Problem session solutions

1. Write the following permutations as a product of disjoint cycles:

(a)(é234§>

1 2 4

1 2 3 45
(b)(5432 1)
(C>12345678

8 23 56 714

. 123 45) 123 45\
Solution (5 1 9 4 3) = (153 2), (5 43 9 1) = (1 5)(2 4) and
123456 78
<8 2356 7 1 4)_<184567)'

2. Write the following permutations as a product of disjoint cycles, and in 2-row
notation:
(a) (327 4)(7), as an element of Sy
(b) (1235)(453), as an element of S
(c) (12)(351),as an element of S5
(d) (16)(15)(14)(13)(12), as an element of S;

Solution (a) (32

) (327 4)(7)=(3274), since (7) is the identity permutation, and
1 2
(3274) <1 -

7
345 6 78
235 6 4 8)

(b) (1235)(453) = (1234)(5):(1234):(; g i ‘11 g)
(@(12)(351):(1352):@ Lo g)
(d) (16)(15)(14)(13)(12):(123456):@ S ;)

3. Recall thatif @ € S,, and k € Nthen of = @ o---0q. Let us call a cycle non-trivial

k times

if it is not the identity mapping.

(a) Find a cycle « such that o? is the product of 3 non-trivial disjoint cycles.

(b) Find a cycle a such that a'? is the product of 4 non-trivial disjoint cycles.

Solution (a) For example, if « = (1 2345 6) € Sg, then o = (1 4)(2 5)(3 6).
(b) For example, if « = (123 ... 19 20) € Sy, then
— (113517 9)(2 14 6 18 10)(3 15 7 19 11)(4 16 8 20 12).

4. If S is any set, a permutation o € Sym(S) is said to be a cycle if there are finitely
many elements ay,...,a; € S with a(a;) = aj41 for 0 < j < k and a(a;) = a4,
and a(z) =z if v & {ay, ..., ax}.

Consider the mapping o: Z — Z, n+— n+ 1. Explain why o € Sym(Z) and show
that « is not equal to a composition of a finite number of cycles.



Solution We have a(n) = a(m) <= n+1l=m+1 < n =m, so ais
one-to-one, and if m € Z then m — 1 € Z and a(m — 1) = m, so « is onto. Hence
a € Sym(Z).

Suppose that « is a composition of finitely many cycles, say

a=pofBro---0f0,
for some n > 1, where each (; is a cycle.
[We will show that this leads to a contradiction, so that this cannot be possible.|

Consider a fixed ¢+ with 1 < ¢ < n. Since Z is infinite and [; only moves finitely
many elements of Z, there is an integer m; € Z such that §;(x) = x for all x € Z
with z > m;.

Now let m = max{my,...,m,}. We have 8;(m) = m for each i with 1 <i <n, so
m+1=a(m)=(f1o0y0---00,)(m)=m,

which is a contradiction. So o cannot be a composition of finitely many cycles.



