in this case, and 0 else. In particular,
we can test whether Wp represents 0 € J by taking Wp = W,

2.1.3 Arithmetic in the Jacobian

Thanks to these two basic operations, Makdisi manages to compute in the Jacobian
using only linear algebra operations over k. For instance, the following algorithm
computes the negative of the sum of two points of J. Since we have the representa-
tion Wy of 0 € J, we can then perform additions and subtractions in J.



Input: Matrices W; and W for the spaces L(2Dy — Dy) and L(2Dg — D)
encoding the points x1 = [D; — Dy] and x5 = [Dy — D) of J.
Output: A matrix for a space £(2Dy — D3) encoding x3 = [Ds — Dy] € J
such that xy + x9 + z3 = 0.

1 Wia < DivAdd(Wq, W) ; // L(4Dy— Dy — D)
2 W], < DivSub(Wya, Wy) ; // L(3Dy— Dy — D)
3 ¢ < a non-zero combination of columns of W/, ; // Represents f
// where (f) = —3Dg+ Dy + Dy+ D3 for some D3 >0 of degree dj
4W123<—C®MV; // £(5D0—D1—D2—D3)
5 W3 < DiVSub(Wm?,, Wllg) ; // £(2D0 — Dg)

6 return Ws;

Algorithm 3: Add-flip

Note that on both times that we call DivSub, the dimension of the result,
namely dyy, is known in advance by Riemann-Roch.

Finally, although each point of .J is represented by a subspace of V, itself viewed
as a subspace of k™Z, clearly not every dy -dimensional subspace of k"% corresponds
to a point of J. In [KM04], Makdisi gives the following algorithm:

Input: A matrix W of size ny x dy, with linearly independent columns
representing a subspace of V.

Output: True if W represents a subspace of the form £(2Dg — D) for

some effective D of degree d, False else.

w < a non-zero combination of columns of W;

W' <~ DivSub(w ® My, W);

n < number of columns of W',

return True if n = dy, False if n < dy;

Algorithm 4: Membership test

N

Proof. The idea is to check whether the elements of the subspace S of V' represented
by W have many common zeros. Thus the column vector w represents a non-zero
element f of this subspace, whose divisor is of the form (f) = —2Dy+D+D’ where D
is the largest divisor such that W C L(2Dy — D) and D’ is another effective divisor,
so that W’ represents £(2Dy — D’). The larger the locus D of common zeros of S,
the smaller D', so the larger dim W’'. See [KMO04, theorem/algorithm 3.14] for more
details. ]

Loosely speaking, the goal of sections[3|and 4| will be to determine the differential
of the map W — W', so as to be able to deform the representation of a p-adic point
of J by a matrix with entries mod p® into a representation by a matrix mod p®°.

Remark 2.9. Since Makdisi’s algorithms involve linear algebra in size O(g) x O(g),
their complexities are O(g*) operations in the ground field, where 2 < w < 3 is such
that two matrices of size n x n can be multiplied in O(n*) operations.

2.2 Extra operations

We now present complements of ours to Makdisi’s algorithms, some of which are
inspired by [Brul3].



2.2.1 Fast exponentiation and add-flip chains

Algorithm [3| does not compute the sum of two points of J, but rather their “add-
flip”, that is to say the negative of that sum. Therefore the usual notion of addition
chain for fast exponentiation needs to be adapted.

Definition 2.10. Let m € Z. An add-flip chain for m of length n € N is a finite
sequence of triples of integers

(m07 i07j0>7 (mh i17j1)) ) (mn7 inaj’n)

such that mg =0, m; = 1, m,, = m, and for all 2 < s < n, we have 0 < i,,js < s
and my = —m;, —m;,.

The value of g, jo, 21, j1 does not matter and is left undefined.

Since we have the representation Wy of 0 € J, we can perform any addition by
performing two consecutive add-flips. Therefore, for all m € Z distinct form 0 and 1,
their exists an add-flip chain of length O(log|m|); and conversely an add-flip chain
for m must clearly have length at least O(log |m]|).

Short add-flip chains for a given m € 7Z can be found by putting m in non-
adjacent form in the sense of [CF+05, section 9.1.4]. This method has the advan-
tage of being extremely fast. Adapting the continued fraction method described
in [BBB94] results in a much slower algorithm that yields chains which are on aver-
age only a few percent shorter.

2.2.2 Pairings

Later in section @, we will generate points of an F,-subspace T, C J[{] at random,
and we will need a tool to detect linear relations between them so as to know whether
we have obtained a generating set of T}, yet. For this, we will use parings.

Let m € N. The Weil pairing is defined as

en: N JK)m] — p(k)
fe(Dy)
fy(Da)’

where D, ~ x and D,, ~ y are divisors whose supports do not intersect, and where f,
and f, are functions of C such that (f,) = mD, and (f,) = mD,. It has the
disadvantage of being skew-symmetric, which means it is useless for our purpose
when the space T}, is totally isotropic for example. Therefore, we prefer to use the
less-known Frey-Riick pairing [FR94]

(r,y)

{stm: J(E)m] x J(k)/mJ(k) — Kk*/k*™
(z,y) — fo(Dy).

In the special case where k = I, is a finite field containing i,,, we can linearise it
by composing it with

EXJE*™ — oy — Z/mZ
z — z(q_l)/m — logC Z(q_l)/m

10



where ( € i, is a primitive m-th root of 1 and log, denotes the corresponding
discrete logarithm. We will denote the corresponding version of the pairing by

[ I = J(Eg)[m] < J(By)/mJ(Fy) — Z/mZ,

the choice of ¢ being implicit. This pairing is perfect, and allows us to construct
linear forms on J[m] simply as [-,y],, for any y € J(F,), and thus to detect linear
relations satisfied by a finite collection of points of J[m] if we can generate sufficiently
many elements y € J(F,)/mJ(F,).

An implementation of the Frey-Riick pairing in Makdisi’s framework is described
in [Brul3]. We describe here our own implementation, which is simpler (for instance
it stays in V5 = L(5D,) whereas [Brul3] goes up to £(7Dy)).

We start with the following auxiliary procedure, which computes the value of
a function at a divisor, and may thus be viewed as a generalization in Makdisi’s
framework of the concept of resultant:

Input: A column ¢ representing a non-zero function f € V3 and a
matrix Wp representing £(2Dg — D), with deg D = dy.
Output: f(D) if the supports of D and Dy do not intersect, else FAIL.

1 Wy, ,Wq, < the columns of Wp, where dy = dim V' — dy as before;
// Find supplement of L(2Dy— D) in V = L(2D,)
2 Choose columns sy, -, sq, of My such that sy, -, sq4,, w1, - ,wq, are
linearly independent;
3 dy < 4do+1—g; // dimension of L(5Dy— D)
4wy, ,wél,w < columns of DivAdd(Wp, My,) ; // L(5Dy — D)
// Find supplement of L(5Dy— D) in V5 = L(5Dy)
5 Choose columns vy, - -+ ,vg, of My and wuq,--- ,ug, of My, such that
t1, oy tgy, Wi, - ,wzl,w are linearly independent, where t; < u; ® v;
for all 7;
// Find relations
6 A < matrix with columns sy, -+, Sqy,t1, -+ , gy, W, - - ,w&,w;

7 K < matrix whose columns form a basis of ker A;
8 K, + rows 1 to dy of K
9 K; < rows dy + 1 to 2dy of K;
10 My + Kth_l;
11 A < det Mq;
12 if Ay =0 then FAIL;
// Find relations
13 A < matrix with columns ¢ ® sy, -+ , ¢ ® Sqq,t1, -+, tag, WY, - - ,wil/w;

14 K < matrix whose columns form a basis of ker A;
15 K, < rows 1 to dy of K;

16 K; < rows dy + 1 to 2dy of K;

17 My« KKV

18 Ay < det My;

19 return Ay/Aq;

Algorithm 5: Evaluating a function at a divisor
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Proof. View Vs = L(5D,) and all its subspaces as embedded into £"Z as explained
in section [2| and define

Lp = L(2Dy — D), L) = L(5D, — D)

for brevity.
We have V' = L(2Dy) = S @ Lp, where S is the subspace spanned by the s;;
similarly Vs = L(5Dy) = T'® L', where T is the subspace spanned by the t; = u; ®v;.
By definition,
Lp={veV]|vp=0},

so that Op ~ V/Lp ~ S; and similarly Op ~ V5 /L, ~T.
Since f € V3 = L(3Dy), multiplication by f induces a map

f

fg S C Vv Vs T
and f(D) is the determinant of this map seen through the isomorphisms S ~ Op
and T ~ Op.

Unfortunately these isomorphisms are not explicit, so it would make no sense to
simply take the determinant of the matrix expressing this map on the s; and the ¢;.
This is why we divide this determinant by that of the “identity” map

1:8¢ Vs T

induced by the inclusion of V' into V.

More specifically, at line [7] we find relations between the s; and the basis
T,y tdg, WY, - ’w:i'w of Vs = T @& W}, and we project these relations in 7' =
Vs /W7, at the next two lines by dropping the rows of K corresponding to the w;. The
matrix K formed of the s-rows of K is necessarily invertible since ¢y, - - - , t4,, W}, - -, wél,w
are linearly independent, so M; is well-defined and is the negative of the matrix of
the map 1 with respect to the bases s; and t;. Its determinant A; is zero iff. there
exists a nonzero element of S that lies in L’,, which means that the supports of D
and Dy are not disjoint, in which case we return FAIL. Else, by repeating the pre-
vious steps with the ¢ © s; instead of the s;, we get My, the negative of the matrix
of py, and we recover f(D) as its determinant A, divided by A;.

The complexity of this algorithm is O(g*). O

Remark 2.11. Tt is actually more efficient to compute A; as det(K;)/ det(K) than
as det(K;K;1); we show the less efficient way here only for clarity. The same goes
of course for Ay.

Algorithm [5] is only valid for f € V3, which is in general not the case for the
function f, in the definition of the Frey-Riick pairing. Therefore the implementa-
tion of the pairing is still not completely straightforward. Owur solution, inspired
by [Brul3], is presented below; we assume that algorithm |3/ has been modified so as
to return the column c chosen at line [3| as well as Wj.

12



Input: Matrices W and Wp representing £(2Dy — T') and L(2Dy — D)
respectively, and m € N such that [T" — Dy| € J[m)].
Output: An element of k™ representing {[T" — Do), [D — Do|}m € k*/k™™.
1 (mo,i0,70)s "+, (Mp,in, Jn) < an add-flip chain for m;
2 Initialize two vectors H and T indexed by 0---n
with H[0] «— 1, H[1] < 1, T'[0] <~ Wy, W[1] <= Wr;
fs Wpy < Add-flip(Wo, Wo);
for s < 2 ton do
¢s, Wy = Add-flip(T'[i, T'[Js));
T[s] + Ws;
Hls] « #{%, where f, is the function represented by c;;
// Using algorithm |5 twice, on (cs, Wp) and (cs, Wpy)

[=2 3| B

EN|

s end
Coo < a non-zero combination of columns of V' such that each of the
columns of co, ® W lies in the span of the columns of T'[n];

foo (D)
foo(Dg)
// Using algorithm [5 twice again

©

10 return H|n] , where f. is the function represented by co;

Algorithm 6: Frey-Riick pairing

Proof. (Cf. [Brul3, p. 39] and |[Mil04, section 4]) For each s < n, denote by T
the unique effective divisor of degree dy such that the matrix W represents the
space L(2Dy — Ts). Clearly T'[s] = Wy, and [Ty — Do) = mg[T — Dy| for all s. In
particular, for s = n we find that [T,, — Dy] = 0, so the space

L(Dy—T,) = {v eV | vL(Dy) C L(2Dy — T,)}

is 1-dimensional. As the matrices Wy and T[n] = W, represent respectively the
spaces L(Dy) and L£(2Dy — T'[n]), the column cs computed at line [J] represents a
non-zero element f,, of this space, which therefore satisfies (f.) = T,, — Dy and is
unique up to multiplication by a nonzero constant.

Define inductively a sequence of functions hg,- - ,h, € k(C)* by hg = hy = 1
and h, = 1/h; hj, f, for s > 2. Line [7] ensures that H|[s] = h,(D — Dj) for all s.
Besides, we have (f;) = —3Dy + T;, + 1}, + T; for all s by construction, so an
induction on s shows that

(hs) = mST — Ts — (ms — 1)D0
for all s. Since (fx) = T — Dy, we get (hy/foo) = m(T — Dy), so that

/
(I~ DULID — Dil}y = (y/ £)(D — Df) = Hfn 2220
foe(D)
as Dy ~ D.
The complexity of this algorithm is O(g“logm) operations in k, to which one
should add the cost of the discrete logarithm in p,, if one wants to use the linearized
version of the pairing. O

Remark 2.12. We have introduced the divisor Df, because the functions f; and fu,
being elements of £(3Dy), have poles at Dy, and therefore cannot be evaluated there.
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Remark 2.13. This algorithm will fail if algorithm [5| fails or returns 0. In this
case, one should try again, making sure that at line [3| of algorithm [3] the function f
(which is called f; in algorithm @ is chosen randomly, and possibly after replacing D
with a linearly equivalent divisor (using the same strategy as for the construction
of Dj). In practice, failure is rare since we work over a finite field large enough that
the curve has enough rational points to satisfy .

Note by the way that it is important here to always choose f randomly. Indeed,
the add-flip algorithm [3|chooses f as a nonzero element of a space which is computed
as a kernel, and most computer algebra systems give kernels by bases in echelon form.
As a result, if for instance we always chose the first basis vector for f, then some
coordinates of f would always be 0; in other words f would always vanish at some
fixed points, which would lead to systematic failure of algorithm

Remark 2.14. It is straightforward to modify algorithm [6] so as to compute Weil
pairings if desired.

2.2.3 Local charts and evaluation maps

We now give a construction of Galois-equivariant rational maps J --+ A! inspired
by the method for modular curves described in [Mas13], section 3.6]. In this con-
struction, we have in mind the case where the ground field is a number field ky and
where we deal with points of .J(kg), and our goal is to obtain a map yielding values
of reasonable arithmetic height (cf [Masl3| for details). Of course, condition
will not, in general, be satisfiable if we insist that the divisor Z be formed of points
in C(kg), so we use points over a p-adic field k& D kg instead. In other words, we
actually apply Makdisi’s algorithms to the base change of C' from k to k.

We begin by constructing a map with values in the projective space P(V'). For
this, we assume that we are able to find effective divisors F; and Es,, both of de-
gree dy — g. Then Dy — E; has degree g, so given a sufficiently generic point x € J,
Riemann-Roch shows that there exists a generically unique effective divisor E, of
degree g such that

Dy — Ey — E,] = x. (2.15)

Another application of Riemann-Roch then shows that the space £L(2Dy— F1 — Ey —
E,) has dimension 1, so we get a map

J --» P(V)

which is only a rational map due to the genericity assumptions on .

The point of this definition is that in Makdisi’s framework, there are many
divisors D representing a given = € J, that is to say such that [D — Dg| = x. This
map is thus useful to turn the representation £(2Dg — D) of x into something that
does not depend on D, but only on x. Implementing it is fairly straightforward:
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Input: A matrix Wp for the space £(2Dg — D) representing a
point x = [D — Dy| € J, and matrices W; and W, for the
spaces L(2Dy — Ey) and L(2Dy — E,), respectively.
Output: The value in P(V') of the map (2.16]) at z.
1 Si — DlVAdd(WD, Wl) ; // £(4D0 —D— El)
2 S1 < DivSub(S], My) ; /! L(2Dy — D — E)
3 if number of columns of S; > 1 then return FAIL;
4 81 < the unique column of Sy ; // (s1) = —2Dy+ D+ E,+ E,
5 S, < DivSub(s; © My, Wp) ; /! L(2Dy— E, — E,)
6 Sy <+ DivAdd(Sh, Wa) ; /! L(4Dy— E; — Ey — E,)
7 Sy < DivSub(SY, My ) ; // L(2Dy— Ey — Ey — E,)
8 if number of columns of Sy > 1 then return FAIL;
9 return S;

Algorithm 7: Evaluation of a rational map J --» P(V)

Proof. The matrix S; represents the space £(2Dy — D — E4), which is generically
of dimension 1 by Riemann-Roch. Thus s; is well-defined up to multiplication by a
constant, and its divisor is (s1) = —2Dy + D + E; + E,. O

Remark 2.17. We must ensure that the effective divisors Dy, F;, and Eg are
actually defined over kg (as opposed to k) if we want the map (2.16|) to be Gal(kq/ko)-
equivariant. For Dy, this is not a problem in practice, since the only requirement

that we need to satisfy is that dy o deg Dy > 2g + 1 (however we should try to
chose Dy so that dj is as close to 2g + 1 as possible for efficiency). On the other
hand, F; and F5 must be of degree exactly dy — g, and this condition can be more
difficult to satisfy over a number field; but if we have to, we can take F; and Fs
to be defined over a finite extension of kg, and form symmetric combinations of the
values obtained for these divisors and their Galois conjugates.

Remark 2.18. The map may be used as a local coordinate chart on J, and
for this purpose, F; and F5 need not be defined over ky. One should however be
aware that the domain on which this map is an immersion may be smaller than its
domain of definition.

We now show how to turn the map into an A'-valued map. In [MasI3],
we chose two rational points P, Q) € C(k) away from the supports of Dy, E;, and Es,
and we composed the map with the map sy — s5(P)/52(Q), were sy is a
nonzero element of the 1-dimensional space £(2Dy — Ey — Ey — E,). This approach
was suitable for modular curves, since they have plenty of rational cusps, but is
harder to adapt to a general curve; we therefore propose a different approach.

We fix a basis vy, vg,--+ of V, where the v; are defined over kg (again for
Galois-equivariance reasons). For instance, if C' is given to us by a plane equa-
tion f(z,y) = 0 over ko, we will have obtained the v; as explicit elements of ko(x,y)
by a Riemann-Roch space computation over ky. We then write sy = > \;v;, where
the \; are scalars, and simply return the ratio \;, /\;,, where i; and iy are fixed in-
dices. This is well-defined, since s, is well-defined up to multiplication by a constant,
and straightforward to implement in Makdisi’s framework. In summary, our Al-
valued map is

J --» Al

o r +—— /\i1/>\i27

(2.19)
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where the \; are such that ) . \;v; spans £L(2Dy — By — E; — E).
The complexity of one map evaluation is O(g“) operations in k.

Remark 2.20. When we compute Galois representations, we will evaluate o at the
points of an [Fy-subspace T, C J[{], and we will need « to be injective on T}, so
that the Galois action on its values faithfully reflects the Galois action on the points
of T},. Then the polynomial

F(z) =[] (= - a@))

teT,

will have coefficients in kg, and its splitting field over ky will be a subfield of the
field cut out by the Galois representation, and will agree with this field with high
probability. We can ensure that this is indeed the case by checking that F(z) is
squarefree.

We must ensure that the divisors £y and Ej are such that [E) — Ey] & T, if £ # 2.
Indeed, the divisor of sg is of the form (sq) = —2Dy + Ey + Ey + E, + E!, where E!,
is effective of degree g, and shows that

xr = [DO_El_Ex] = —[DO—EQ—E;]

Thus if there is a ¢ € T, such that [E} — Es] = ¢, then E! = E;_,, so that the
map z > sy cannot be injective on 7}, unless ¢ = 2.

Remark 2.21. In particular, E; and F, should be distinct. In some cases, we may
be able to find a effective divisor F; of degree dy — g defined over ko, but not a
second one; in this case, we can replace the map (2.16)) with the map

J --» Grassg, (V)
where Grassg,, (V') is the Grassmannian of V' parametrising subspaces of dimen-
sion dy = dp + 1 — g; in other words, interrupt algorithm [7] at line 5] Note that by
definition, F; + E, is the only effective divisor F > E; such that [E — Dy] = x, so
that the space £L(2Dy — Ey — E,) may be viewed as the normal form representation
of  (with respect to £;) in Makdisi’s framework.

The advantage of this approach is that we need only one ky-rational effective divi-
sor of degree dy—g, and that it requires half as much computation; its disadvantage is
that now takes values in the Grassmannian of V', since dim £(2Dy—E, —E,) =
dw > 1 for generic x. We can still use Grassmannian coordinates with respect to
the basis (v;) of V' to turn into an Al-valued map, but experiment shows that
the values thus obtained have a worse arithmetic height. In what follows, we will
only use ([2.19).

2.2.4 Makdisi over p-adic fields

We will later apply Makdisi’s algorithms over the ground field £ = Q,. This means
that we must be able to perform linear algebra over k, namely kernel and equation
matrices (these are actually the same up to transposition), which is a non-trivial
problem since we can only represent elements of k on a computer with finite p-adic
accuracy.
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For this, we use Page’s recent implementation in [Pari/GP] of the computation
of kernels in Howell form over rings of the form R = Z,/p®, where Z, is the ring
of integers of Q, and e € N. Recall that the Howell form of an R-submodule M
of R (d € N) is a canonical generating set of this module, which is essentially
characterized by the fact that these generators are in reduced echelon form, and that
for all d’ < d, each element of M whose first d’ entries are 0 is an R-combination of
the generators whose first d’ entries are 0; cf. [How86] or [SM9§| (beware that these
references consider row spans, whereas we deal with column spans in this article).
The following result shows that if we consider an approximation up to O(p®) of a
matrix A with coefficients in Z, which has “good reduction”, i.e. whose rank does
not decrease after reduction mod p, then we can compute a kernel matrix of A
with the same accuracy and satisfying the same conditions, and thus use Makdisi’s
algorithms without loss of p-adic accuracy.

Theorem 2.23. Let k be a non-Archimedian local field with ring of integers O,
uniformiser w and residue field k, and let A be an m X n matriz with coefficients
in O, representing a linear map T : O™ — O™. Let e € N, and let K. be the kernel
of the induced map T, : (O/w®)" — (O/w®)™. If rkp(A) = rk.(A mod w), then the
Howell generators of K. that are nonzero mod w form an approximation mod w® of
an O-basis of ker T'.

Remark 2.24. There can be Howell generators of K, that are 0 mod w, as demon-
strated by the example A = (1 @), e = 2.

Proof. Let us write K, = ker T', and K}, for the kernel of the induced map k™ — k™,
so that K, = K N O™. Since O is a PID, we can consider an O-basis hy,--- ,hg €
O" of K, in Hermite normal form.

We claim that the h; are linearly independent mod w. Indeed, let \; € O,
and let © = > . \h; € K. If 2 = Omod w, say = wy for some y € O",
then y € O" N K}, = K, which shows that the \; are all 0 mod w since the h; are
linearly independent over k.

We can then prove by induction on e that the h; generate K,.. Indeed, for e =1
this follows from the above and the fact that the rank of A does not decrease after
reduction mod . Suppose this is true for e, and let z € O™ be such that  mod w**!
lies in K.;1. Then x mod w*® lies in K., so there exist \; € O and y € O™ such
that z = >, \;h; + w®y; therefore

0= Az = w°Ay mod @™

Dividing by @w® shows that y mod w lies in K3, and is thus in the O-span of the h;,
and so is x.

It follows that the Howell form of K, agrees with that of the h; mod w®; however
the h; are in echelon form, so they are part of their Howell form mod w®, and the
other vectors must be linear combinations of them that are 0 mod w. O

Remark 2.25. It is shown in [SM9§| that the Howell form of ker A mod p°® can be
computed with the same complexity as if R = Z,/p°® were a field, namely O(n*)
operations in R for A of size n x n. Therefore, we can execute the algorithms
presented in this section over R with the same number of operations in R as if R
were a field.
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2.2.5 (Galois action

We now suppose that the curve C'is defined over Q, (in practice, it is actually defined
over ), and that we have a matrix Wp with coefficients in Z,/p® representing a
point € J(Z,/p°) for some e € N (in particular, if e = 1 then Wp represents a
point in J(F,)). We would like to compute a matrix Wy representing z® to the same
p-adic accuracy, where ® € Gal(Q,/Q,) is the Frobenius. This is easy, provided that
the divisors Dy and Z are defined over Q,, and that we know how ¢ acts on the
support of Z (in practice this information should be recorded at the creation of 7).

Input: A matrix Wp representing a point « € J(Z,/p°) for some e € N.
Output: A matrix Wp representing the point z* € J(Z,/p°).

1 W+ W5,

2 Permute the rows of W by the permutation induced by ®~! on Z;

3 return W;

Algorithm 8: Frobenius

Proof. Recall that the j-th column of Wp represents the reduction mod p° of a
function w; such that the w; form Q,-basis of the space £(2Dy — D) representing x,
in that the i-th row of Wp contains the value mod p® of the w; at the i-th point in
the support of Z. Since x = [D — Dy, we have 2% = [D® — Dy, so 22 is represented
by £(2Dy — D®) = £(2Dy — D)®; but v*(P) = (v(P*"))? for all P € C(Q,).

The complexity of this algorithm is of course O(g?) operations in Q. ]

Remark 2.26. We use a model for Z,/p* of the form R = Z[z]/(p®, T(x)), where T (x)
is a lift to Z[z] of an irreducible polynomial over F,. In this model, every element a
of Z,/p° is of the form o = >, ;2" with ¢; € Z/p°Z and where 6 denotes the image
of z in R, and the image of a by ® is simply a® = > ¢;,0", where 8/ € R is the
unique root of T'(x) congruent to #” mod p.

3 Differentiation of linear algebra operations

Let us now suppose that the ground field is a finite extension k of Q, with ring
of integers O and uniformiser @ (in practice, k = Q,, O = Z,;, and w = p).
Makdisi’s algorithms rely on linear algebra; in particular, they frequently involve
the computation of a kernel matrix or of an equation matrix (a.k.a. left kernel) of a
given matrix A with coefficients in O. The goal of this section is to determine how
these deform under w-adically small perturbations of A.

However, the problem thus presented is ill-defined, since a given vector space (in
this case, the right or left kernel of A) admits many different bases in general. We
therefore start by rigidifying the notions of kernel matrix and of equation matrix
defined at page[5] For simplicity, we restrict ourselves to the case where the matrix A
has full rank.

Let us treat the case of equation matrices first, since only this case will be used
later. We assume that we have set a rule that, given a matrix ,, A, (this notation
means that A has n rows and r columns) with coefficients in O and whose reduction
mod w has rank r, assigns to it a supplement matriz, that is to say a matrix ,.5,_,
with coefficients in O such that the augmented matrix A™ = (, A, | ,S,_,) is invert-
ible over O, and which only depends on the reduction of A mod w. For instance,
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we can impose that the j-th column of S has a 1 at row ¢; and 0 everywhere else, in
such a way that 4; < --- < 1,_, and that the 7; are as small as possible with respect
to some total ordering; this is what [Pari/GP]’s function matsupplement does.

Let us decompose the inverse B = (A%)™! of AT over O as

an
B_(n—rEn>'

rFAr ‘ TFSnfr
nfrEAr ‘ nfrESnfr ’

whence the relations FA = I, F'S = ,0,,_,, FA = ,_,0,, and £ES = I,_,. In
particular, the rows of E are linearly independent (both over k and over its residue
field), so that E is an equation matrix for A. We call E the equation matrix of A,
and denote it by £ = Eqn(A), the rule determining S being implicit. Besides, we
call F' the F-complement of A.

The advantage of this definition is that it is easy to differentiate Eqn(A) with
respect to A. Indeed, let ,, H, be a matrix of the same size as A and whose entries
lie in @O for some integer e > 1. The matrix A + H is congruent to A mod w,
so the augmented matrix (A + H | S) is still invertible (with the same S) over O,
whence (A + H)* = A" + H® where H° = (,H, | ,0,,_,). Therefore

We have

]n:BA+:(

(A+H)*)™ = B— BHB + O(@™)
an an TFn e
- ( nfrEn ) a < nfrEn ) (nHr | non—r) ( nfrEn ) * O(WQ )

- 2N +FTHE, 9%
- ( o ) - ( - EITF, ) O,

which shows that

Eqn(A + H) = Eqn(A) — Eqn(A)HF + O(w*) (3.1)
where F' is the F-complement of A and O(w?) denotes a matrix whose entries lie
in w*0.

The case of kernels, being the transpose of the previous case, is similar: given , A,
with coefficients in O and whose reduction mod w has rank r, we set

A
+ riln
AT = < n—rSn )
where S is determined by similar rules so that A" is invertible, and then if

(A+)_1 = (nLr | nanr)

then K is a kernel matrix of A, which we denote by K = Ker(A) with a capital K;
besides we have

Ker(A + H) = Ker(A) — LH Ker(A) + O(w*) (3.2)
for H of the same size as A and with coefficients in w°O.

Remark 3.3. In the next section, we will work with matrices with coefficients
in R = Z,/p*, and our perturbation matrices H will have coefficients in I = p°R.
Since I? = 0, all the O(w?®) terms will vanish in R.
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4 p-adic lifting of points of J

In this section, we suppose that we are given a matrix W with coefficients in Z,/p°
representing a point of J(Z,/p°) (in other words, a point of J(Q,) = J(Z,) with
absolute accuracy O(p®)) for some e € N, whereas the data representing J itself
have been precomputed with accuracy at least O(p*®) (meaning that the matri-
ces Ky,, My, etc., have coeflicients in Zq/pe' where €’ > 2e). Our goal is to find a
deformation of W over Z,/p*® which represents a point of J(Z,/p*). Once we have
solved this problem, we will be able to lift quadratically a representation of a point
in z € J(F,) (given by a matrix for Wy with coeflicients in IF,;) to a representation
to arbitrary p-adic accuracy of a point of € J(Q,) which reduces to Z mod p.

Our approach consists in determining how a deformation of the input of the
membership test (algorithm [4) perturbs the execution of this algorithm. Let us
introduce some notation: given a commutative ring R and a column vector ¢ € R"Z,
we will denote by A. the diagonal matrix of size ny and coefficients in R whose
diagonal is formed of the coefficients of ¢. Also define r = ny — dy .

Let S be a matrix of size nyz X dy and coefficients in Z,, whose columns s; € Ly?
are independent mod p and form a basis of a Q,-subspace of V' of dimension dy, (this
is the case in particular if S is an arbitrary lift of W still representing a subspace of V/,
in view of the conventions established in remark . An analysis of algorithm
shows that if we called this algorithm on S, then the matrix W’ introduced at line
would be computed as the kernel of the matrix

Ky,

3

Sm

Eqn(s; ® My)A

where m ranges from 1 to dy and where we assume without loss of generality that
the w chosen at line [I| is s;. Indeed, the block of equations Ky, describes the
column vectors ¢ € Q)% representing elements of V3 = L(3Dy), whereas for each m
the block of equations Eqn(s; ® My )Ag,, describes the ¢ such that s, ® ¢ represents
an element of fiV = f1L£(2Dy), where f; is the function represented by s;. In
particular, for m = 1 this block is redundant with Ky, since Dy > 0; we therefore

define
Ky

K(S) = Eqn(s; ©® My)A,,,

where m ranges from 2 to dy. Algorithm {] shows that S represents an element
of J(Q,) if and only if the Q,-rank of K(S) is r and not more.

Since by assumption the matrix W represents a point of J(Z,/p°), the ma-
trix K (W) is thus the reduction mod p° of a matrix with coefficients in Z, and Q,-
rank r. .

Let now W be a arbitrary lift of W to Z,/p* which still represents a subspace
of V. For instance, such a lift can be obtained by finding a matrix U with coefficients
in Z,/p° such that W = My U, and taking W = My U where U is an arbitrary lift

of U to Z,/p*. The matrix K(W) is then a lift of K (W) to Z,/p*, and W represents
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a point & € J(Z,/p*) if and only if K (W) is the reduction mod p* of a matrix
with coefficients in Z, and of Qg -rank r (and z is then necessarily a lift of the
point z € J(Z,/p°) represented by W).

Enforcing this rank condition in terms of vanishing of minors would be inefficient;
instead we use the following method.

(A | B
Lemma 4.1. Let,, M, = ., ‘ m—r Dy

i a field such that the r X r block A is invertible. Then tk M = r, with equality iff.

be an m xXn matriz with coefficients

D—-CA'B=,,,0,_,.

I,| -A"'B

Proof. The matrix ,, P, = ( 0 -

) is clearly invertible, and

(Al 0
MP_(CD—GT%)'

O

Let K be the reduction of K (W) mod p. It has coefficients in F,, and does not
depend on the lift W of W. Since W represents a point of J(Z,/p?) with e > 1,
the F,rank of K is exactly r; indeed K = K (W), where W is the reduction of W
mod p, which does represents a point of J(F,). Therefore, K has an invertible minor

of size r. Possibly after permuting the rows and columns of K (W), we may assume
that the top-left r x r block of K is invertible over I ; we will suppose here that
this is directly the case for the clarity of exposition. Then the top left r x r block

of K(W) is invertible over Z,/p*. Splitting

- (445)

as in lemma [4.1] we have therefore established that

W represents a point of J(Z,)p*) <= D — CA™'B = 0 mod p*. (4.2)
Furthermore, we can determine how K (W) deforms with W, thanks to the for-
mulas established in section . Indeed, let wy,--- ,wg, be the columns of W, so
that
Ky
K(W) =

Eqn(@l ® Mv)A@m

If we replace W with a deformation W + My, H still representing a subspace of V/,
where H is a matrix with coefficients in p°Z,/p*® whose columns we denote by Ay, - -, hay,,
then for each m, the column w,, gets replaced by w,, + Myh,,, so Ag gets
shifted by Ansn,,; whereas wy © My = Ag My gets shifted by Apsn, My, so
that Eqn(w; ® My ) gets shifted by — Eqn(wy ® My )Apg,p, My F by (3.1)), where F
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is the F-complement of Eqn(w; ® My ) as defined in section . Thus in total, K (W)
gets shifted by

0

Eqn(w; © My) (AMth AV MVFAam> (43)

It is therefore easy to see how the blocks A, B, C, and D deform in terms of
the h,,, and thus to deduce linear equations that the h,, must satisfy for D—-CA~'B
to vanish mod p?®.

These observations translate into the following algorithm:
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Input: A matrix W over Z,/p°® representing a point in J(Z,/p°).
Output: A matrix W =W mod p® over Z,/p* representing a lift of this
point to J(Z,/p*).
// Lift W so that it still represents a subspace of V
1 K <« kernel of the horizontal concatenation (W |My ) mod p®;
2 Drop the first dy rows of K and lift the rest to Z,/p*;
s W <« My K mod p*;
4 Wy, - ,Wq, < the columns of W;
// Save on number of variables
5 I < asubset of {1, -+ nz} of size dy such that the corresponding rows
of W form an invertible matrix;
6 Vo < a matrix representing the subspace {v € V | v(P;) =0Vi € I} of V,
where the P; are as in section ;
7 U1, , Vg, ¢ column vectors of Vj;
// Evaluate D — CA~'B
8 F, I' <+ equation matrix and F-complement of w; ® My;

9 K < stack of Ky and of the FA,, for 2 <m < dw; // K(W)
10 A, B,C, D < splitting of K as in lemma
11 R+ (D —CA™'B)/p°® mod p;
// Precompute some data
12 for m < 2 to dy do
13 ‘ F,, < —MyFA,, mod p%
14 end
// See the effect of deforming w; by p°v; for each j <dw, i <dy
15 for ¢ < 1 to dy do
16 E; < EA,, mod p%;
17 for j < 1 to dy do
18 if 7 =1 then
19 k < a matrix with the same shape as K, formed by stacking a
block of 0 instead of Ky and the F;F,, instead of the FA,,
for 2 <m < dw;

20 else

21 k < a matrix with the same shape as K, with E; instead
of EA,, and 0 elsewhere;

22 end

23 a, b, c,d < splitting of k;

24 rij 4 d—cAT'B+CA'aA'B—-CA™ b

25 end

26 end

// Solve linear system
27 H < a dy x dw matrix over Z,/p® such that R+ ), Zj hijri ;= 0;

28 return W + pVoH;

Algorithm 9: Lift
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Proof. We begin by finding a lift W of W to Z,/p*® which still represents a subspace
of V; this goal is attained at line 3]

We are then looking for a matrix H' of the same size as W and with coefficients
in p°Z,/p*Z, such that W' = W + H’ satisfies criterion (£.2). In particular this
lift W’ must also represent a subspace of V', so we actually look for H’ of the
form H' = My H for some matrix H with coefficients in p°Z,/p*Z,.

Given a matrix M with nz rows, write M| for the matrix formed by the rows of M
indexed by I, where [ is defined at line [5. The matrices W; and W] are invertible
over Z,/p* by definition of I. Therefore there exists an invertible matrix P (which
is congruent to the identity mod p°) such that WI’P — W}. Since the matrices WP
and W’ represent two bases of the same subspace of V' (P being the change-of-
basis matrix), we may impose that the rows of W indexed by I remain unchanged,
i.e. that H' be actually of the form VoH for some H. This reduces the number of
unknowns and thus improves the efficiency of the algorithm. Note that the number
of columns of Vj is dim V' — dim W = codimy W = dj.

We then construct the matrix K = K (W), and split it into blocks A, B,C, D as
explained above. In view of , we have D — CA™'B = 0 at least mod p®, so the
division defining R is exact. .

Next, in the double loop we determine for each ¢ and j how deforming W by
adding p®v; to its j-th column perturbs R thanks to : in each case, we compute k
such that K shifts by p°k, and deduce r; ; such that R shifts by r; ;.

It then only remains to solve a linear system over Z,/p® so as to find a linear

combination of the r; ; killing R, and to perform the corresponding change on w.
The complexity of this algorithm is dominated by these last two steps. The ma-
trices A and B have size O(g) x O(g), whereas C' and D have size O(g?) x O(g), so
the matrix computations performed at line [24] require O(g“™!) operations in Z,/p°.
In view of remark 4.5 below, the complexity of this algorithm is thus O(g**3) oper-
ations in Z,/p°©. O

Remark 4.4. The matrices E; and F,, are precomputed for efficiency reasons.
Besides, multiplications by matrices of the type A, should not be performed literally
but rather by rescaling the rows or columns as appropriate.

Remark 4.5. The tangent space of J has dimension g, and the fibres of the map

Eff"(C) — J
D s [D- Dy

have dimension dy — ¢g. Since we have rigidified the situation by taking H’ of the
form Vo H, the linear system that we solve at line 27 has a solution space of dimen-
sion dy = O(g). But the matrices K (W) and R have size O(g*) x O(g), so this system
has O(g?®) equations in O(g?) unknowns. It is thus very redundant, and a lot of time
can be saved by solving O(g?) random combinations of its equations and checking
that we have indeed obtained a solution (e.g. thanks to algorithm , instead of
solving it directly. Without this, the complexity would be higher than O(g~*3).

Remark 4.6. Even though the performance of our implementation is quite satis-
factory (cf. section[7), it is unfortunate that the complexity of our lifting algorithm
is O(g“™3) whereas Makdisi’s algorithms perform arithmetic in J in only O(g*). In
future work, we plan to improve the complexity of our lifting algorithm, by using
the asymptotically faster membership test described in Proposition/Algorithm 4.12
of [KMO7].
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5 p-adic lifting of torsion points

Let m € N, and let W be a ny x dy matrix with coefficients in F, representing
an m-torsion point = € J(F,)[m]. Thanks to algorithm [J] presented in the previous

section, we can find a lift W of W representing a lift z € J(Q,) to arbitrary p-adic
accuracy; however this point Z will not in general be m-torsion. The purpose of this
section is to explain how to modify algorithm @ so that the output W represents a
point of J(Q,) which is still m-torsion.

In this section and in the next one, whenever n € Z and W is a matrix represent-
ing a point z € J, we will denote by [n]IV a matrix representing [n]z € J obtained
by repeated use of algorithm [3]

For simplicity, we will assume that m is coprime to p; indeed the discussion about
formal groups below shows that this ensures that the m-torsion lift of x to J(Q,) is
unique. In practice, we will take m = ¢, a prime distinct from p.

We actually present two methods: the first one is more efficient when the p-adic
accuracy is still low, whereas the second one should be used when p-adic accuracy
becomes higher.

5.1 Method 1: Killing the kernel of reduction

Let p = pZ, be the maximal ideal of Z,, and for each e € N, let us denote by J.
the kernel of the reduction map J(Q,) — J(Z,/p®) . For instance J; is the kernel

of J(Q) —=J(F,).

Since J has good reduction at p, and since Q, is unramified, the theory of formal
groups (cf. for instance [Sil09, theorem IV.6.4.b]) provides us with a p-adic Lie group
isomorphism

log : J; — p?

which maps J. to (p¢)¢ for all e (where (p¢)¢ denotes the g-fold cartesian product of
the set p¢). In particular, J./Jo. = (p¢/p%¢)¢ is an Abelian group of exponent p°.

Let now = € J(Z,/p°)[m] be an m-torsion point known to accuracy O(p®). It has
a unique m-torsion lift ¥ € J(Z,/p**)[m], and its other lifts are of the form ¥’ = T+y
with y € J./Jo.. Therefore, if N € N is such that p¢ | N and that N = 1 mod m,
then for any lift 2’ of x, [N]2' = 7 is the m-torsion lift of x. This leads to the
following algorithm:

Input: A matrix W over F, representing a point z € J(F,)[m], and an
integer g € N.

Output: A matrix W over Z,/p® representing the lift of x in J(Z,/p)[m].

W« W,

e <+ 1;

while e < ¢g do
W « alift of W to Z,]p* ; // Using algorithm @
N < an integer such that p¢ | N and N =1 mod m ; // By CRT
W « [N]W;
e < 2e;

end

[S BN VI

@ N o

return W,

©

Algorithm 10: Lifting torsion points using multiplications
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The complexity of each iteration of the loop is O (g“’+3 +g¥ log(mpeo)) operations

in Z,/ p@(€) the terms coming respectively from algorithm@ and from multiplication
by N = O(mp®).

Remark 5.1. We could also apply algorithm |§| repeatedly so as to get a lift w
of W to precision ey, and then multiply by N where p®~! | N and N = 1 mod m.
However, this would be less efficient as we would perform all the multiplications at
high accuracy. Anyway, it is better to use algorithm [11] for large e.

Remark 5.2. In practice, we often use this algorithm to lift an F,-basis of T, C J[{]
from J(F,)[¢] to J(Z,/p®)[¢]. In this case, we can afford to multiply each element of
the basis by a nonzero scalar in F,* in the process, so we can save a bit of effort by
suppressing the requirement that N = 1 mod ¢ and simply taking N = p° at line

5.2 Method 2: Using a coordinate chart at the origin

We can use algorithm (7| as a coordinate chart ¢ : U — P(V'), where U C J(Z,) is
the preimage of a Zariski-dense subset of J(F,). In the rest of this section, we assume
that U contains 0 € J(Z,), since this is the case for “most” choices of divisors £,
and Fs used as parameters by algorithm . Therefore, we are able to take a lift W
of W thanks to algorithm [9] multiply the corresponding point by m, and apply ¢
to see where in the vicinity of the origin of J the result lies.

Ideally, we would like to compute the differential of the composition of the
multiplication-by-m map followed by ¢’. Unfortunately this seems too complicated,
so we settle for the following simpler approach: as explained in remark a point
x € J(Zy/p°) possesses many different lifts = € J(Z,/p°) owing to the tangent space
of J, so we can take sufficiently many such lifts z;, determine the coordinates of the
[m]Z; thanks to ¢, and solve a linear system to deduce a “combination” Z of the Z;
such that [m]z = 0.

This idea translates into the following algorithm:
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Input: A matrix W over F, representing a point z € J(F,)[m], and an
integer eq € N.
Output: A lift W of W over Z,/p® representing the lift of = in J(Qy)[m].

1 W« W,

2 e+ 1

3 ¢, < a column vector with entries in Z,/p® representing ¢'(0);

4 jo < a integer < ny such that ¢{[jo] Z 0 mod p;

5 ¢y + dehomogenisation of ¢ wrt. the jo-th entry;

6 while e < ¢y do

7 fort < 1tog+1do

8 W « lift of W to Zq D% // Obtained from algorithm @ by
picking a random solution to the linear system at
line

9 x; < point of J(Z,/p*) represented by [m]ﬁ//i;

10 c, + column vector with entries in Z,/p* representing ¢(x;);

11 ¢; < dehomogenisation of ¢; wrt. the jo-th entry;

12 ki < (¢; — ¢p)/p° mod p%;

13 end

14 Find Ay, -+, A\gs1 € Zy/p° su/vch that 29:*11 \ik; = 0 and Zf;l A =1, or

i
start over with other lifts W; if no such \; exist;

15 | Lift the \; to Z,/p*® so that >, \; = 1 still;

16 W« > )\Z-fV[Z;

17 Check that the point of J(Z,/p*) represented by W is m-torsion, and if
not start over with another chart ¢;

18 e < 2e;

19 end

20 return W;

Algorithm 11: Lifting torsion points using a chart

Proof. Let us assume for now that the reduction mod p of the differential of the
“chart” ¢ : U — P(V) at 0 € J(Z,) has full rank g, which is extremely likely.
Let ¢: U --» Q)7 ~! denote ¢ followed by the embedding P(V) < P"Z induced by
V= Qp” (cf. section [2)) and then dehomogenised wrt. the jo-th coordinate. Note
that by our choice of jo, ¢ is defined on the points of J(Z,) that reduce to 0 € J(F,),
and actually sends them to Zg# ~1. Thus for example at line , we compute ¢y =
¢(0) mod p.

Suppose now that we have a matrix W with coeflicients in Z,/p° for some e € N
representing a point x € J(Z,/p®)[m]. Say that a lift of W to Z,/p*® is acceptable
if it represents a point of J(Z,/p*), i.e. if it represents a subspace of V and passes
the membership test |4/ (but it need not be m-torsion), and consider the map

k: { Acceptable lifts of W } —  (Z,/p?) 27!

_ clx — ¢
w —

where 2, € J(Zq/ p*) denotes the point represented by the matrix [m]W. Sinceij
represents an m-torsion point of J(Z,/p®), i reduces to 0 € J (Zy/p°) for all W,
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so the expression c(aj[mﬁ) makes sense and is congruent to cg mod p°. Thus k is

well-defined, and can be used to measure how a lift W of W fails to be m-torsion,
in that

The point of J(Z,/p*) represented by W is m-torsion <= k(W) = 0 mod p°.
(5.3)
More precisely, let W be an (unknown) fixed acceptable lift of W representing
an m-torsion point of J(Z,/p*), so that (W) = 0 mod p*, and let Vj be the
matrix defined at line [6] of algorithm [9] This algorithm shows that any lift of W of
the form W + p°VyH, where H is matrix corresponding to a vector in the kernel of
the linear system solved at line [27] of algorithm [J] is also an acceptable lift; and for
such a lift, we have k(W + p*VoH) = (W) + T(VoH) = T(VoH), where T is the
differential of s, which is the reduction mod p® of a Z,-linear map of rank g by our
assumption on . N
Besides, the lifts constructed b algorithm@all have this form, so the g+1 lifts WW;
considered at line |§ of algorithm [11| may be written as W; = W + p*VoH;. The g +1
vectors k; = k(W;) = T'(VoH;) found at line |12] are necessarily linearly dependent,
so at line |14f we can find scalars \; € Z,/p° such that Zzgill Aik; = 0 mod p® non-
trivially. This relation can be rewritten as Y 7, A;j(k; — Kg1) + (Zf;l )\i) Kgr1 =0,
so assuming that the g vectors (k; — k441) are linearly independent mod p (which
happens with high probability, else we start over), fill A; cannot be zero mod p;
we can therefore rescale the \; so that Zfill A; = 1. Define then

gtl
W' = Z W
=1
g+1
=W+ NWi—W)
=1
. g+1
=W+ pe‘/() Z )\ZHZ
=1

as at line [16| This is an acceptable lift of W, which satisfies

N g+1 g+1
k(W) =T (Vg Z )\iHi) = Z Aik; = 0 mod p°;
i=1 i=1

it is therefore m-torsion by .

Now in all generality, as noted in remark [2.18 we cannot be completely certain
that the reduction mod p of the differential of ¢ at 0 has full rank g. If it is does
not, then ¢ will not be a local immersion, so is only a necessary but not
sufficient condition. This nasty case does happen in practice, albeit very rarely,
whence the test at line[I7 In practice, this situation is revealed by the fact that the
vectors (A;)icg+1 satisfying > . A\;k; = 0 at line |14] form a space of dimension more
than 1, so that it is sufficient to execute this test only at the first iteration of the
while loop.

The complexity of each iteration of this loop is O(g**3 + ¢g“*!logm) operations
in Z,/p°co). O

Remark 5.4. One should not be surprised that the (a priori distinct) matrices W
and W’ both represent the unique m-torsion lift of = to J(Z,/p*), cf. remark .
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Remark 5.5. Of course, the computation of the g + 1 lifts ﬁ//z at line [§] should not
be done by calling algorithm [9 g + 1 times, but by modifying it so that it returns
g + 1 random acceptable lifts.

Remark 5.6. When lifting from J(Z,/p%)[m] to J(Z,/p**)[m], algorithm [11| per-
forms O(g“’+3 + g¥ log(mpe)) operations in Z,/p°®), whereas algorithm per-
forms O(g“" + ¢g“*'logm). In order to lift a point from J(F,)[m] to J(Q,)[m],
it is therefore reasonable to start with the method of algorithm [10| for low values
of e, and to switch to the method of algorithm [11] when e exceeds glogm/ logp. If we
use fast arithmetic, this results in a complexity of 6(6@ logp)O(g“ 3 +g“ " log m) bit
operations to lift a point of J(F,)[m] to J(Z,/p®)[m], where ¢ = p*. Note however
that the loop at line [7] of algorithm [11] can very well be executed in parallel.

6 Application to the computation of Galois rep-
resentations

We now finally come back to the initial problem, that of computing the Galois
representation p afforded by the subspace T, C J[{]. Recall that we denote by ®
the Frobenius at p, and that we assume that we know the characteristic polyno-
mial x,(x) € Fylz] of p(®), as well as L,(z) € Z[z], that of ¢ acting on J. Also
recall that we assume that x,(z) and its cofactor L,(x)/x,(x) are coprime in [Fy[x].

6.1 Splitting the representation

The first thing to do is to determine ¢ = p® so that the points of 7}, are defined
over J(Q,). The smallest such a is of course the multiplicative order of p(®), which
can be bounded thanks to the following result:

Proposition 6.1. Suppose x,(z) factors in F¢[z] as [[, xi(x)%, where the x;(z) €
Fo[z] are pairwise distinct irreducible polynomials of respective degrees d;, and the e;
are positive integers. Let a; be the multiplicative order of the class of x inTFelx]/x:(x).
Then the order of p(®) is of the form

a={"lcm(a;)

loge;
log ¥

for some integer u < max;[ =], where [-] denotes rounding from above to the

nearest integer.

Proof. Let ¢ = p(®). Since the y;(z)% are pairwise coprime, the F[¢]-module T,
decomposes as a direct sum €, M; of “generalised eigenspaces” M; = ker x;(¢)®.
The order of ¢ is thus the lcm of the order of the ¢;, where ¢; = ¢,. As a;
divides ¢4 — 1 for all 4, the a; are coprime to ¢, so it is enough to show that for all 4,

the order of ¢; is of the form ¢“ia; for some integer u; < [lﬁ)gg 1.

The characteristic polynomial of ¢; is x;(z)%, so its eigenvalues in F, are the
roots of x;(z), and are thus of multiplicative order a;. Triangularising ¢; over F,
thus shows that ¢ is unipotent iff. a; divides n. In particular, a; divides the order
of ¢;.

Write ¢f* = 1+ N; with N; nilpotent. The characteristic polynomial of N; is 2%
so N4 = 0 by Cayley-Hamilton. Induction on n reveals that (1+N)*" = 1+ N*" for
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alln € N. Soif U; = (ﬁggeﬂ, so that (Y > d;, then we have ¢fui‘” =(1+N)" =1,

which shows that the order of ¢; divides ¢Via,. Since this order is also divisible by a;,
the result follows. [

Remark 6.2. It is clear that the bound u < maxi(lf’ogg 2 is optimal.

In order to determine a;, we simply have to find the primes r dividing n; =
(% — 1, and to test for each such r whether 2™/" is 1 in F,[x]/x;(). Fortunately, in
practice £% — 1 is not very large, so finding all these primes is not difficult.

In particular, in the case when x,(z) is squarefree, that is to say when e; = 1 for
all 4, then u = 0, so we find that the order of p(®) is exactly a = lem(a;).

Remark 6.3. If x,(z) is not squarefree, then we obtain an upper bound on a instead.
The exact value of u, and thus of a, can then be determined by experimenting, but
it is better to avoid this case by changing p if possible.

In fact, if we know (or can afford to determine) x,(x) for not just one but several
primes p, it is advisable for the efficiency of the rest of the computation to choose p
so that a is minimal; cf. the examples in section [7}

6.2 Computing a basis of 7, mod p

Now that we have chosen ¢ = p®, we can let T, C J(FF,)[{] be the reduction of T,
mod p. The next step in the computation of p consists in finding dimTp matrices W
over [F, representing an [F,-basis of Tp. Since dimTp is known (for instance it is the
degree of x,(z)), our strategy consists in generating elements of Tp at random until
we obtain a basis, which can be confirmed by algorithm [6]

Let N = #J(F,), which can be computed explicitly as

N = Res (Ly(z),2* — 1).

Let us factor
N=0M

where M € N is coprime to ¢; we also define
(x) = Lp(x)/xp(2) € Felz].

A simple-minded way to generate elements of Tp proceeds as follows:

x <— a random point of J(F,);
x <+ [Mlx ; // Project onto J[(*]
while [(]x # 0 do

|z [ // Project onto J[/]
end
x <+ YP(P)x ; // Project onto T,
return z;

N O ook Wy =

Algorithm 12: An unbalanced way to generate points of Tp

Since N = O(q?) by the Weil bounds, the complexity of this algorithm is O (( glog g+
alog E)gw) operations in [F,.
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Unfortunately, the points obtained this way are usually far from being equidis-
tributed. For instance, suppose that J(F,)[¢>] is of the form Z/¢*Z x Z/{Z; then
with high probability, after line , r has the form (u,v) with u of order ¢* and v
of order ¢, so that the loop at line [3| turns it into (¢u,0), so we almost always get
points of J(F,)[(] ~ Z/lZ x Z/{Z whose second component is zero.

We can try to circumvent this issue by performing line [6] before the loop at line
, but this does not help in case Tp itself has (-power torsion; besides, ¥ (x), which
is computed mod ¢ only, will not be the correct cofactor, so the point we get in the
end will not even lie in T, in general!

In order to remedy this issue, [Brul3l, section 3.9] suggests using the Kummer
map
J — J[{
r +— y® —y, where [(ly = z.

Bruin shows that this process leads to uniform distribution in J[¢]. However, this
method requires enlarging the field F;, which considerably slows dow the compu-
tations, especially the multiplication-by-M step (note that M is of the order of
magnitude of ¢9).

We propose instead to modify algorithm by including a process resembling
Gaussian elimination. To demonstrate our idea, suppose again that J(F,)[(>°] ~
Z/0Z x ZJIZ, and take T, = J[{] to simplify. If we start with two random
points z1, 2, € J and we apply algorithm after line 2] these points become z; =
(u1,v1) and xo = (ug,vg) € J[€*°], so unless one of the w; is 0 mod ¢, line (3| leads us
to y1 = (fuy,0) and yo = (Cus,0), which fail to form a basis of J[¢]. Nevertheless,
we can turn this failure to our advantage! Indeed, thanks to algorithm [6] we can
find A1, Ay not both 0 such that \jy; + \ayo = 0, so dividing this relation by ¢ yields
a new f(-torsion point x3 = A\jx1 + A2xe, whose second component is nonzero with
high probability.

Remark 6.4. Variants of this Gaussian elimination strategy appear in several places
of the literature, such as [Rav0§].

This idea leads to the following algorithm, which performs very well in practice:
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Input: #J(F,) = ("M, L,(z) € Z[z], and x,(z) € Flx].
Output: An F,-basis of Tp.
1 ¢(x) + Hensel lift to precision O(£*) of L,(x)/x,(x) € Fylz];
2 17+ 0;
3 d < degx,(z); // d=dimT,
4 while r < d do

5 r—r+1;

6 repeat

7 x < a random point of J(FF,);

8 T 4 [M]iy(®)a;

9 Y X

10 o+ 0;

11 while [(Jy # 0 do

12 y < [y;

13 0o+ 1;

14 end

15 until y # 0;

16 T, T

17 Yr < Y5

18 0p < 0 ; // New point y, = (°z, € Tp, can we keep it?
19 if » > 1 then

20 n<r;

21 21, , 2y, < random elements of J(F,);

22 P < matrix of size n x r with coefficients P, ; = [y;, zi]¢ € Fy;
23 R + Ker P;

24 if dim R > 2 then

25 n <4 n+1;

26 go to line ;

27 end

28 if dim R =1 then

29 (A1, -+, An) < a generator of R;

// Is this an actual relation?

30 if >, .[AiJyi = 0 then

31 I {i|\ #0};

32 [ 4— Min;eg 0;;

33 if 4 > 1 then

34 T 4= Y Nl My // Divide the relation
35 go to line |9}

36 else

37 ‘ r<r—1;// If cannot divide, give up this point
38 end

39 end

40 end
41 end
42 end
43 return yi,- -+, Yq;

Algorithm 13: Finding a basis of T,
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We now show the correctness of this algorithm and discuss its efficiency. Let us
begin by introducing the main ideas.

6.2.1. First of all, we note that this algorithm needs to pick random points of J(F,)
at line [7] and also at line 2I] Sophisticated methods to achieve this uniformly are
presented in [Brul3], but we content ourselves with a much cruder approach: we
pick a random subset S of {1,--- ,nz} of cardinality dy, and compute by linear
algebra the subspace W of V formed of vectors whose i-th coordinate vanishes
for each 7 € S. Indeed, this subspace represents the point [Z@'espi — DO] of J,
where the P, are as in section . Since these P; have been chosen at random,
this approach performs very well in practice. In order to analyse the performance of
algorithm [I3] we will assume that the points thus obtained are uniformly distributed
in J(F,).

6.2.2. Let L,(x) = X,(x)¥(x) be the f-adic lift to accuracy O(¢") of the co-
prime factorisation L,(z) = x,(z)¢(r) mod ¢, and let A = J(F,)[¢*] < J(F,)
and I' = J(F)[¢", x,(®)] = Alx,(®)] < A. In view of the Chinese remainder
isomorphisms

J(Fy) = J(F)[€°] x J(F)[M] = A x J(F,y)[M]

and

A= Al (P)] x Al (®)] =T x Aly(®)],

it g1,---,9, € J(F,) are uniformly chosen random points as in then the
points h; = [M]y(®)g; are uniformly distributed in T

6.2.3. Observe now that I is a finite Abelian /-group, whose (-torsion subgroup TI'[/]
is precisely the space Tp that we are trying to generate. It is clear that sufficiently
many elements h; of I' generated as in will form a generating set of I with high
probability; indeed, if H = (hq,--- , hg) is a strict subgroup of I', then it has index
at least ¢, so hyy1 € H with probability at least 1 — %

6.2.4. Suppose thus that we have elements h; € I' which form a generating set.
We can determine the order of each h; by repeatedly multiplying then by ¢ until
the result is 0. Let n € N be such that the largest of these orders is ¢", so that the
exponent of I' is ", and consider the projection morphism

T=["":T —T{ =T,

Let P be the matrix such that P, ; = [w(h;), zi]¢ € Fy, where the z; are sufficiently
many random elements of J(F,) generated as in[6.2.1] and let R be a matrix whose
columns form an Fy-basis of Ker P. Then the columns of R span a space containing
all the [Fy-linear relations satisfied by the w(h;). Besides, for the same reason as
in[6.2.3] the linear forms y ~— [y, z;], generate Homg, ((I"), F,) with high probability;
we can check that this indeed the case by testing whether Zj R;xm(h;) = 0 for
each k. If this is not the case, we generate more z;, and try again; else the h}, =
> E;hj form a generating set of Ker m = '[¢"~!], where fi;; denotes an arbitrary
lift to Z of Rj,k e F,.

By iterating the process with T'[¢"~!] instead of " and the hj, instead of the h;,
we thus get generating sets for T'[¢"~™] for m = 1,2,... until we get a generating

set for I'[¢Y] = T,.
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6.2.5. Let now h; € I' be sufficiently many elements, so that they probably gen-
erate ' although we are not sure of that. By applying the method to the h;
(which amounts to working in the subgroup generated by the h; instead of I'), either
we find a generating set of Tp, in which case we have reached our goal, so we stop;
or we do not, in which case we conclude from that our h; did not actually
generate I', so we generate a few more of them as in and we try again.

These arguments show that this method quickly leads us to a generating set of Tp
with high probability. Algorithm [13]is derived from these arguments, with a few
extra optimizations. Namely, given one h; € I', instead of blindly computing 7 (h;) =
[¢"=1h;], which is always ¢(-torsion but could be 0, we compute [(°]h; where o is the
largest integer such that the result is non-zero; this provides us with more non-zero
elements of Tp, which help to obtain a generating set sooner. Besides, by introducing
the z; one by one, and by throwing away the ones that yield a linear form which
is in the span of the forms [-, z;], corresponding to the previous z;, we ensure that
these forms remain linearly independent.

In detail, at line[7| we have obtained r—1 linearly independent points yi, - - - , y,_1
of T,, with y; = Eo_xl and x; € I'. After line , we have obtained a new nonzero
point y, = "z, € T,; however this point may be linearly dependent with y;,--- , y,_1,

except of course if r = 1. In order to determine whether this is the case, we ex-
amine these points through the linear forms [, z;], for n random points z; € J,
where initially n = r. The space R we obtain contains the space R’ of linear re-
lations actually satisfied by v, ---y., but may be larger. Since y;,---,y,_1 are
linearly independent, R’ has dimension at most 1; so if dim R > 2 then R 2 R/,
so we increase the number n of linear forms and start our search for relations over.
If dim R = 1, then either this candidate relation is a false positive, so the condition
at line is not satisfied, and gy, - -y, are independent so can include v, in our
partial basis of Tp; or the candidate relation does hold, but then we can still try to
get a new {-power torsion point by dividing the relation R by a power of . We take
the result of this division as a new x and start the whole process over, except if we
cannot divide R by ¢ because one of the o; is too small, in which case we give up
the current = and y at line |37 and start over with a new random = € I.

The complexity of this algorithm is O((glog g+ (a+d) log ¢)dg*) where d = dim p,
assuming we have to give up the current  a bounded number of times, and neglecting
the cost of discrete logarithms in p, and of linear algebra over F,.

Remark 6.5. We can further improve the efficiency of the algorithm if, every time
a new ¥, has been verified to be linearly independent of 4y, - ,y,_1, we repeatedly
apply the Frobenius ® to y,. and add the corresponding points to our partial basis
of Tp as long as no linear dependence is detected. Indeed, the application of ® by
algorithm [§] is very fast. This idea is very similar to that presented in section 6.4
below.

Remark 6.6. In order to be able to use the “linearized” version of the Frey-Riick
pairing, we need F, to contain the ¢-th roots of unity (else this pairing would be
trivial anyway). This is often the case, since the determinant of the representation p
usually involves the mod ¢ cyclotomic character due to the existence of the Weil
pairing. In any case we can always extend F,, but this would considerably slow
down all the computations.
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6.3 The rest of the computation

Now that we have obtained an F,-basis of T, C J(F,)[{] by algorithm we first
fix an e € N, and we lift our basis into a basis of T, C J(Q,)[{] to accuracy O(p°)
by a combination of algorithms [10] and [11] as explained in remarks and
We then use algorithm [3| to compute all the points of 7,, and we evaluate these
points by algorithm , still at precision O(p®). All these computations can be mas-
sively parallelized, and their complexity is O(ealog p)O(g“ 3 + g“ 1 log £ + ¢“¢%) bit
operations.

Finally, we form the monic polynomial F(x) whose roots are the values in Q,
that we have just obtained. Since T, is globally invariant under Galois, F'(z) has
coefficients in Q,, and these coefficients approximate rational numbers within O(p°).
We can identify these rationals by rational reconstruction, provided that e is large
enough.

Remark 6.7. The value of e is chosen from experience; see section [7| below for
concrete examples. If e is too low, rational reconstruction will most likely fail,
but might also produce incorrect results. Therefore the output of our algorithm to
compute p is not guaranteed to be correct, and should be certified by methods such
as [Mas18al.

Arakelov theory could in principle provide us with bounds on the height of these
rationals, but in practice these bounds are often extremely pessimistic, as noted
in [Mas13].

6.4 Saving effort thanks to the Frobenius

We have already noted in remark that for the efficiency of the computations,
we should if possible choose the prime p so that the degree a = [F, : F,] is small.
However, when this is not possible (e.g. because we cannot afford to compute the
local factor L,(z) for more than a few small p), we can use the fact that a is large
to our advantage.

Indeed, a is the order of Frobenius ® € Gal(Q,/Q,). Since the evaluation algo-
rithm (7] is (purposely!) Galois-equivariant, it commutes with ®. This means that
when we want to apply it to all the points of T},, we can apply it to only one point in
each orbit of ® of T},, and recover the value of the other points simply by applying ®
to the result, which is instantaneous. In particular, we only need to compute one
point of 7T}, in each orbit instead of all of them, which saves an enormous amount of
time, as the orbits of ® on T, typically have length a.

Similarly, instead of lifting p-adically a whole [Fy-basis of T, by the method
presented in section [§, we can lift a mere Fy[®]-generating set, after what we can
use algorithm |8 to recover an Fy-basis at high p-adic accuracy. The endomorphism
induced by ® on T}, is often cyclic; when this is the case, we have to lift only one
point instead of dim 7T},.

Remark 6.8. Although these ideas partly negate the inconvenience of working with
a p such that a is large, choosing p so as to minimize a is still always a good idea.
Indeed, the length of an orbit under ® is at most a, so the idea presented above
divides the amount of work by at most a, whereas the cost of computing in F,
and Q, is super-linear in a.
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7 Examples

We have implemented the algorithms presented in this paper in the C language using
the [Pari/GP] library, and we have applied them to a few examples. In most cases,
the data we obtained could have been obtained in a much more direct way, but our
goal here is to illustrate our methods.

The times given in this section are all CPU times (as opposed to wall times) on
the author’s laptop. The code is available on the author’s personal web page [Mas]
and as a Github repository |Github].

7.1 A modular representation with particularly little rami-
fication

Let p: Gal(Q/Q) — GLy(IF7) be either of the two mod 7 representations attached
to the newform of weight 2 and level I'1(13). In [Mas18bl section 6.3] we noted
that these two representations are twists of each other, and that the corresponding
projective representation 7 : Gal(Q/Q) — PGLy(FF;) corresponds to a particularly
lightly ramified Galois number field of Galois group PGLy(IF7).

As a first demonstration of the methods presented in this article, we are going to
compute p and w. We thus take £ = 7 and C' the modular curve C' = X;(13), whose
Jacobian J is such that J[7] contains an Fr-subspace T}, of dimension 2 affording p.
Note that although J splits up to isogeny into the product of two copies of an elliptic
curve defined over the real subfield of the 13th cyclotomic field, this decomposition
does not occur over Q, so computing p through J is reasonable.

The [LMFEDB] informs us that C' is hyperelliptic of genus ¢ = 2 and admits the
minimal model

C:y+ (@ +o+1)y=2"+2"

We use this equation as input data; the fact that C'is hyperelliptic and is a modular
curve is completely ignored by our algorithm.

The [LMEDB] also reveals that the only (up to Galois) newform of weight 2 and
level 13 has coefficients in Q(1/—3), and provides us a few of these coefficients. By
reducing these coefficients modulo one of the primes of Q(v/—3) above 7, we get for
each prime p & {7,13} the characteristic polynomial of the image of the Frobenius
at p by p. Thanks to proposition [6.1] we can therefore look for a p such that the
points of T}, are defined over Q. for a small a € N.

We thus find that for p = 2 we must take a = 8 or 24, depending on which
of the primes above 7 we consider; for p = 3 we need a = 48 or 16 respectively,
and so on. We spot that for p = 17 we can take a = 6 for either prime above 7,
so we choose to take p = 17 and a = 6; the respective characteristic polynomials
being z? — 22 — 1 mod 7 and 2* — 2 — 2 mod 7. Choosing for instance y,(z) =
22 — 22 — 1 mod 7 (the other case being completely similar), we can now compute
mod p° a polynomial F(x) of degree 7> — 1 defining p for arbitrarily large e € N.

We take e = 32. The initialization of Makdisi’s algorithms to compute in J
at this accuracy takes about 50ms, the computation of an Fr-basis of 7}, mod p
takes 3.5s, lifting this basis to precision O(17%%) takes 5.3s, computing F-linear
combinations representing all the orbits of T, under the Frobenius takes 1.8s, and
evaluating a map J --+ A; at these points takes 4.9s. We then form the polynomial
whose roots are these values, and manage to identify its coefficients as rationals
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(experiments show that this would have failed with e = 16 instead of 32). All of
this takes less than 10ms, and we obtain the polynomial

48 190 4o 11150 44 70770 .5 192146 4, 865490 4, 3378266 4, 7718056 4, 7242790 5
- — x — x x — x x — x

F(z) == =% 4 15942242 —
11 121 121 121 121 121 121 121
161576962 3g 327843166 3, 1686874038 34 2144483118 35 3729825654 34 18688301594 53
121 121 121 121 121 121
23348747263 5, 183640041124 5, 334672016908 5, 1036146028660 o9 N 124260679100 o5 3580808205324 o
— x — xT xT — x €T
121 121 121 121 11 121
32666349081700 2 64676203524796 2% 94830437905560 5,  423358531106188 ,4  261293629597764 o,
el xT xr x _ xT xT
121 121 121 121 121
1780617009288708 o;  3884461192426292 4, N 3993080217494308 ;49  2118273836414700 g N 2868502387705524 1
x - x x — x x
121 121 121 121 121
2992809907202955 14  8017240457300370 5  1032724415961478 .,  17530455675901702 ;5  938376918522746 1,
—+ x — T =+ x =+ x —+ x
121 121 121 121 121
21242403800528794 4 6765741375874194 n 812183325256186 4 n 17495913080481536 g 5797799442355694
— x — x x xr - x
121 121 11 121 121
14434584737735526 ¢ N 1659062818893114 5 N 5000613835008606 ,  1428209615195030 5  15369117321210 ,
— xT x xT — €T — xT
121 121 121 121 11
76223729308434 18369946454903
+ T +
121 77

which is irreducible over Q and defines a number field of discriminant —74713%°.
This is a strong hint that we have correctly identified the coefficients of F'(x), and
this can be confirmed rigorously by the methods presented in [MasI8al.

By forming symmetric combinations (in this case, products) of the roots of F(z)
along vector lines in 7T},, we get the polynomial

8 5 2 410091777286 18369946454903
Gz)=z + —=x — 28694z" + x” + 2233638278z — x +
1 11 11 11 11 s

86 - 35378 ¢ 26301780 , 729484894 4
= %t —
1

which is squarefree and therefore defines the projective representation 7. Using [Pari/GP]|’s
function polredabs to find a canonical polynomial whose root field is the same as
that of G(x) yields the polynomial

Grea(r) = 2% — 2" +72° + 132 — 13

whose Galois group is indeed PGLy(F7). As predicted in [Mas18bl section 6.3], the
root discriminant of the splitting field of this polynomial is 77/813%¢ = 27.269 . . .,
which is remarkably low. Besides, half of the coefficients of this polynomial are zero;
we had encountered the same mysterious phenomenon in [MasI8bl section 5.1], and
we still have no explanation.

Remark 7.1. Of course, since C' happens to be a modular curve, we could also have
computed these representations by the techniques presented in [MasI3]. This would
actually have taken longer, mainly because of the computation of the periods of the
modular curve to high precision, and also because since these methods work over C,
we do not benefit much form the speedup introduced in section as complex
conjugation has order only 2.

7.2 The torsion of the Klein quartic

Since it is overkill to use Makdisi’s algorithms with hyperelliptic curves (where
Mumford coordinates would be much more efficient), and in order to demonstrate
the flexibility of our methods, we now experiment with the Klein quartic, given by
the affine plane model

C:2%y+y’+2=0.

This curve is isomorphic to the modular curve X (7) over Q, but again our algorithm
completely ignores this fact. It has genus g = 3, and according to [EIk99, section 2.3]
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its Jacobian J is isogenous over Q to the product of three copies of the elliptic
curve X((49), which has CM by Z [HT‘E] However, this decomposition does not

occur over Q, since not all local factors L,(x) of its L-function are perfect cubes.
Besides, C' dominates X((49), so the Galois representation afforded by the ¢-torsion
of X((49) also occurs in J[¢]. Let us take ¢ =5 for instance. By point counting, we
spot that for p = 19, the local factor L,(x) of C factors as

Lig(z) = (2 +19)(z* — 192% + 19%),

so the Galois sub-module T of J[5] on which the Frobenius at 19 has character-
istic polynomial z? 4+ 19 must be isomorphic to the 5-torsion of X(49). Besides,
luckily 22 + 19 = 22 — 1 mod 5, so we can take a = 2 only, i.e. the points of
this sub-module are defined over Qg2. Finding two points of J(IF192) forming
an Fs-basis of this sub-module takes 2.3s, lifting this basis to precision O(19%?)
takes 4.5s, forming Fs-linear combinations representing all the orbits of 7" under the
Frobenius takes 1.2s, and evaluating the resulting points takes 3.4s. This 19-adic
accuracy is sufficient to identify the polynomial

24 307088989 o3 650200367 5,  STIS61629 ) 8986152651 o 28369847905 ;o 57494206833 ¢

F(z) ==

45285641 45285641 45285641 45285641 45285641 45285641
85829376881 ;, 99861285810 15 93389301219 ;; 71688483976 ;, 46005140069 15 25177926620 15
x — x x - x x - x
45285641 45285641 45285641 45285641 45285641 45285641
12024739657 1, 5124720540 1, 1973054346 o 682322926 g 207466033 , 53995200 4 11728577 5
45285641 45285641 45285641 45285641 45285641 45285641 45285641

2073323 4 288262 3 29761 P 2049 361
- T z° — x r —
45285641 45285641 45285641 45285641 226428205

Thanks to [Pari/GP], it is easy to check that this polynomial is irreducible over Q
and defines the field of definition of a point of X((49)[5]. Of course, such a polynomial
could have been obtained much more efficiently by working directly with the elliptic
curve X(49) instead of C!

Given a prime ¢ , we can also compute the representation

pe : Gal(Q/Q) — GSp(Fy)

afforded by the whole of J[¢]; however this yields polynomials of degree £° — 1, so
we limit ourselves to ¢ < 3.

Let us start with £ = 2. By point counting, we find that the local factor at p =5
is Ls(x) = 2% 4+ 125, which factors mod 2 as (z + 1)*(2? + = + 1)?; therefore J[2] is
defined over Qs6, so we take p =5 and a = 6. Let ® be the Frobenius at 5. Getting
an Fo-basis of J[2] over Fyzs and finding the matrix of ® with respect to it takes 20s;
the rational canonical form of this matrix is the cyclic permutation matrix

00000 1
100000
010000
00100 0f€MEF)
000100
000010

which shows that the ®-module J[2] is isomorphic to Fo[Cs], and incidentally that the
isogeny J ~ X(49) cannot be defined over Q. Since J[2] is a cyclic Fo[®]-module,
we can find a lift of this basis to precision O(5%) by lifting a single well-chosen point
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and taking the translates of the result under ®; this takes 8.4s. Forming Fs-linear
combinations representing all the ®-orbits of in J[2] \ {0} takes 4s, and evaluating
the resulting points takes 11.2s. It then takes less than 0.1s to compute and identify
the polynomial

F(z) = 2% — 16125° — 11972°% — 91772°7 — 12982°6 4+ 1215202%° + 28984482%% + 24169042°% + 43339522°2 — 1686996082°1
—4767344402°° — 3399301642%° + 4460818882*® + 3028187024827 — 4473058548245 4 2053535210162%° — 707077852236244
1128322496423 — 47746239164242%2 4 2627805825680z + 96698308931842%0 + 387257300845522°° + 84184385317648°°
—2077585248837842°7 — 2880460164002423% — 1138175980440698z3° + 15016482266843682°% + 4135505241130482°>
+9874693330068982°2 + 16021004439308402°1 — 106477591856657422°° + 1634177565898409022° — 437087862911166022%
—20130340141861936227 + 735820193983828822% — 21804407903519528z2° + 5710559016151651222% — 1973641573147048223
—802099776329692402%2 + 122014915556934988z2" + 9786501086783545622C — 139902863022399122° + 958425015130260442 8
+107824065162314088z7 + 10296778053099851621° + 81363980423822628z1° — 46964208347978888z 1 — 11842872637248016212
+34046835258483488z 12 — 61791525835015592z 11 — 151364668861661808210 — 874218077515149362° — 21557279135069608°
—71522018862910623z" — 673960745674389602° — 27838001535856792x° — 13272758366940569z* — 15251476649272248z°

—2716106249233965x> + 4090304480390807x 4 1985141227354766

which is squarefree and factors over QQ into one factor of degree 1, one of degree 2,
two of degree 3, and nine of degree 6.

It turns out that these factors all define a subfield of the 7th cyclotomic field Q((7),
so, assuming that we have correctly identified the coefficients of F'(x), this means
that the field of definition of J[2] is Q({7). This is an Abelian number field, and
since 5 is a primitive root mod 7, its Galois group is generated by ®, the Frobenius
at 5. Therefore, the image of ps is cyclic of order 6 and generated by ps(®), which
is the matrix displayed above.

Finally, we redo the same computation, but with ¢ = 3. Finding a
prime p & {3,7} such that J[3] is defined over a small extension of Q, is not
straightforward since the local factor L,(x) is always a cube mod 3. In view of the
fields in presence, we try p = 43 since it is 1 both mod 3 and mod 7, and indeed a
little experimentation shows that J[3] is defined over Qyza.

Getting an F3-basis of J[3] over Fy34 takes 34s, lifting this basis to precision O(43%%°)
takes 120s, forming F3-linear combinations representing the orbits under the Frobe-
nius takes 4m, and evaluating the resulting points takes 9m20s. We obtain a poly-
nomial F'(z) of degree 728 whose coefficients are rationals with numerators of up
to 163 digits and always the same 133-digit denominator up to small primes, and
which is squarefree and factors over Q into one factor of degree 8, four of degree 24,
and thirteen of degree 48.

These factors all define subfields of a number field L of degree 48 which is Galois,
totally imaginary, and has discriminant 3274 (in particular its root discriminant
is 37/8711/12 = 15565 - - -, which is very close to the record given in table 3 p. 134
of [OdI90]).

Thanks to [Magma] and [GAP1S8], we can determine that its Galois group is a
non-Abelian nilpotent group of order 48, isomorphic to the direct product of a cyclic
group of order 3 and of the normalizer of a non-split Cartan of GLy(F3). This is
not surprising, since the image of the mod 3 representation attached to the elliptic
curve X((49) is precisely this normalizer. In fact, L turns out to be the compositum
of the real subfield Q(¢;)™ of the 7-th cyclotomic field and of the field of definition
of the 3-torsion of X((49). Besides, the factor of degree 8 of F'(x) defines the field of
definition of a point of X((49)[3], and the factors of degree 24 define the compositum
of this field and of Q({7)™.
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7.3 A higher genus example

Finally, in [MasI9], we used the methods presented in this article to compute
a GL3(IFg)-valued Galois representation afforded by a 6-dimensional Fz-subspace
of the 3-torsion of the Jacobian of a curve of genus g = 7. Unlike the previous
computations that took place on the author’s laptop, this computation took place
on a computing cluster with 32 cores provided by Warwick mathematics institute.
It only took about one hour of wall time thanks to parallelisation, which demon-
strates that our methods are also suitable to higher genera. The CPU times were
as follows: getting a basis of this 6-dimensional subspace of J(F,)[3] (with ¢ = 11
in this case) took about 2h, lifting this basis to p-adic accuracy O(1119%) took 3.5h,
forming linear combinations of these points representing all the 104 orbits under the
Frobenius at p = 11 took 6h, and evaluating these points took 12.5h.

It is interesting to note that even for such a large genus, the step of highest
complexity, namely lifting p-adically the torsion points by a combination of algo-
rithms @, , and [11] whose complexity is O(g“*?3), is actually less time-consuming
than the subsequent steps, even though their complexity is only O(¢*). This is
not so surprising, since the O(¢g**3) complexity is only due to the very last lines of
algorithm [0

In view of these encouraging results, we plan to use this new p-adic method to
try to beat the genus records set in [Masl3] for Galois representations attached to
modular forms in the near future.
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