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1. Let n € N and consider the group (S, o).
(a) [6 marks] Explain what it means to say that a permutation « € S, is even, and
prove that if o are (3 are two even permutations in S,,, then a0 ( is also even.

(b) [2 marks] Consider the permutation v = (128 4)(4 3 2)(5 7)(1 42 3) in Ss. Is

~ an even permutation?

(c) [6 marks] Write v as a product of disjoint cycles, and determine the subgroup

H = (y)

of Sg.

(d) [6 marks] Show that H x H is not a cyclic subgroup of Sg x Sg.

2. Let P=R?={(}): =,y € R} denote the plane. Fix an integer n > 3. Let Q,, be the
regular polygon in P with n vertices on the unit circle, one of which is at (). Let (G, o)

be the symmetry group of @, so that G = D,,, the dihedral group of order 2n.
Let .: P — P be the identity mapping, let r: P — P be given by reflection in the
x-axis, and let p: P — P be the mapping of anticlockwise rotation by 27 /n radians.
(a) [4 marks] List the elements of G, writing each element using one or more of the
mappings ¢, p and r.

(b) [5 marks] Find a subgroup of G of order n, and two different subgroups of G of

order 2.
(c) [5 marks] Prove that the relation ~ on P defined by
p~q <= JaeG:alp) =¢q

is an equivalence relation.

(d) [6 marks] Show that the equivalence class [(§ )]~ is the set of vertices of (,,, and

find an equivalence class containing 2n elements.
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3. (a) [8 marks] State and prove Lagrange's theorem.

(b) [6 marks] Show that if G is any group, then G is isomorphic to Zsg if and only if
|G| = 29.

(c) [6 marks] List all abelian groups of order 996, up to isomorphism. State the theo-

rem you are using.

4. Let G be a group.

(a) [3 marks] Explain what is meant by a normal subgroup of G.

(b) [10 marks] If N is a normal subgroup of GG, define the quotient group G/N. As
part of this, you should give the definition of the usual operation on G/N and

prove that it is a well-defined group operation.

(c) [7 marks] Give an example of a non-abelian group G and a normal subgroup N
of G such that G/N is abelian, but G/N is not cyclic. Explain why your answer

is correct.
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