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Defining Benford

In base 10, we define a function to be Benford when:

30% begin with the digit 1
18% begin with the digit 2
...
4.6% begin with the digit 9

� Similar results hold for any base k.
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Defining Benford

These numbers naturally arise as differences of logarithms.

30% begin with the digit 1 ⇐⇒ log10(2) − log10(1) = 0.301 . . .

18% begin with the digit 2 ⇐⇒ log10(3) − log10(2) = 0.176 . . .
...
4.6% begin with the digit 9 ⇐⇒ log10(10) − log10(9) = 0.046 . . .

� a(n) is Benford if and only if logk(a(n)) is uniformly
distributed mod 1 for all k.
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p(n) is Benford

Let p(n) = #{partitions of n}.

x d = 1 2 3 4 5 6 7 8 9

102 0.33 0.16 0.14 0.09 0.07 0.06 0.07 0.05 0.03
103 0.305 0.177 0.127 0.094 0.076 0.068 0.057 0.052 0.044
104 0.302 0.177 0.126 0.096 0.078 0.067 0.057 0.051 0.046
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓

∞? 0.301 0.176 0.125 0.097 0.079 0.067 0.057 0.051 0.046

Remark.

� Why does this hold for p(n)?

� p(n) is just one example of an infinite class of modular forms.
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Defining “good”
An Infinite Class of Good a(n)’s

General Situation

We take p(n) to a general situation.

We say that an integer-valued function a(n) is good whenever

a(n) ∼ b(n)ec(n)

and the following are satisfied:

� c(n) is h-differentiable and c(h)(n) is eventually monotonic

� lim
n→∞

n|c(h)(n)| = ∞

� lim
n→∞

D(h) log b(n)

c(h)(n)
= 0
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Our Result

Theorem (ARS 2010)

If a(n) is good, then a(n) is Benford.
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Defining “good”
An Infinite Class of Good a(n)’s

Sketch of Proof

� If f (n) is Benford and f (n) ∼ g(n), then g(n) is Benford.

� Weyl’s Criterion: a(n) is uniformly distributed mod 1 iff

lim
N→∞

1

N

N�

n=1

e2πk·a(n) = 0.

� Corollary: f (n) is uniformly distributed mod 1 whenever f (k)

is monotonic and

lim
x→∞

f (k)(x) = 0 and lim
x→∞

x |f (k)(x)| = ∞.
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Defining “good”
An Infinite Class of Good a(n)’s

Special Case of p(n)

Consider the Hardy-Ramanujan asymptotic:

p(n) ∼
1

4n
√

3
· eπ
√

2n/3

Then p(n) is good and hence Benford.
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Defining “good”
An Infinite Class of Good a(n)’s

Weakly Holomorphic Modular Forms

Let Γ ⊆ SL2(Z). Then a cusp is an equivalence class of P1(Q)
under the usual fractional linear action of Γ .

Then recall that f (z) is a weakly holomorphic modular form if its
poles are supported at the cusps of Γ .
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Defining “good”
An Infinite Class of Good a(n)’s

Generalized Result

Theorem (ARS 2010)

Suppose that M(z) is a weakly holomorphic modular form of
weight 1

2 ≥ k ∈ 1
2Z with integral Fourier coefficients and at least

one pole.
Then the nonzero coefficients of M(z) are Benford.
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Defining “good”
An Infinite Class of Good a(n)’s

More combinatorial examples

� The number, bs(n), of s-regular partitions:

∞�

n=0

bs(n)qn =
∞�

n=1

1 − qsn

1 − qn
.

� The number of partitions into parts congruent to ±g mod δ,
including the famous Rogers-Ramanujan functions

∞�

n=0

qn2+an

(q; q)n
=

∞�

n=0

1

(1 − q5n+a+1)(1 − q5n+4−a)
,

for a = 0, 1.
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Defining “good”
An Infinite Class of Good a(n)’s

Sketch of proof

� By Bringmann and Ono, we have exact formulas for modular
forms.

� Then the nonzero coefficients satisfy

m(tn + r) ∼ K (M, r , t) · (tn + r)
k−1

2 · I1−k(α(M, r , t)
√

tn + r)

� Note that

Iα(x) ∼
ex

√
2πx

· (1 +
(1 − 2α)(1 + 2α)

8x
+ . . . )
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Special Case of p(n)

Recall

m(tn + r) ∼ K (M, r , t) · (tn + r)
k−1

2 · I1−k(α(M, r , t)
√

tn + r)

Then consider for the case p(n),

p(n) = 2π(24n − 1)−3
4

∞�

k=1

Ak(n)

k
· I 3

2

�
π
√

24n − 1

6k

�
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In Conclusion

We have proved that:

� If a(n) is good, then a(n) is Benford.

� Any weakly holomorphic modular form with a pole is Benford.

� p(n) is Benford for any base b.

The following table illustrates the first three digits of p(n) in base 2

x d = 100 d=101 d=110 d=111

200 0.285 0.270 0.205 0.225
400 0.308 0.273 0.209 0.205
600 0.313 0.267 0.217 0.198
800 0.314 0.263 0.219 0.201
1000 0.315 0.262 0.220 0.200
5000 0.321 0.264 0.222 0.194

↓ ↓ ↓ ↓ ↓
∞? 0.322 0.263 0.222 0.192
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