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1 Introduction to Banach algebras

1.1 Definitions and examples
Let us adopt the convention that all vector spaces and Banach spaces are
over the field of complex numbers.

1.1.1 Definition. A Banach algebra is a vector space A such that

(i). A is an algebra: it is equipped with an associative product (a,b) — ab
which is linear in each variable,

(ii). A is a Banach space: it has a norm || - || with respect to which it is
complete, and

(iii). A is a normed algebra: we have ||abl| < ||a| ||b|| for a,b € A.

If the product is commutative, so that ab = ba for all a,b € A, then we say
that A is an abelian Banach algebra.

1.1.2 Remark. The inequality [|ab|| < |la| ||b]| ensures that the product is
continuous as a map A x A — A.

1.1.3 Examples. (i). Let X be a topological space. We write BC'(X) for
the set of bounded continuous functions X — C. Recall from [FA 1.7.2]
that BC(X) is a Banach space under the pointwise vector space oper-
ations and the uniform norm, which is given by

171l = sup|f(=)l. € BO(X).

The pointwise product

(f9)(x) = f(x)g(x), f,9€ BCX), veX

turns BC(X) into an abelian Banach algebra. Indeed, the product is
clearly commutative and associative, it is linear in f and g, and

1791l = ilel)lglf(iv)l lg(x)| < sup [f(z1)[ - sup [g(z2)] = £ [lgll-

r1€X r2€X

If X is a compact space, then every continuous function X — C is
bounded. For this reason, we will write C'(X) instead of BC'(X) if X
is compact.



(ii).

(ii).

If A is a Banach algebra, a subalgebra of A is a linear subspace B C A
such that a,b € B = ab € B. If B is a closed subalgebra of a
Banach algebra A, then B is complete, so it is a Banach algebra (under
the same operations and norm as A). We then say that B is a Banach
subalgebra of A.

Let D={z€C:|z|<1}and D = {z € C: |z| < 1}. The disc algebra
is the following Banach subalgebra of C'(D):

A(D) = {f € O(D): f is analytic on D}.

. The set Cy(R) of continuous functions f: R — C such that

ILm flz) = EIEl f(z)=0.

This is a Banach subalgebra of BC'(R).

. Let (*(Z) denote the vector space of complex sequences (a,)nez in-

dexed by Z such that [ja|| = >_, ., |a,| < co. This is a Banach space
by [FA1.7.10]. We define a product * such that if a = (a,)nez and
b = (bp)nez are in £*(Z) then the nth entry of a * b is

(axb), = Z Dy -

meZ

This series is absolutely convergent, and a * b € (*(Z), since

o bll = @ 0)al = 3= |37 b
< Z || | = Z [ Z |brm—n| = lal| [|b]] < oco.

It is an exercise to show that * is commutative, associative and linear
in each variable, so it turns ¢}(Z) into an abelian Banach algebra.

i). If X is a Banach space, let B(X) denote the set of all bounded linear

operators T': X — X with the operator norm

1T = sup [Tz

veX, [lz]<1

By [FA 3.3], B(X) is a Banach space. Define a product on B(X) by
ST = SoT. This is clearly associative and bilinear, and if z € X with
|z|]| <1 then

1(ST)al| = [1S(Tx)[| < [[SINT]] < |SIIT]

so [[ST] < IS|IIT|l. Hence B(X) is a Banach algebra. If dim X > 1
then B(X) is not abelian.



1.2 Invertibility

1.2.1 Definition. A Banach algebra A is unital if A contains an identity
element of norm 1; that is, an element 1 € A such that 1la = al = a for all
a € A, and ||1|| = 1. We call 1 the unit of A. We sometimes write 1 = 14 to
make it clear that 1 is the unit of A.

If A is a unital Banach algebra and B C A, we say that B is a unital
subalgebra of A if B is a subalgebra of A which contains the unit of A.

1.2.2 Examples. Of the Banach algebras in Example 1.1.3, only Cy(R) is
non-unital. Indeed, it is easy to see that no f € Cy(R) is an identity element
for Cyp(R). On the other hand the constant function taking the value 1 is the
unit for BC'(X), and A(D) is a unital subalgebra of C'(D). Also, the identity
operator [: X — X, z — x is the unit for B(X), and is it not hard to check
that the sequence (0,,0)nez is the unit for £1(Z).

1.2.3 Remarks. (i). An algebra can have at most one identity element.

(ii). If (A, ]| - ||) is a non-zero Banach algebra with an identity element then
we can define an norm |- | on A under which it is a unital Banach
algebra such that | - | is equivalent to || - ||, meaning that there are
constants m, M > 0 such that

mla| < |la|| < Mla| for all a € A.

For example, we could take |a| = ||L,: A — A|| where L, is the linear
operator L,(b) = ab for a,b € A.

1.2.4 Definition. Let A be a Banach algebra with unit 1. An element a € A
is invertible if ab = 1 = ba for some b € A. It’s easy to see that b is then
unique; we call b the inverse of a and write b = a~!.

We write Inv A for the set of invertible elements of A.

1.2.5 Remarks. (i). Inv A forms a group under multiplication.

(ii). If a € A is left invertible and right invertible so that ba = 1 and ac = 1
for some b, c € A, then a is invertible.

(iii). If @ = be = ¢b then a is invertible if and only if b and ¢ are invertible.

It follows by induction that if b,...,b, are commuting elements of A
(meaning that bb; = b;b; for 1 <4, j < n) then biby...b, is invertible
if and only if by, ..., b, are all invertible.

(iv). The commutativity hypothesis is essential in m For example, if
(en)n>1 is an orthonormal basis of a Hilbert space H and S € B(H) is
defined by Se,, = €,41, n > 1 and S* is the adjoint of S (see [FA 4.18])
then S*S is invertible although S* and S are not.
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1.2.6 Examples. (i). If X is a compact topological space then

InvC(X)={feC(X): f(z) #0 for all z € X}.

Indeed, if f(x) # 0 for all x € X then we can define g: X — C,
x — f(z)~'. The function g is then continuous [why?] with fg = 1.
Conversely, if € X and f(z) = 0 then fg(x) = f(x)g(x) = 0 so
fg# 1forall g € C(X), so f is not invertible.

. If X is a Banach space then

InvB(X) C {T € B(X): kerT = {0}}.

Indeed, if ker T" # {0} then T is not injective, so cannot be invertible.

If X is finite-dimensional and ker7" = {0} then by linear algebra,
T is surjective, so T' is an invertible linear map. Since X is finite-
dimensional, the linear map 7! is bounded, so T is invertible in B(X).
Hence

InvB(X)={T € B(X): ker T ={0}} if dimX < oc.

On the other hand, if X is infinite-dimensional then we generally have
InvB(X) C {T € B(X): kerT = {0}}. For example, let X = H be
an 1nﬁn1te d1mens1ona1 Hilbert space with orthonormal basis (e;,)n>1.
Consider the operator T' € B(H) defined by

Te, = %en, n > 1.

It is easy to see that ker "= {0}. However, T is not invertible. Indeed,
if S € B(H) with ST = I then Se,, = S(nTe,) = nSTe, = ne,, so

|Sen]] =n — 0o as n — oo

and so S is not bounded, which is a contradiction.

1.2.7 Theorem. Let A be a Banach algebra with unit 1. If a € A with
la|| <1 then 1 —a € Inv A and

(1—a)” ia”

n=0

Proof. Since |a™|| < [la||™ and ||a]| < 1, the series ) > a™ is absolutely
convergent and so convergent by [FA 1.7.8], say to b € A. Let b, be the nth
partial sum of this series and note that

b(l—a)=(1-ab,=(1-a)(l+a+a*+-+a")=1-a"" -1
asn —00. Sob(l—a)=(1—a)b=1andsob=(1—a)" O
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1.2.8 Corollary. Inv A is an open subset of A.

Proof. Let a € Inv A and let r, = |[a™?||~'. We claim that the open ball
B(a,r,) = {b € A: |la—b|| < r,} is contained in Inv A; for if b € B(a,r,)
then |la — b|| < r, and

b=(a—(a—0b))a'a=(1—-(a—0ba)a.

Since |[(a — b)a™ || < r4lJa™t|| < 1, the element 1 — (a — b)a™! is invertible
by Theorem [1.2.7. Hence b is the product of two invertible elements, so is
invertible. This shows that every element of Inv A may be surrounded by an
open ball which is contained in Inv A, hence Inv A is open. n

1

1.2.9 Corollary. The map 6: InvA — InvA, a — a™" is a homeomor-

phism.
Proof. Since (a=')™! = a, the map 0 is a bijection with § = 6~!. So we only
need to show that 6 is continuous.

If a € InvA and b € InvA with [la — b|| < 3[la*||" then using the
triangle inequality and the identity

al—bt=atb—a)™? (%)
we have
15~ < fla™ =07l +lla™ " < lla™ [ Hla=bll o~ 1+ lla™ | < 316~ I+ {la™",
so [[b7Y] < 2|la™!||. Using (%) again, we have
16(a) = 0®)]| = lla™ = o~ < lla™ [l = bl 167 < 2[la™"[|*la — b,

which shows that 6 is continuous at a. O

1.3 The spectrum

1.3.1 Definition. Let A be a unital Banach algebra and let a € A. The
spectrum of a in A is

o(a) =04(a) ={Ae€C: A\l —a & Inv A}.

We will often write A instead of A1 for A € C.



1.3.2 Examples. (i). We have o(A1) = {\} for any \ € C.

(ii).

(ii).

Let X be a compact topological space. If f € C(X) then

o(f)=f(X)={f(z): z € X}.
Indeed,

Aeo(f) <= M —f&InvC(X)
<= (Al — f)(z) = 0 for some x € X, by Example 1.2.6(i)
<= A= f(z) for some z € X
< A€ f(X).

If X is a finite-dimensional Banach space and T' € B(X) then
o(T) ={X € C: X\ is an eigenvalue of T'}.
Indeed,

ANeo(T) < T —\¢InvB(X)
<= ker(A\] —T) # {0} by Example[1.2.6(ii)
<= (M —T)(x) =0 for some nonzero x € X
<= Tz = Az for some nonzero x € X

<= )\ is an eigenvalue of T

If X is an infinite-dimensional Banach space, then the same argument
shows that o(T") contains the eigenvalues of T', but generally this in-
clusion is strict.

We will need the following algebraic fact later on.

1.3.3 Proposition. Let A be a unital Banach algebra and let a,b € A.

(i).

(i).

If1—abeInv A then 1 —ba € Inv A, and

(1—ba)™' =1+b(1—ab) a.

o(ab) \ {0} = o(ba) \ {0}.

Proof. Exercise. m



To show that the spectrum is always non-empty, we will use a vector-
valued version of Liouville’s theorem:

1.3.4 Lemma. Let X be a Banach space and suppose that f: C — X is
an entire function in the sense that W converges in X as g — A, for
every A € C. If f is bounded then f is constant.

Proof. Given a continuous linear functional ¢ € X* let g =po f: C — C.
Since g(“) (’\) = ¢( (“) f(k)) and [g(A\)] < |lg|l I f(A)]], the function g is entire
and bounded By L10uv111e s theorem it is constant, so p(f(\)) = ¢(f(r))
for all ¢ € X* and A\, € C. By the Hahn-Banach theorem (see [FA 3.8]),
F(A) = f(u) for all A, € C. So f is constant. O

1.3.5 Theorem. Let A be a unital Banach algebra. If a € A then o(a) is a
non-empty compact subset of C with o(a) C{\ € C: |\| < |la]|}.

Proof. The map i: C — A, A — X\ — a is continuous and
o(a) ={A€C:i(\) gInvA} =C\ i '(Inv A).

Since Inv A is open by Corollary 1.2.8 and i is continuous, ! (Inv A) is open
and so its complement o(a) is closed.

If [A| > ||a|| then A—a = A(1—=X"ta) and ||A"tal| = |A\|7!||a]| < 1so A—ais
invertible by Theorem[1.2.7, so A € o(a). Hence o(a) C {\ € C: |A| < ||al|}.
In particular, o(a) is bounded as well as closed, so o(a) is a compact subset
of C.

Finally, we must show that o(a) # 0. If o(a) = 0 then the map

R:C—A M= (\—a)"
is well-defined. It not hard to show using that

R(1) — R()

N = —R(\)R(p) for A\, € C with X\ # pu.

Corollary/1.2.9/shows that R is continuous, so we conclude that R is an entire
function (with derivative R'(\) = —R(\)?).

Now [[R(A)[| = I(A = a)7!| = [A|7H|(1 = A7'a) 7! and 1 — A"'a — 1 as
|A| = oo so, by Corollary 1.2.9, (1 — A'a)™' — 1. Hence |R()\)| — 0 as
A — 0.

Hence R is a bounded entire function, so it is constant by Lemma[1.3.4;
since R(\) — 0 as |A\| — oo we have R(\) = 0 for all A € C. This is a
contradiction since R(\) is invertible for any A € C. O



The next result says that C is essentially the only unital Banach algebra
which is also a field.

1.3.6 Corollary (The Gelfand-Mazur theorem). If A is a unital Banach
algebra in which every non-zero element is invertible then A = Cly4.

Proof. Let a € A. Since o(a) # () there is some A € o(a). Now Al—a ¢ Inv A,
so A\l —a=0and a=A\1 e Cl. O

1.3.7 Definition. If a is an element of a unital Banach algebra and p € C[z]
is a complex polynomial, say p = Ag + A1z + -+ - + A\, 2" where Ao, A1, ..., A\,
are complex numbers, then we write

pla) = Aol + Ma+ -+ A\a”.

1.3.8 Theorem (The spectral mapping theorem for polynomials). If p is a
complex polynomial and a is an element of a unital Banach algebra then

a(p(a)) = p(a(a)) = {p(A): A € o(a)}.

Proof. If p is a constant then this immediate since o(A1) = {A}. Suppose
that n = degp > 1 and let € C. Since C is algebraically closed, we can
write

p—p=CA —2)...(\y — 2)
for some C, \y,..., A\, € C. Then

pw—pla) =C(A —a)...(\, —a)
and the factors A\; — a all commute. So

€ o(pla)) <= u—pl(a) is not invertible
<= some \; — a is not invertible (by Remark'1.2.5(iii))
<= some \; is in o(a)
<= o(a) contains a root of u —p
<= u = p(A) for some X € o(a). O

1.3.9 Definition. Let A be a unital Banach algebra. The spectral radius of
an element a € A is

ra) = raz) = suwp A
A€o a(a)

1.3.10 Remark. We have r(a) < ||a|| by Theorem [1.3.5



1.3.11 Examples. (i). If X is a compact topological space and f € C(X),
then

r(f) = sup [Al= sup [A[=[f].
reoa(f) AeF(X)

(ii). To see that strict inequality is possible, take X = C? with the usual
Hilbert space norm and let 7' € B(X) be the operator with matrix
(8%). Since det(T"— AI) = X2, the only eigenvalue of 7" is 0 and so
o(T) = {0} by Example[1.3.2(iii). Hence r(T)=0<1=|T|.

1.3.12 Theorem (The spectral radius formula). The spectral radius of an
element of a unital Banach algebra is given by

n”l/n n”l/n‘

r(a) = lim [la”" [ = inf [la
Proof. If A € o(a) and n > 1 then A" € o(a") by Theorem[1.3.8. So |A\|* <
|a”|| by Theorem [1.3.5, hence |[A| < ||a*||"/" and so 7(a) < inf,sq ||a”||"/".

Consider the function
S:{ e C: [N <1/r(a)} = A, A (1—Xa)™".

Observe that for |\| < 1/r(a) we have r(Aa) = |\|r(a) < 1 by Theorem [1.3.8]
so 1 — Aa is invertible and S(\) is well-defined. We can argue as in the
proof of Theorem [1.3.5 to see that S is holomorphic. By Theorem [1.2.7|
we have S(A) = > 7 A" for |A\| < 1/|all. If ¢ € A* with ||p|| = 1
then the complex-valued function f = ¢ o .S is given by the power series
JO) = > yp(am)A™ for || < 1/|lal|. Moreover, f is holomorphic for
|A| < 1/r(a), so this power series converges to f(\) for |A\| < 1/r(a). Hence
for R > r(a) we have

1 )
"= — d\
p(a”) 21 Jiz-1/m A+l

and we obtain the estimate

1 2
LR sup |@(S(N)| < RPM(R)

pa")| < =
pla™) < 55 o

where M(R) = supy_y,x [[S(A)||, which is finite by the continuity of S on
the compact set {\ € C: |A\| = 1/R}. Since S(A\) # 0 for any A in the domain
of S, we have M(R) > 0. Hence

lim sup [|a"||*/" < limsup RM(R)Y" = R
n>1 n>1
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whenever R > r(a). We conclude that

r(a) < inf ||a®]|Y™ < liminf ||a”||*™ < limsup ||a"||"" < r(a)
n>1 n>1 n>1

and the result follows. O

1.3.13 Corollary. If A is a unital Banach algebra and B is a closed unital
subalgebra of A then ra(b) = rg(b) for allb € B.

Proof. The norm of an element of B is the same whether we measure it in B
or in A. By the spectral radius formula, 74(b) = lim,,>; ||0”||'/" = rp(b). O

While the spectral radius of an element of a Banach algebra does not
depend if we compute it in a subalgebra, the spectrum itself can change. We
explore this in the next few results.

Suppose that A is a unital Banach algebra and B is a unital Banach
subalgebra of A. If an element of b is invertible in B, then it is invertible
in A; so InvB C BN InvA. However, this inclusion may be strict, as the
following example shows.

1.3.14 Example. Recall that A(D) is the disc algebra of continuous func-
tions D — C which are holomorphic on . Note that, by the maximum

modulus principle, sup. [ f(2)| = supyepoor |f(e”)]. Hence |[f[| = ||f|zl,
and the map A(D) — C(T), f + fl|r is a unital isometric isomorphism. So
we may identify A(D) with A(T) = {f|r: f € A(D)}, which is a closed unital
subalgebra of C(T).

Consider the function f(z) = z for € D. This is not invertible in A(D)
since f(0) = 0. Hence f|r is not invertible in A(T). However, f is invertible

in C(T) with inverse g: ¢? — e~. So Inv A(T) € A(T) N Inv C(T).

1.3.15 Definition. If A is a unital Banach algebra then a subalgebra B C A
with 1 € B is said to be inverse-closed if Inv B = BN Inv A; that is, if every
b € B which is invertible in A also has b~! € B.

Clearly, if B is an inverse-closed unital subalgebra of A then o5(b) = 04(b)
for all b € B.

If K is a non-empty compact subset of C then exactly one of the connected
components of C\ K is unbounded. The bounded components of C \ K are
called the holes of K. If A is a unital Banach algebra and a € A, let us write

Ry(a) =C\oa(a) ={A€C: A —a € Inv A}.

This is sometimes called the resolvent set of a. Note that the bounded
connected components of Ra(a) are precisely the holes of g4(a).
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1.3.16 Theorem. Let B be a closed subalgebra of a unital Banach algebra A
with 1 € B. If b € B then og(b) is the union of o4(b) with zero or more of
the holes of o 4(b). In particular, if 04(b) has no holes then og(b) = g4(b).

Proof. Since Inv B C Inv A we have Rp(b) C R4(b), and so c4(b) C op(b),
for each b € B. We claim that Rp(b) is a relatively clopen subset of R4 (b).
Since op(b) is closed by Theorem [1.3.5) Rp(b) is open. The map

it Ra(b) = A, A= (A —0b)""
is continuous by Corollary 1.2.9, and
Rp(b) ={Xx € Ra(b):i(A\) = (AN =b)"' € B} =i\ (B).

Since B is closed, Rp(b) is closed.

If G is a connected component of R4(b) then G N Rp(b) is either () or
G. For otherwise, since Rg(b) is clopen, GN Rp(b) and G \ Rp(b) would be
proper clopen subsets of the connected set G, which is impossible. If G is
the unbounded component of R4(b) then, since op(b) is bounded, we must
have G Nog(b) = (. The bounded components of R4(b) are precisely holes
of o4(b). Hence

o5(b) = oa(b) U J{G ahole of 04(b): GNop(b) # 0}.

If o4(b) has no holes then this reduces to og(b) = g4(b). O

1.3.17 Definition. Let A be a Banach algebra. If S C A then the commu-
tant of S'in A is

S'"={a€ A:ab=ba for all b e S}.

The bicommutant of S in A is S” = (57)".
A set S C A is commutative if ab = ba for all a,b € S. Hence S is
commutative if and only if S C 5.

1.3.18 Lemma. Let A be a Banach algebra. If T C S C A, then T" D S’.
Moreover, S C S" and S = S".

Proof. Exercise. O]
1.3.19 Proposition. Let A be a unital Banach algebra and let S C A.

(i). S is a closed, inverse-closed unital subalgebra of A.

(i1). If S is commutative then so is B = S”, and og(b) = o4(b) for all
be B.
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Proof. (i) Since multiplication is continuous on A, it is easy to see that the
commutant S’ is closed. Clearly 1 € §’, and using the linearity of multi-
plication shows that S’ is a vector subspace of A, and it is a subalgebra by
associativity. If b € S"NInv A then be = ¢b for all ¢ € S, so cb™! = b~1c for
allc€ S,sob !t €S and 9’ is inverse-closed.

(ii)) We have S C S’ s0 S" 2 S” and S” C S"” by Lemma[1.3.18. Hence
B = 5" is commutative. Moreover, B is an inverse-closed subalgebra of A
by (i), so op(b) = g(b) for all b € B. O

1.3.20 Definition. Let A be a Banach algebra without an identity element.
The unitisation of A is the Banach algebra A whose underlying vector space
is A@C with the product (a, A)(b, u) = (ab+Ab+pa, Ap) and norm ||(a, A)|| =
llal| + |A| for a,b € A and A, € C. Note that A is then a unital Banach
algebra containing A (or, more precisely, A x {0}).

1.3.21 Definition. If A has no identity element and a € A, then we define
oa(a) = oz(a). In this case we have 0 € o(A) for all a € A.

1.3.22 Remark. With this definition, many of the important theorems
above apply to non-unital Banach algebras, simply by considering A instead
of A. In particular, it is easy to check that non-unital versions of Theo-
rems [1.3.5][1.3.8/ and 1.3.12 hold.

1.4 Quotients of Banach spaces

Recall that if K is a subspace of a complex vector space X, then the quotient
vector space X /K is given by

X/K={z+K:zeX}

with scalar multiplication AM(z + K) = Az + K, A€ C, z€ X

and vector addition (z+ K)+ (y+ K)=(z+y)+ K, z,ye X, AeC.

The zero vector in X/K is 0+ K = K.

1.4.1 Definition. If K is a closed subspace of a Banach space X then the
quotient Banach space X/K is the vector space X/K equipped with the
quotient norm, defined by

|z + K|| = inf ||z + k||
keK
1.4.2 Proposition. Let X be a Banach space and let K be a closed vector
subspace of X. The quotient norm is a norm on the vector space XK, with

respect to which X/ K is complete. Hence the quotient Banach space XK is
a Banach space.
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Proof. To see that the quotient norm is a norm, observe that:

e ||z + K| > 0 with equality if and only if km}f(“m + k|| = 0, which is
S

equivalent to x being in the closure of K; since K is closed, this means
that € K so x + K = K, the zero vector of X/K.

o If A € C with A\ # 0 then
ANz + K)| = inf [[Mx + k| = |\ inf ||z + A"k
keK keK
= ALt [lz + K| = [Al [l + K.
€K

e The triangle inequality holds since K = {s+¢: s,t € K} and so

Iz + K) + (y + K)|| = lla+y + K| = Inf |z +y + k]
= S}tléfKHx—l—y—i-s—i-tH
< inf ||z + s|| + inf ||y +¢||
seEK teK

= [l + K[ +ly + K.

It remains to show that X/K is complete in the quotient norm. For any
xr € X, it is not hard to see that:

(i) if € > 0 then there exists k € K such that ||z + k|| < |Jz+ K|| +¢; and
(i) ||l + K| < [|z] (since 0 € K).

Let z; € X with 772 [|z; + K|| < oo. From observation (i), it follows
that there exist k; € K with » 72 [|z; + k|| < oo, so by [FA 1.7.8] the series

> ;21 @j + kj converges in X, say to s € X. By observation (ii),

oo (Tt = (=) 2] < =T v
j=1 j=1 Jj=1

as n — 00, SO Z;; xj + kj; converges to s + K. This shows that every ab-
solutely convergent series in X/K is convergent with respect to the quotient
norm, so X/K is complete by [FA 1.7.8]. O

—0
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1.5 Ideals, quotients and homomorphisms of Banach
algebras

1.5.1 Definition. An ideal of a Banach algebra A is a vector subspace [
of A such that for all x € I and a € A we have ax € [ and xa € 1.

1.5.2 Definition. Let I be a closed ideal of a Banach algebra A. The
quotient Banach algebra A/I is the quotient Banach space A/l equipped
with the product (a +1)(b+ 1) =ab+ I for a,b € I.

1.5.3 Theorem. If I is a closed ideal of a Banach algebra A then A/I is a
Banach algebra. If A is abelian then so is A/1. If A is unital then so is A/1,
and 1A/I =14+1.

Proof. We saw in Proposition that A/I is a Banach space. Just as
for quotient rings, the product is well-defined, since if a; + 1 = ay + I and
b1—|—I = b2+[ then a1 —ag € I and bl—bg € [, SO al(bl—bg)+(a1—a2>b2 el
and so

(a1b1—|—1) — (a2b2+[) = CL1b1 —a262+I: al(bl —bz)+(a1 —ag)b2+I: I,

hence a1by + I = asbs + I. It is easy to see that this product is linear in each
variable.
Let a,b € A. We have

la+I][jo+ Il = inf fla+y[[|b+ 2|

> inf [(a+y)(b+2)| (by LLI(iii) in A)
Y,z

= inf |jab+ (az + yb+ yz)||
y,z€l

> in§ lab+ x|| (since az + by +yz € I for all y, z € I)
TE

= [lab+ 1]l = [[(a + D)(b+ D)]|

Hence the inequality [1.1.1(iii) holds in A/, and we have shown that A/I is
a Banach algebra.

If A is abelian then (a+ I)(b+ 1) =ab+ 1 =ba+ 1= (b+1)(a+I) for
all a,b € A, so A/I is abelian. The proof of the final statement about units
is left as an exercise. ]

1.5.4 Definition. A proper ideal of a Banach algebra A an ideal of A which
is not equal to A. A maximal ideal of A is a proper ideal such which is not
contained in any strictly larger proper ideal of A.
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1.5.5 Lemma. Let A be a unital Banach algebra. If I is an ideal of A, then
I is a proper ideal if and only if I NInv A = ().

Proof. We have 1 e InvA,soif INInvA=(then1¢1I,sol+# Aand I is
a proper ideal. Conversely, if INInv A # @, let be INInv A. If a € A then
a= (ab~")b € I, since I is an ideal and b € I. So I = A. O

1.5.6 Theorem. Let A be a unital Banach algebra.

(i). If I is a proper ideal of A then the closure I is also a proper ideal of A.
(i1). Any mazimal ideal of A is closed.

Proof. (i) The closure of a vector subspace of A is again a vector subspace.
If a € A and z, is a sequence in I converging to = € I then az, — ax and
T,a — xa as n — 00. Since each ax,, and x,a is in I, this shows that ax and
za are in I, which is therefore an ideal of A.

Since I is a proper ideal we have I NInv A = () by Lemma [1.5.5] Since
Inv A is open by Corollary 1.2.8| this shows that I NInv A = ) so I # A.

(ii) Let M be a maximal ideal. Since M C M and M is a proper ideal
by (i), we must have M = M, so M is closed. O

1.5.7 Remarks. (i). Since we know a few results about ideals of rings,
we would like to apply these to ideals of Banach algebras. Any unital
Banach algebra A may be viewed as a unital ring R by ignoring the
norm and scalar multiplication. However, there is a difference in the
definitions: ideals of R are not required to be linear subspaces (since
R has no linear structure) whereas ideals of A are. However, the two
definitions turn out to be equivalent if A is unital. Indeed, an ideal
of the Banach algebra A is clearly an ideal of the ring R. Conversely,
if I is an ideal of the ring R then since A1 € R for A € C we have
Ax =Ml -x €l forall x € I,sol is a vector subspace of A with the
ideal property. So [ is an ideal of A.

(ii). By [FA 2.16], any proper ideal of a unital Banach algebra A is contained
in a maximal ideal of A.

1.5.8 Definition. Let A and B be Banach algebras. A homomorphism from
A to B is a linear map 6: A — B which is multiplicative in the sense that
0(ab) = 0(a)d(b) for all a,b € A.

The kernel of such a homomorphism 6 is the set

kerf = {a € A: 0(a) = 0}.
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If A and B are unital Banach algebras, we say that a homomorphism
0: A— B is unital if 0(14) = 1p.

A bijective homomorphism #: A — B is an isomorphism. If such an
isomorphism exists then the Banach algebras A and B are isomorphic. It is
easy to see that if 6 is an isomorphism then so is 071,

1.5.9 Remark. If §: A — B is a non-zero homomorphism of Banach al-
gebras then ker is an ideal of A, which is proper unless § = 0. If 4 is
continuous then ker @ is a closed ideal of A.

1.5.10 Remark. We usually say that two objects are isomorphic if they
have the same structure; that is, if they are the same “up to relabelling”.
However, if two Banach algebras A and B are isomorphic then this tells us
that they have the same structure as algebras, but not necessarily as Banach
algebras, since the norms may not be related.

The strongest notion of “the same Banach algebra up to relabelling” is
isometric isomorphism. Two Banach algebras A and B are isometrically
isomorphic if there is an isomorphism 6: A — B which is also an isometry,
meaning that ||f(a)|| = ||a|| for all @ € A (compare with [FA 1.3.8]).

1.5.11 Examples. (i). If A is a non-unital Banach algebra then the map
0: A— A, a— (a,0) from Definition 1.3.20 is an isometric homomor-
phism. Hence §(A) is a Banach subalgebra of A which is isometrically
isomorphic to A.

(ii). The map A(D) — A(T), f — f|r from Example [1.3.14 is a unital

isometric isomorphism.

1.5.12 Proposition. Let A and B be unital Banach algebras and let 6: A —
B be a unital homomorphism.

(i). 0(Inv A) C Inv B, and 6(a)™! = 0(a™") for a € Inv A.
(i1). For all a € A we have o4(a) 2 op(f(a)).
(111). If 0 is an isomorphism then c4(a) = op(0(a)) for all a € A.

Proof. (i)Ifa € Inv A then 6(a)f(a™') = 0(aa™) = 0(1) = 1and 0(a)0(a) =
O(a"ta) = 0(1) = 1, so O(a) is invertible in B, with inverse #(a™!).

(i) If A € op(0(a)) then A —0(a) = (A —a) €InvBso A —a & Inv A
by (i). Hence A € g4(a).

(iii) Since 7! is a homomorphism, by (ii) we have
oa(a) = 0a(07(0(a))) € op(0(a)) C oa(a),

and we have equality. O]
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