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Qualgebra colorings

Part 1:
How a Knot T heorist Would

Invent Qualgebras
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Qualgebra colorings

Quandle colorings of knots

a b

b a�b

colorings
by pS ,�q

a b c

c b�c pa�bq�c

a�b

RIII
ÐÑ

a b c
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a�c

b�c

quandle

(1982 D.Joyce,

S.Matveev)

knot invariants
colorings

; quandle
Example
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Qualgebra colorings

Knotted 3-valent graphs

Kinoshita-Terasaka Θ-curve standard Θ-curve

Victoria LEBED (OCAMI, Osaka) Qualgebras and 3-graphs KIW37 4 / 18



Qualgebra colorings

Reidemeister moves for knotted 3-valent graphs

1989 L.H.Kau�man, S.Yamada, D.N.Yetter:

RIV
ÐÑ RIV1

ÐÑ

RV
ÐÑ ;non-rigid vertices
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Qualgebra colorings

Extending quandle colorings to 3-valent graphs?

Approaches:

`
a
�1

a
�1

a
�1 G is a group;

a3� 1

(1995 C.Livingston;
a vertex constant version
of π1pR

3zΓq)

`
a
�1

a
�1

a
�1 S is a symmetric quandle;

@x P S , ppx�aq�aq�a� x
a�1� a,a�1� a;

(2007
T.Fleming-
B.Mellor)

`
a b

c G is a group;

a�1b�1c�1� 1

(2012 Ishii-Iwakiri-Jang-Oshiro;
G -family of quandles)

`
a b

c S is a quandle;

@x P S , ppx��1 aq��1 bq��1 c � x

(2010
M.Niebrzydowski)
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Qualgebra colorings

Orientation

Well-oriented 3-graphs: only zip and unzip vertices.

Proposition: Every 3-graph admits a well-orientation.

Unoriented 3-graph ÞÝÑ t its well-orientations u.
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Qualgebra colorings

Qualgebra colorings for knotted 3-valent graphs

a b

b a�b colorings
by pS ,�,�q

a b

a�b a b

a�b

a b c

b�c pa�bq�c

RIV
ÐÑ

a b c

b�c

b�c

a�pb�cq

RIV Ø pa�bq�c � a� pb �cq
RIV1 Ø pa�bq�c �pa�cq� pb �cq
RV Ø a�b� b � pa�bq

& (SD),
(Inv),
(Idem)

qualgebra

quandle algebra

Related construction

1986 P.Dehornoy: augmented RDS & RD-monoids;
braided Thompson groups (braids with �close� strands).
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Group qualgebras

Part 2:
How an Algebraist Would Invent

Qualgebras
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Group qualgebras

Group qualgebras

Example 1

Group G ; group qualgebra QApG q :�pG ,g�h� h�1gh,g �h� ghq.

QApG q-colorings
Wirtinger

ÐÝÝÝÝÝÝÑ
presentation

Hompπ1pR
3zK q,G q

Example 1'

Group G & subset X �G ; the sub-qualgebra of QApG q generated by X .
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Group qualgebras

Computation example

Isosceles colorings:

a a

a�a a a

a�a

Kinoshita-Terasaka Θ-curve standard Θ-curve

#tisosceles Q�colorings of Θu�#Q

#tisosceles Q�colorings of ΘKT u�#tpx ,yq PQ�Q|p�qu

py �yq�̃x � px �xq�y

x�̃py �yq � y�̃x
x�y � y� px �xq

,.
-p�q
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py �yq�̃x � px �xq�y

x�̃py �yq � y�̃x
x�y � y� px �xq

,.
-p�q

Pairs px ,xq satisfy p�q.
We look for QpG q-colorings with x � y .

Try x3� y3� 1: p�qô pxyx � yxyq.
In S4, take x �p123q, y �p432q: one has xyx � yxy �p14qp23q.
Conclusion:

#tisosceles QpS4q�colorings of Θu�#Q ,

#tisosceles QpS4q�colorings of ΘKT u¡#Q .
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Examples

Trivial and free examples

Example 0

a�b� a and any commutative �

; abstract graph invariants.

Example 8

Quandle Q ; an associative qualgebra pSpQq,�,concatq.

SpQq�
§
n¥1

Qn

N
p. . . ,a,b, . . .q� p. . . ,b,a�b, . . .q

Example: pa,bq� pc ,dq� ppa�cq�dq,pb�cq�dqq.

Question: Which quandles can be �qualgebralized�?
Negative example: dihedral quandle pZn,a�b� 2b�aq.

pa�bq�c � 2c�2b�a

a� pb �cq� 2pb �cq�a
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Examples

Small examples

Example 4

Non-trivial qualgebra structures on Q �tp,q,r ,su?

Description: put p� q,q� p,r � r ,s � s;

x� r � x , x�y � x for other y ;

� is commutative,

r �x � r for x � r , r � r � s � s � s ,

p �q� s , p �p� q �q P tp,q,su,

p � s � q � s P tp,q,su.

`Not cancellative ñ do not come from groups.
`Two are associative: p � s � q � s � s, p �p� q �q P tp,su.
`Three have neutral elements.
`None are unital associative.
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Cocycle invariants

Part 3:
Towards Qualgebra Homology
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Cocycle invariants

Qualgebra cocycle invariants for knotted 3-valent graphs

a b

b a�b

ÞÑχpa,bq
a b

b a�b

ÞÑ�χpa,bq

a b

a�b

ÞÑλpa,bq
a b

a�b

ÞÑ�λpa,bq

a b c

χpa,bq

χpa�b,cq

λpb,cq

RIV
ÐÑ

a b c

b�c
χpa,b�cq

λpb,cq

RIV Ø χpa,b �cq�χpa,bq�χpa�b,cq
RIV1 Ø χpa�b,cq�λpa,bq�

χpa,cq�χpb,cq�λpa�c ,b�cq
RV Ø χpa,bq�λpb,a�bq�λpa,bq

qualgebra

2-cocycle

3-graph invariants
colorings

;
weights

qualgebra & 2-cocycle
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Cocycle invariants

Qualgebra cocycles: example

Q �tp,q,r ,su x� r � x , x�y � x for other y ;

� is commutative,

r �x � r for x � r , r � r � s � s � s ,

p �p� q �q P tp,q,su, p �q� s ,

p � s � q � s P tp,q,su.

The space of 2-cocycles is 8-dimensional:

χpp,rq�χpq,rq� 0, χpx ,yq� 0 for other px ,yq,

λpx ,yq�λpy ,xq, λpp,rq�λpq,rq�χpp,rq,

λpp,pq�λpq,qq� 2χpp,rq�χpp �p,rq,

λpp,sq�λpq,sq�χpp,rq�χpp � s ,rq.

The space of 2-coboundaries is 4-dimensional.
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Cocycle invariants

Qualgebra cocycle invariants: diverse questions

Two-coboundaries

φ : SÑZ; χpa,bq�φpa�bq�φpaq,

λpa,bq�φpa�bq�φpaq�φpbq.

Question: De�ne and study qualgebra homology in higher degrees?

Enhancements

`Region coloring and shadow cocycle
invariants.
`Distinguish zip- and unzip-vertices:

a b

a�b

ÞÑλpa,bq

a b

a�b

ÞÑ
λ
pa,bq
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