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X Yang-Baxter equation

History:

0 Particle physics: factorization cond. for the dispersion
matrix in the 1-dim. n-body problem (McGuire, Yang, 60’).

0 Statistical mechanics: partition function for exactly
solvable lLattice models (Baxter, 70’), quantum inverse
scattering method for completely integrable systems
(Faddeev et al., 1979).

0 Field theories: factorizable S-matrices in 2-dim.
quantum field theory (Zamolodchikov, 1979), conformal
field theory.

O Quantum groups (Drinfel’d, 80").
0O C* algebras (Woronowicz, 80').

0 Low-dimensional topology.
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Theorem (L. 2013): M®T(V)®N carries a family of
differentials 5(%B) = x* + B &*, «,p k.
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differentials 5(%B) = x* + B &*, «,p k.
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O Functoriality.

O Interpretation in terms of quantum shuffles (Rosso, 1995).
O Duality ~ a cohomology theory.

0 Pre-cubical structure.
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Theorem (L. 2013): M®T(V)®N carries a family of
differentials 5(%P) = x* + p&*, «,p k.

Remarks:

[0 Functoriality.

O Interpretation in terms of quantum shuffles (Rosso, 1995).
O Duality ~ a cohomology theory.

0 Pre-cubical structure.

[0 Degeneracies:

Braided coalgebra: br. v. sp. (V,0) & A:V—-VQ®YV s.t.

-l A 9-Y

(Cf. Reidemeister moves for knotted 3-valent graphs!)

Theorem (L. 2013): ALL §(®B) restrict to 3, Im(Ay).
~ normalization
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@ Associative algebras
(V,-, 1) s.t.

Associativity: T
(w-v) - w=u-(v-w)
Unit axiom: m =
Tlv=v-1=v
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Unit axiom:
T-v=v-1=v

~  ‘“YAssociativity braiding”
‘(TASSI\/’@WH]@\)-W‘
g YBE for oposs <=  associativity for
(un. ax.)

\s
Proof:
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@ Associative algebras

(Vy5 1) ~ ‘GASSZ\)@WH]@V-W‘

U {YBE for oass <=  associativity for }

(un.ax.)

0 A fully faithful functor Alg—Br, |

0 Duality: Alg——Br,+«—colAlg.

U o0ass©0ass =0ass = highly non-invertible.

0 Braided modules for (V, ocass) «— modules for (V, - 1).

O [Aass:vir T@v| ~ braided coalgebra.

0 Braided homologies for (V, oass) include
O bar; 0 Hochschild; O group.
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Leibniz algebras

(V, [1,1) s.t.

Leibniz identity: [v,[w,u]] = [[v,w],u] — [[v,u],w];

Lie unit axiom: [1,v] =[v,1] =0.
(Bloh 1965, Loday & Cuvier 1991: a non-commutative
generalization of Lie algebras.)

~ “Leibniz braiding” ‘oLei:v®w»—>w®v+l®[V,W]‘

(Lie un. ax.)

O A fully faithful functor .

[ orei IS invertible.

0 [YBE for op.i <=  Leibniz identity for []}

0 Braided mod. for (V, oiei) «— anti-symmetric Leibniz
mod. for (V,[], 1).
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O Suppose that V=V’'a@kl, [V,V/]CV’. Then
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3X Alg. structures via braidings
Leibniz algebras

(V, [], 1) s.t. [v,[w,u]] =[[v,w],u] —[[v,u],w], [1,v] =, 1] =0.

~ “Leibniz braiding" oLei:v®w»—>w®v+l®[V,W]‘

O Suppose that V=V’'a@kl, [V,V/]CV’. Then

Alei:veTavival,veV: T—1®1|turns (V,orei) into a
braided coalgebra.

0 Braided homologies for (V, o1 i) include Leibniz homology.

Lei Vi—= (M®T(V),dei) Cuvier-Loday
anti- anti-
symm. symm.

Lie Vi—— (M®A(V),dcg) Chevalley-Eilenberg

O Explains the choice of the Lift of the Jacobi identity.
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(©) Self-distributive structures

b a<lb C,.~b'f<']'c~.(f1<b)<c C._b.ﬁg-.tq.<c)<(b<c)
coLorlngs f // '
/ by (S, <) : L oRm 4
: e
. /S" .
“SD braldlng” " & - / |
losp: (a,b) — (b,a<ib)| e ab/c

YBE +—— RII <+— (a<b)<c=(a<c)<(b<c) (SD)
Jocn ¢— RII  +— a~—a<b bijective (Inv)
$= +—— RI <+— a<a=a (Idem)

@

‘ASD. aH(a,a)‘
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(©) Self-distributive structures
b a<1b

coLorlngs Joyce, Matveev. 1982:
/ by (S,<) [knot invariants cptarings quandle
pos. braids RIII +— (a<b)<dc=(a<c)<(b«c) shelf
braids RII <+— a+—a<b bijective rack
knots RI +— a<a=a quandle

Ex.: O Conjugation quandles: (group G,g<h=h"'gh)
coloring rule «— Wirtinger presentation rule,

colorings <+ Rep(m; (R3\K),G).
0 Dihedral quandles: (Zn,a<<b=2b—aqa)
colorings «<— n-Fox colorings.
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@ Self-distributive structures

diagrams:
colorings:

coloring sets:
counting invariants:

D
C
Col (D)
#Col5(D)

R-mov
>
ord

1
—

O

Question: Extract more information?
Idea: Some “weight” w s.t. w(€)=w(C’)
= {w(@)|Ceccos(D)}={w(C)|C" € cols(D")}.
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@ Self-distributive structures

diagrams:
colorings:

coloring sets:
counting invariants:

D
C
Col (D)
#Col5(D)

R-mov
>
ord

O

1
—

Question: Extract more information?
Idea: Some “weight” w s.t. w(€)=w(C’)
= {w(@)|Ceccos(D)}={w(C)|C" € cols(D")}.

Answer: quandle cocycle invariants (Carter-Jelsovsky-

Kamada-Langford-Saito 1999).

$:SXS A ~

Boltzmann weight:

e

Dl

e/

Col (D)
#Cols(D’)

wep(€) =) +d(a,b)
X
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Rack & quandle cohomology theories
(Fenn-Rourke-Sanderson 1995, Carter et al. 1999)

Motivation:

O {wg(C)ICe cols(D)} yields a braid / knot invariant when ¢

is a rack / quandle 2-cocycle;

O this invariant is trivial when ¢ is a coboundary;
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(©) Self-distributive structures

Rack & quandle cohomology theories
(Fenn-Rourke-Sanderson 1995, Carter et al. 1999)

Motivation:

O {wg(C)ICe cols(D)} yields a braid / knot invariant when ¢

is a rack / quandle 2-cocycle;

O this invariant is trivial when ¢ is a coboundary;

0 adding coefficients allows to color diagram regions:

a
msie M2 Al we(€) = 3 +lm,a,b)
T T 1 1 m
WX

O everything generalizes to K™ ! — Rrnt1,

Inspiration: (Co-)homology theories for associativity.
Question (Przytycki): Explain the parallels between the
associative and the SD worlds?

Answer: Common braided interpretation.
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@ Self-distributive structures

Shelf (S, <) ~ |osp: (a,b) — (b,a<b)|

g [YBE for ogsp < SD for <1]

O A fully faithful functor [Shelf <—>Brj-

O ogp is invertible <= (S, <) is a rack.

0 Braided modules for (V, osp) +— rack modules for (S, <).

O |Asp:ar(a,a)| ~ weak braided coalgebra if (S, <) is a
quandle.

O Braided homologies for (V, osp) include rack, quandle,
and other SD homologies.
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Question: How to treat more complicated structures?

Braided system: Vj,Va,...,V; and " :V;®V; = V;0V;, i<j,
satisfying the colored Yang-Baxter equation (CYBE):

/ J /
J])k o Oji)k o 0-11'3] — O-;J o G%)k o o_]zyk Q/ (/j
-

I -
V1®Vj®vk —>Vk®Vj®Vi, 1<j<k Vi V]. \2 Vi Vj Vi

The collection (¢') satisfying cYBE is a multi-braiding.

Left braided V-module: p'}
(M, (pi: M®V; — M) Rl NG

MV, MV, V;

Theorem (L., 2013): M®T(V;)®---®T(V;)®N carries a
family of differentials §(®B) = x* + &, «,p ck.
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/ \\ A b
OH,H = >\ Ops Hr = < OH,H» = 2]
JAKS ev )

h®l— <l(1),h(2)>1(2) ®h(])

U {YBE on HeH*®@H* <«=  bialgebra compatibiLity}

(un. ax.)

O A fully faithful functor [*Bialg — ;Brsyst;].

U | oy, p- is invertible <= H is a Hopf aLgebra].

0 Braided modules +— Hopf modules over H.
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Finite-dim. bialgebra H ~» (H,H°P ,H* (H*)°P;...).
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A fully faithful functor *Bialg — ;BrSyst.,.

Braided modules «<— Hopf bimodules over H.

Application:

Hopf bimodules are modules over the Heisenberg double
' (H) =HgH*
Cibils-Rosso 1998: "Hopf bimodules are modules” over
2 (H)=HHP)®@(H*® (H*)°P)
Panaite 2002: “Hopf bimodules are modules over ..."”
% (H) =H*#(H°P @ H)#(H*)°P &
Z'(H)=(H*® (H*)°P)x (H°P @ H)
Theorem (L. 2013): Hopf bimodules are modules over
41 =24 pairwise isomorphic algebras.

Braided homologies include the Ospel-Taillefer theory.
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braided modules usual modules

(multi-)braiding <« algebraic structure
BrSyst « BStruc
(c)YBE <« the defining relations
invertibility <« algebraic properties
&
)

braided hom. theory usual hom. theories

Other "braidable” structures:

O module algebras (Yau);

0 Yetter-Drinfel’d modules (Panaite-Stefan);

O (non-commutative) Poisson algebras (Fresse);
O multiple conjugation quandles (Ishii)

knotted d

H />
handle-bodies %
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&4 A braided version of YD modules

YD module over a braided system (C,A;07):
OO vector space M;

O right action p of (A; oA A);
O right coaction & of (C; oc,c);

& a “nice” m:C—A

[0 compatibility: ~ braiding ogyp:
M C M C p
5 L o ()_/CA T 7T
p ) ’ 1)
M A M A
Examples:

0 YD modules over a Hopf algebra ~ oyp;

[0 representations of a crossed module of groups ~
Bantay'’s braiding (2010);

0 shelf ~ osp;

O representations of a crossed module of shelves /
Leibniz algebras ~ new braidings (L.-Wagemann 2015).
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