HOMEWORK 5 SOLUTIONS

MA1132: ADVANCED CALCULUS, HILARY 2017

(1) Consider the function z = f(z,y) = xlog(ry) — /22 +y? with z = ? + 1,
y=t—1. Fmd - by using the chain rule.
Solution: We compute

X
=log(zy) + 1 — ———,
of _x Yy
Ay Yy Jrr+y?

dx
ot
dt ’
dy
1.
dt

2yt =t 3t -2t + 2
xy:t?’—t2+t—1,

241 241 t—1
:2(log(z€3—t2+t—1)+1— i >t+< L >
Vit 312 — 2t + 2 t—1 VA +3t2—-2t+2

(2) Suppose that w = f(z,y,z) = Ty? + sin (y) tan z — 2223 and x = 2r + s, y = st,
z=r—t. Find %—i’f.
Solution:

Using a tree diagram, the chain rule for this situation becomes
8w oy 0z
fm fya + fza
Now, we directly Compute that
() cos (252)
=y2 + ——tanz — — /st i s ) ” tan(r —t) — 3(r — t)*(2r + s)?
Y
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L eos <£> 2 2r + s) cos (22
fy = SE. gy tan z = rts | ) (St)tan(r—t)7

2\/& 5242

2
f. = sec? zsin (g) — 222 = sec*(r — t) sin ( I S) —2(r —t)(2r + s)?,
Ox
9
or ’
dy
ar =
0z
-
or ’
and so
2r+s
881: (\/_ + — - o ( ) tan(r —t) — 3(r — t)*(2r + s)2>
2
+ (secQ(r — t)sin ( L jf_ S) —2(r—t)(2r + 8)3) :
s
o .
(3) Find aﬁé b=z, 1o for f(x,y) = zy + 9%, x = rcosd, y = rsind.

Solution: We start with the first derivative with respect to 9. Using
af _ofox  Of dy
09 0z dY ' dy oY’

fw = y7
fy =T + 2y7
g—g = —rsin?,
g—g = rcos 1,
we have
of .
9= " sin(d)y + r cos I(x + 2y)

= —r?sin® ¥ + r cos(V) (r cos ¥ + 2 sin )
=72 (0082 ¥ — sin® 9 + 2sin ¥ cos 19) .
Thus, differentiating one more time with respect to 9, we find
0? 0
8_1920 =39 (r2 (c08219 — sin® 9 + 2Sin7900819)) =72 (—2811119(:0819 — 2sin1 cos ¥ + 2 cos* 1) — 2sin? 19) )
(Note that if you use the very general formula for second partial derivatives with
respect to ¥ on a surface expressed in polar coordinates which we gave in class,
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then you will get the same answer, but it is much simpler in specific examples!)
Plugging in ¥ = /2, r = /3, we obtain

3-(—2) = —6.

Find the directional derivative of f(z,y,z) = ijygi in the direction of the line in
the plane z = 0 which makes an angle of 7/3 with the z-axis (in the direction

of increasing z) as well as in the direction of the vector (1,2,3) at the point

(1,-1,1).
Solution:
We have
g Yzt
T (P
= y(y2z + 3wyz + 27)
(R Cr
Pt
o (r—yP)Y

Vf = (fza fy7 fz)
In any direction pointing in the direction of a unit vector w, the directional
derivative D, f(1,—1,1) is equal to Vf(1,—1,1) - u = (0,1/2,—1/2) - u. In the
first case, a unit vector pointing in the direction of increasing x making an angle
of /3 with the z-axis in the x — y plane is

(cos(m/3),sin(7/3)),

and so the unit vector pointing in the specified direction is
1 \/_
2727

Duf(1,—1,1) = (0,1/2,1/2) - (; \é_ >:

which gives

V3
R

In the second case we need a unit vector which points in the same direc-
tion as (1,2,3). To find this, we just divide by the length of (1,2,3), which is
V12 422 + 32 = /14. That is,

~(1,2,3)
V14

and so
1

(0,1/2,-1/2) - (1,2,3) = —

W
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(5) Find a unit vector pointing in the direction in which f increases the fastest at
the point (1,1), when

N

flx,y) ==

y
How fast is f increasing in this direction?
Solution: We compute

2 5
r°+y2

fz: B

z%y

3y3 + 222
fo=—

21>
At (1,1), we plug into the partial derivatives above to get

V(L1 = (2,-5/2)
v, =Y

The function f increases the fastest in the direction of V f(1,1), a unit vector in
the direction of which is

L Vi _( 4
VAL

5
Va1’ \/41> '
The rate of increase in this direction is

Duf(1,1) = [v5(1, 1) = Y2
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