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Qualgebra colorings

Quandle colorings of knots

b a<b

\/ colorings
4 by (5,<)

a b
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Qualgebra colorings

Quandle colorings of knots
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Qualgebra colorings

Quandle colorings of knots

¢  b<c a<b)<c ¢ b<c (a<16)<(b<16)

S

b a<b

\/ colorings
4 by (5,<)

a b

RIH

RII o (a<ib)<ic=(a<ic)<I(b<ic) (SD) |
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Qualgebra colorings

Quandle colorings of knots

c bac a<b)<c ¢ bac (a<C)<(b<C)

S

\/ colorings
d by (S5,<)

RIII

RIII « (a<db)<c=(a<c)<d(b<c) (SD)
RII < a—a<bisinvertible (Inv)
RI. o a<a=a (Idem)
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Qualgebra colorings

Quandle colorings of knots

¢ b<c a<b)<c ¢ bac (a<C)<(b<C)
\/ colorings >
s by (5,<)
a R

a b
RIII <« (a<b)<c=(a<c)<(b<c) (SD) quandle
RII <« awa<bisinvertible (Inv) (1982 D.Joyce,
RI — a<a=a (Idem) S.Matveev)

Example
Group G ~ (G,g<th=h"1gh).

o
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Qualgebra colorings

Quandle colorings of knots

¢ b<c a<b)<c ¢ b<c (a<C)<(b<C)
\/ colorings S
" by (5,<)
a R
<1
a b
RII < (a<b)<c—(a<ic)<a(b<c) (SD) quandle
RII <« ar—a<bisinvertible (Inv) (1982 D.Joyce,
RI o a<a=a (Idem) S.Matveev)
- Example
knot invariants <~ quandle |
Group G ~ (G,g<<h=h""gh).

v
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Qualgebra colorings

Knotted 3-valent graphs

Kinoshita- Terasaka ®-curve standard ©-curve

AT

A
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Qualgebra colorings

Reidemeister moves for knotted 3-valent graphs

1989 L.H.Kauffman, S.Yamada, D.N.Yetter:

Victoria LEBED (OCAMI, Osaka) Qualgebras and 3-graphs

KIW37

5/ 18



Qualgebra colorings

Reidemeister moves for knotted 3-valent graphs

1989 L.H.Kauffman, S.Yamada, D.N.Yetter:

KRV, «~ non-rigid vertices
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Qualgebra colorings
Extending quandle colorings to 3-valent graphs?

Approaches:

Xl G is a group;
at! PEa 33 =1

(1995 C.Livingston;
a vertex constant version
of m1(R3\I))
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Qualgebra colorings

Extending quandle colorings to 3-valent graphs?

Approaches:
S G is a group; (1995 C.Livingston; .
% 3 a vertex constant version
att £ Natt & =1 of 71 (R\I'))
JEn S is a symmetric quandle; (2007 .
*® )\ atl=ga1=73 T.Fleming-
atl atl Vxe$, ((x<a)<a)<a=x B.Mellor)
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Qualgebra colorings

Extending quandle colorings to 3-valent graphs?

Approaches:
S G is a group; (1995 C.Livingston; .
® 5 a vertex constant version
att /N gt a=1 of 11 (R3\I"))

S is a symmetric quandle; (2007

aJ_rl .
® +1 )\ +1 atl=aa =73 -|I3_.|I\:/||e|rrmg_
ot VxeS$, (x<a)<a)<da=x Mellor)

(2012 Ishii-lwakiri-Jang-Oshiro;

gtlptletl — 1

c i ;
o | )\ b G is a group; G-family of quandles)
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Qualgebra colorings

Extending quandle colorings to 3-valent graphs?

Approaches:
S G is a group; (1995 C.Livingston; .
% 3 a vertex constant version
att /o Natt & =1 of m1(R3\I)
atl S is a symmetric quandle; EI_2(|):(|)7 :
® +1 )\ +1 atl=aa1=3; rleming-
a*t at ¥xeS, (x<a)<a)ga=x | B-Mellor)
U e | g e
® 1, b atlptlctl =1 yord

¢ S is a quandle; (2010
% )\ 11 N 1o 41 M.Niebrzydowski)
a b VxeS, ((x<tta)<ttb)<ttc=x
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Well-oriented 3-graphs: only zip /*\ and unzip Y vertices.
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Well-oriented 3-graphs: only zip /*\ and unzip Y vertices.

WinZie 2013

«O>» «Fr «=>»
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Qualgebra colorings

Orientation

Well-oriented 3-graphs: only zip /*\ and unzip \K vertices.

)

(£

WinZip 2013
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Qualgebra colorings

Orientation

Well-oriented 3-graphs: only zip /*\ and unzip \K vertices.

=17
\E =
winZie 2013

—

Proposition: Every 3-graph admits a well-orientation.
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Qualgebra colorings

Orientation

Well-oriented 3-graphs: only zip /*\ and unzip \K vertices.

2

b

I
o1

J

WinZie 2013

Proposition: Every 3-graph admits a well-orientation.

Unoriented 3-graph —— { its well-orientations }.
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Qualgebra colorings

Qualgebra colorings for knotted 3-valent graphs

b\/ 39b colorings
N, by (S
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Qualgebra colorings

Qualgebra colorings for knotted 3-valent graphs

b\/ 39b colorings
3 ' b by (S,<,#) bec (a<ib)<ic pec a<i(bec)
J G
*C
aeb a Y b » ﬂ) (
2 fj\\ b b 4
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Qualgebra colorings

Qualgebra colorings for knotted 3-valent graphs

b\/ 39b colorings
a K b by (S,<],0) bec (a<ib)<ic bec a<l(bec)
J G
*C
aeb a b » ﬂ, (
)\ Y /
a b b

RIV < (a<b)<c=a<(bec)
RIV. & (aeb)<c=(aec)<d(bec)
RV <« aeb=be(a<b)
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Qualgebra colorings

Qualgebra colorings for knotted 3-valent graphs

colorings
by (S5,<,9)

b a<ib
<

bec (adb)<ic

RIV «
RIV o
RV —

(a<ib)<ic=a<1(bec)
(aeb)<ic=(aec)<a(bec)
aeb=be(a<b)

Victoria LEBED (OCAMI, Osaka)

Qualgebras and 3-graphs

bec a<l(bec)

j /

RIV ( bec
“—>

c a b C

& qualgebra
(Inv),

(Idem) quandle algebra
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Qualgebra colorings

Qualgebra colorings for knotted 3-valent graphs

b\/ 39b colorings
3 ~ b by (S,<,#) bec (a<ib)<ic pec a<i(bec)

j /

RIV ( bec
a4 “—>
/

a p c a p c
qualgebra

RIV < (a<b)<c=a<(bec) & ,

RIVV < (aeb)<dc=(aec)<a(bec) | (Inv),

RV « aeb=be(a<b) (Idem)

quandle  algebra

: : lori
3-graph invariants one qualgebra
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Qualgebra colorings

Qualgebra colorings for knotted 3-valent graphs

b\/ 39b colorings
3 ' b by (S,<,#) bec (a<ib)<ic pec a<i(bec)

) G
*C
j\a:b aYb V (ﬂ)
/
a’ b b a c a c

RIV < (a<b)<c=a<(bec) & , qualgebra
RIVV < (aeb)<dc=(aec)<a(bec) | (Inv),
RV. o aeb=be(aab) (Idem) quandle  algebra

Related construction

1986 P.Dehornoy: augmented RDS & RD-monoids;
braided Thompson groups (braids with “close” strands).
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Group G ~ group qualgebra QA(G):=(G,g<h=h"lgh,geh=gh).

v
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Group qualgebras

Group qualgebras

Example 1
Group G ~» group qualgebra QA(G):=(G,g<<h=h"1gh,geh=gh).

QA(G)-colorings o Wirtinger Hom (71 (R3\K), G)

presentation
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Group qualgebras

Group qualgebras

Example 1
Group G ~» group qualgebra QA(G):=(G,g<<h=h"tgh,geh=gh).

QA(G)-colorings o Wirtinger Hom(m; (R3\K), G)

presentation

abstract level | quandle axioms
group level conjugation
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Group qualgebras

Group qualgebras

Example 1
Group G ~» group qualgebra QA(G):=(G,g<<h=h"tgh,geh=gh).

QA(G)-colorings o Wirtinger Hom(m; (R3\K), G)

presentation

abstract level | quandle axioms qualgebra axioms
group level conjugation conjugation/multiplication interaction
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Group qualgebras

Group qualgebras

Example 1
Group G ~» group qualgebra QA(G):=(G,g<<h=h"tgh,geh=gh).

QA(G)-colorings o Wirtinger Hom(m; (R3\K), G)

presentation

abstract level | quandle axioms qualgebra axioms
group level conjugation conjugation/multiplication interaction
Example 1’

Group G & subset X © G ~ the sub-qualgebra of QA(G) generated by X.
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Group qualgebras

Computation example

Isosceles colorings:

/I\.a a \/ a
a a aea
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Group qualgebras

Computation example

Kinoshita- Terasaka ®-curve standard ©-curve

1/—(\" -

A

#{isosceles Q —colorings of O} = #Q
#{isosceles Q —colorings of Ox7} =#{(x,y) € @ x Q|(*)}

(yey)<x = (xex)<y
xAysy) = y<& (%)
x<ly = y<(xex)
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Group qualgebras

Computation example

#{isosceles Q — colorings of ©} = #Q
#{isosceles Q — colorings of Ox7} = #{(x,y) € Q x Q|(*)}

(yoy)dx = (xex)<y
xd(yey) = y<x (*)
xdy = y<(xex)

Pairs (x,x) satisfy (x).
We look for Q(G)-colorings with x # y.
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Group qualgebras

Computation example

#{isosceles Q — colorings of ©} = #Q
#{isosceles Q — colorings of Ox7} = #{(x,y) € Q x Q|(*)}

(yoy)dx = (xex)<y
xd(yey) = y<x (*)
xdy = y<(xex)

Pairs (x,x) satisfy (x).
We look for Q(G)-colorings with x # y.
Try x3=y3 =1: (x) & (xyx = yxy).
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Group qualgebras

Computation example

#{isosceles Q — colorings of ©} = #Q
#{isosceles Q — colorings of Ox7} = #{(x,y) € Q x Q|(*)}

(yoy)dx = (xex)<y
xA(yey) = y<Ax (%)
x<dy = y<(xex)

Pairs (x,x) satisfy ().

We look for Q(G)-colorings with x # y.

Try x3=y3 =1: (x) & (xyx = yxy).

In S4, take x = (123), y = (432): one has xyx = yxy = (14)(23).
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Group qualgebras

Computation example

#{isosceles Q — colorings of ©} = #Q
#{isosceles Q — colorings of Ox7} =#{(x,y) € Q x Q|(x)}
(yoy)dx = (xex)<y
xAyey) = yAi (+)
xdy = y<(xex)
Pairs (x,x) satisfy (x).
We look for Q(G)-colorings with x # y.
Try x3=y3 =1: (x) & (xyx = yxy).
In S4, take x = (123), y = (432): one has xyx = yxy = (14)(23).
Conclusion:
#{isosceles Q(S4) — colorings of O} = #Q,
#{isosceles Q(S4) —colorings of Ox1} > #Q.
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a<tb=a and any commutative ¢
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a<tb=a and any commutative ¢

~» abstract graph invariants.

<O «Fr o« [ > Q>



Examples

Trivial and free examples

Example 0
a<tb=a and any commutative ¢ ~» abstract graph invariants.

Example oo
Quandle @ ~ an associative qualgebra (S5(Q), <, concat).

S@=| Qn/(...,a,b,...) —(...ba<ib,...)

n=1
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Examples

Trivial and free examples

Example 0
a<tb=a and any commutative ¢ ~» abstract graph invariants.

Example oo
Quandle @ ~ an associative qualgebra (S5(Q), <, concat).

S@=| Qn/(...,a,b,...) —(...ba<ib,...)

n=1

Example: (a,b)<(c,d)=((a<ic)<d),(b<c)<d)).
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Examples

Trivial and free examples

Example 0
a<tb=a and any commutative ¢ ~» abstract graph invariants.

Example oo
Quandle @ ~ an associative qualgebra (S5(Q), <, concat).

S@=| Qn/(...,a,b,...) —(...ba<ib,...)

n=1

Example: (a,b)<(c,d)=((a<ic)<d),(b<c)<d)).

Question: Which quandles can be “qualgebralized”?
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Examples

Trivial and free examples

Example 0

a<tb=a and any commutative ¢ ~» abstract graph invariants.

Example oo
Quandle @ ~ an associative qualgebra (S5(Q), <, concat).

S@=| Qn/(...,a,b,...) —(...ba<ib,...)

n=1

Example: (a,b)<(c,d)=((a<ic)<d),(b<c)<d)).

Question: Which quandles can be “qualgebralized”?
Negative example: dihedral quandle (Z,,a<1b=2b—a).

(a<ib)<dc=2c—2b+a
a<i(bec)=2(bec)—a

Victoria LEBED (OCAMI, Osaka) Qualgebras and 3-graphs KIW37
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Examples

Small examples

Example 4

Non-trivial qualgebra structures on Q@ ={p,q,r,s}?

Description: put p=q,q=p,r=r,s=s;
x<r=X, x <1y = x for other y;
¢ is commutative,
rex=rfor x#r, rer=ses=s,
peq=s, pep=9geqe{p,q,s}
pes=qese{pq,s}.
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Examples

Small examples

Example 4
Non-trivial qualgebra structures on Q@ ={p,q,r,s}?

Description: put p=q,q=p,r=r,s=s5s;

x<r=X, x <1y = x for other y;
+ is commutative, ~ 9 structures.
rex=rfor x#r, rer=ses=s,

peg=s, P’PZQ’qe{p’q’s}’
pes=qese{p,q,s}.
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Examples

Small examples

Example 4
Non-trivial qualgebra structures on Q@ ={p,q,r,s}?

Description: put p=q,q=p,r=r,s=s5s;

x<r=X, x <1y = x for other y;
+ is commutative, ~ 9 structures.
rex=rfor x#r, rer=ses=s,

peg=s, P’PZQ’qe{p’q’s}’
pes=qese{p,q,s}.

% Not cancellative = do not come from groups.
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Examples

Small examples

Example 4
Non-trivial qualgebra structures on Q@ ={p,q,r,s}?

Description: put p=q,q=p,r=r,s=s5s;

x<r=X, x <1y = x for other y;
+ is commutative, ~ 9 structures.
rex=rfor x#r, rer=ses=s,

peg=s, P’PZQ’qe{p’q’s}’
pes=qese{p,q,s}.

% Not cancellative = do not come from groups.
% Two are associative: pes=qges=s, pep=qgeqe{p,s}.
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Examples

Small examples

Example 4
Non-trivial qualgebra structures on Q@ ={p,q,r,s}?

Description: put p=q,q=p,r=r,s=s5s;

x<r=X, x <1y = x for other y;
+ is commutative, ~ 9 structures.
rex=rfor x#r, rer=ses=s,

peg=s, P’PZQ’qe{p’q’s}’
pes=qese{p,q,s}.

% Not cancellative = do not come from groups.
% Two are associative: pes=qges=s, pep=qgeqe{p,s}.
% Three have neutral elements.
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Examples

Small examples

Example 4
Non-trivial qualgebra structures on Q@ ={p,q,r,s}?

Description: put p=q,q=p,r=r,s=s5s;

x<r=X, x <1y = x for other y;
+ is commutative, ~ 9 structures.
rex=rfor x#r, rer=ses=s,

peg=s, P’PZQ’qe{p’q’s}’
pes=qese{p,q,s}.

% Not cancellative = do not come from groups.
% Two are associative: pes=qges=s, pep=qgeqe{p,s}.
% Three have neutral elements.

% None are unital associative.
Victoria LEBED (OCAMI, Osaka) Qualgebras and 3-graphs KIw37 14 / 18
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Cocycle invariants

Qualgebra cocycle invariants for knotted 3-valent graphs

a<ib

Victoria LEBED (OCAMI, Osaka)

b 7a<b a b
/\) —yx(ab) t\ ——yx(ab)
a b

aeb
/*\ —A(a,b) Yb —>—A(a,b)
a b aeb

Qualgebras and 3-graphs

KIW37
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Cocycle invariants

Qualgebra cocycle invariants for knotted 3-valent graphs

b a<ib a b
a ag

aeb
/*\ —A(a,b) Yb —>—A(a,b)
a b aeb

A(b,c) j
oc
x(a<ib,c) > RV, (

x(ab) -/
a
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Cocycle invariants

Qualgebra cocycle invariants for knotted 3-valent graphs

b _ja<ib @ b
S x(ab) >—y(a,b)
(\b LR A(b,c)

RIV & x(abec)=y(ab)+y(a<b,c)
RIVV <  y(aeb,c)+A(ab)=

x(a,c)+x(bc)+Ala<ic,b<c)
RV o x(ab)+A(b,a<ib)=A(a,b)
RII & y(ab)+y(a<b,c)=yx(a<ic,bc)+x(ac)
RI o« x(a,a)=0
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Cocycle invariants

Qualgebra cocycle invariants for knotted 3-valent graphs

b a<lb a b
\) —1x(ab) hS ——x(ab)
G b b \a<1b AM(b,c) j / x(a,bec)
x(a<ib,c) P R, <
x(ab) -/ Abrc)

RIV <  y(abec)=y(ab)+yx(a<b,c)
RIVV <  y(aeb,c)+A(ab)=

x(a,c)+x(b,c)+A(a<c,b<c) 2-cocycle
RV o x(ab)+A(ba<ib)=A(a,b)

qualgebra
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Cocycle invariants

Qualgebra cocycle invariants for knotted 3-valent graphs

b a<ib a b
a ag

—AMa,b) Yb +>—A(a,b)
aeb

RIV o y(abec)=yx(ab)+yx(a<b,c)

RIVV <  y(aeb,c)+A(ab)=
x(a,c)+x(b,c)+A(a<c,b<c) 2-cocycle

RV o x(ab)+A(ba<b)=A(ab)

A(b,c) j
oc
x(a<ib,c) > RV, (

x(ab) -/
a

x(a,bec)

qualgebra

. - lori
3-graph invariants oLNEE qualgebra & 2-cocycle

weights
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Cocycle invariants

Qualgebra cocycles: example

Q={p,q,r,s} x<r=X, x <1y = x for other y;
¢ is commutative,
rex=rfor x#r, rer=ses=s,
pep=q*qe{p,q,s}, peqg=s,
pes=qese{p,q,s}.
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Cocycle invariants

Qualgebra cocycles: example

Q={p,q,r,s} x<r=X, x <1y = x for other y;
¢ is commutative,
rex=rfor x#r, rer=ses=s,
pep=q*qe{p,q,s}, peqg=s,
pes=qese{p,q,s}.

The space of 2-cocycles is 8-dimensional:

x(p,r)+x(q,r)=0, x1(x,y) =0 for other (x,y),
Axoy)=Ay.x),  Mp,r)=A(g.r)=x(p.r),
A(p,p) —A(q,q9) =2x(p.r) —x(pep,r),

A(p,s) —A(q,s) = x(p,r) —x(pes,r).
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Cocycle invariants

Qualgebra cocycles: example

Q={p,q,r,s} x<r=X, x <1y = x for other y;
¢ is commutative,
rex=rfor x#r, rer=ses=s,
pep=q*qe{p,q,s}, peqg=s,
pes=qesc{p.q,s}.
The space of 2-cocycles is 8-dimensional:
x(p,r)+x(q,r)=0, x1(x,y) =0 for other (x,y),
Axy)=My.x),  Mp,r)=Alg,r) = x(p,r),
A(p,p) —A(q,q9) =2x(p.r) —x(pep,r),
Mp,s) = Ma,s) = x(p.r) —x(pes,r).

The space of 2-coboundaries is 4-dimensional.
Victoria LEBED (OCAMI, Osaka) Qualgebras and 3-graphs KIW37
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Cocycle invariants

Qualgebra cocycle invariants: diverse questions

Two-coboundaries

¢:5—=2~  x(ab)=¢(a<ib)—¢(a),
Ma, b) = p(aeb) —¢(a) — p(b).
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