TCD - Hilary term 2017 MA3416: Group Representations

Quiz 1: Representations and characters of finite groups

Exercise 1. Consider the map
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8.

P 7 — MatQXQ(C),

'_>1a
a 0 1)

Show that it defines a representation of the group Z (with the addition operation +).
What is the degree of p?

Prove that p has precisely one sub-representation of degree 1.

Is this sub-representation isomorphic to a representation we have already seen?

Give the definition of an irreducible representation. Is p irreducible?

Give the definition of an indecomposable representation. Is p indecomposable?

Under what condition is an indecomposable representation of a group G necessarily irre-
ducible?

Compute the character of p.

Solution.

1.

7.
8.

First, the matrices ((1) ‘f) are all invertible. Second, p is a group morphism: p(a + b) =

((1) “J{b) = ((1) i‘) (é l{) = p(a)p(b). So p is a group morphism Z — Mat;,,(C), that is, a
representation.

2, since Mat}, ,(C) = Autc(C?).

The 1-dimensional sub-space (C(é) is a sub-representation: « - ((1)) = (é ‘f) (5) = (6)
Suppose that (C2, p) has another sub-representation V' = C(?j), with y # 0 (otherwise it
coincides with the first one). Then (é %)(;) - (Z) eV, ie., (g) € V. But (g) is not

a scalar multiple of (Z)

It is isomorphic to the trivial representation.

An irreducible representation V' is a representation having precisely two sub-reps: {0}
and V itself. Our p is not irreducible, since it has a third sub-rep. (C([l)).

An indecomposable representation V' is a representation having precisely two direct sum-
mands: {0} and V itself. Our p is indecomposable: its non-trivial decompositions should
have the form V =V} @& V4, with dimc(V;) = 1, but we have proved that it has only one
1-dimensional sub-rep.

When G is finite.

For all a € Z, x*(a) = tr(p(a)) = tr(§§) =2

Exercise 2. Recall that for any group GG, the C-vector space CG can be seen as a representation
of G in two ways:

e g-ep = ey, (the left regular representation py.y);

® g-ep = epg—1 (the right regular representation prreg).

1.
2.

Compute the characters of these representations.
Use the result to compare the two representations.



Solution.

1.

2.

Both representations are particular cases of permutation reps, so their characters can be
computed by counting the fixed points for the corresponding action:

x72(g) = #{h € G| gh = h} = #G3,,
Xp'r'reg(g> — #{h c G ’ hgil = h} = #G(Sg’l

The two representations are isomorphic since their characters coincide.

Exercise 3.

1.
2.

State Schur’s lemma.

Consider a representation V' of an abelian group GG. Show that for any g € G, the map
v+ g - v is a G-linear automorphism of V.

Assume that G is finite abelian and V is irreducible. Using Schur’s lemma and the
previous point, show that any v € V' generates a sub-representation Cv of V.

4. Deduce that V = Cuv for any v € V', v # 0.
5. Conclusion: Determine the possible degrees of an irreducible representation of a finite
abelian group.
Solution.
1. Let ¢ be a morphism between irreps V, W of a finite group G. Then:
(a) ¢ is an isomorphism or ¢ = 0;
(b) if V=W, then ¢ = A1dy for some X € C.
2. By the definition of a rep., v — ¢ - v is a C-linear automorphism of V. Let us show
G-linearity: Yh € G, g-(h-v) = gh-v=hg-v="h-(g-v). We used the definition of reps
in terms of G-actions, and the commutativity of G.
3. For any g € GG, the G-linear automorphism v — g - v of our irrep. V' should be of the

4.
d.

form v — agv for some a, € C* (Schur’s lemma). This means that Vv € V,Vg € G,
g-v =040 € Cv. So Cv is a sub-rep. of V.

Since V is irreducible, its non-zero sub-rep. is necessarily the whole V.

By the previous point, it has to be 1.



