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XA Yang-Baxter equation

v X: vector space,
vV oo X®2_, x®2,

Yang-Baxter equation (YBE)

0100500, =05,00,005: X®3 - x®3
where 0, =0Q®Idx, 0-=Idx 0.

Origins:

=» factorization condition for the
dispersion matrix in the 1-dim. nm-body
problem (McGuire & Yang 60’);

= partition function for exactly solvable
Lattice models (Baxter 70’).
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v X set,
vV o XX2 5 X X2

Yang-Baxter equation (YBE)

0,005,00,=0500,005: X*3 5 X*3
where 0, =0 X Idx, 0>=Idx XoO.

Origins: Drinfel’d 1990.
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XA Set-theoretic Yang-Baxter equation

v X set,
Voo XX2 5 X*%2 (z,v)— (*y, xY)

Yang-Baxter equation (YBE)

0,005,00,=0500,005: X*3 5 X*3
where 0, =0 X Idx, 0>=Idx XoO.

Origins: Drinfel’d 1990.

(X,0) is called a braided set,
with a braiding o.

Left non-degenerate braided set:
zw—xY is a bijection X - X
for all y.

Birack: Left and right non-degenerate
braided set with invertible o.

m,y a;y
o 5 ]
T Y

(Reidemeister III)

Yy x

e

y r Y
«—
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v X: set,
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K2/ Structure (semi)group

v X: set,
Voo XX2 5 x%X2 (z,y)— (*y, zY).

Structure (semi)group of (X,0): |(S)Gx,oc=(X|zy="yz?)

= Captures properties of o.

=> A source of interesting groups and algebras:
Theorem: If (X, o) is a finite RI-compatible birack with
02=Id, then

v SGx, is of I-type, cancellative, Ore;

v Gx is solvable, Garside;

v kSGx, s is Koszul, noetherian, Cohen-Macaulay,
Artin-Schelter regular
(Manin, Gateva-Ivanova & Van den Bergh,
Etingof-Schedler-Soloviev, Jespers-Okninski, Chouraqui
80'-...).
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Shelf: set X & <: X X X — X s.t.
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Rack: & zw— x <y bijective Vy.

Quandle: & z<z==.

Examples:
= zqy=f(x) for any f: X — X,

Y TAY 54

s o4= x braiding
T U on X

& 04 is LND
& (X,04) is a birack

& (:1:,:1:)0&3(1;,1:).
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Applications:
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(Joyce & Matveev 1982);
<> study of large cardinals (Laver 1980s);
= Hopf algebra classification
(Andruskiewitsch-Grafia 2003).
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>3X Self-distributive structures

Shelf: set X & <1: X X X = X s.t. Y<dT is a

Y, > &
‘($<’y)<lz=(cc<z)<(y<z)‘ S04'= \/\ braiding
T Y on X

Rack: & T+ x <y bijective Vy. & 04 is RND
& (X,04) is a birack
Quandle: & z<z=1.

& (z,2)5 (z, ).
Examples:
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Applications:
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Applications:

= (semi)group theory;

= construction of f.-d. complex semisimple triangular
Hopf algebras (Etingof-Gelaki 1998).
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K&/ Cycle sets

Cycle set: set X & : X X X — X s.t. c-y z isa LND
(z-y) (z-2)=(y-T) (¥-2) oo~ \J Dbraiding
— . % on X
& y—x-y bijective V. YT Y with o2=Id
Non-degenerate CS: & 0. is RND _
& T+ x-x bijective. & (X, 0.) is a birack

(Etingof-Schedler- Soloviev 1999, Rump 2005)

Applications:

= (semi)group theory;

= construction of f.-d. complex semisimple triangular
Hopf algebras (Etingof-Gelaki 1998).
Examples: z-y=f(y) for any f: X = X.

Gxo =(X|(z-Y)z=(¥ -T)U).
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<84 Monoids

For a monoid (X, %, 1),
the associativity of x

X is a group

One has a semigroup isomorphism
SGX’O'* ;>X,

1 T*Y is a
& 0, = \/\ braiding
T Y on X

(with 02=0,)
= 04 is LND
(L. 2013)

XXES g, T Tk * Tk



6/ Associated shelf
Fix a LND braided set (X, o).

Ty gV Ty /a:
o S ] 5
T Y y-:z:(_z'J

Proposition (L.-V. 2015): one has a shelf (X, <¢), where
Sy TV=z <0y
y-ﬂ:Qy

g
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Fix a LND braided set (X, o).

Proposition (L.-V. 2015): one has a shelf (X, <s), where
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&/ Associated shelf

Fix a LND braided set (X, o).
Proposition (L.-V. 2015): one has a shelf (X, <s), where
J(y-z)V=z<dvy

y.@y

xT
Proof: “w(a 4 b) <y
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&/ Associated shelf

Fix a LND braided set (X, o).

Proposition (L.-V. 2015): one has a shelf (X, <s), where
J(y-z)V=z<dvy

vy

T
(Cl <z b) <5 C

'g .

M: w(a g b) 45 C

N

\
——

b<y c

a<d.b >




&/ Associated shelf

Fix a LND braided set (X, o).
Proposition (L.-V. 2015)' one has a shelf (X, <s), where

T)V=T <oy
- mQy
g
Proof: (a <5 b) <9 ¢ (a <4 b) 95 ¢ (a4 b) 45 ¢ =
(a <, ¢) <45 (b<, ©)
C
’ b c b<s C
a4, b a4 » ‘wc <« a <y C
b b ¢
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and encodes its important properties.



6/ Associated shelf

Fix a LND braided set (X, o).
Proposition (L.-V. 2015): one has a shelf (X, <s), where

Jy-z)=z<vy

’y'iEQ'y

T

Motto: < is often simpler than o,
and encodes its important properties.

Proposition (L.-V. 2015):
= (X,<g) is arack & o is invertible;
= (X,<g) is a trivial (z<sy=x) & 02=Id;
= o= & oz -z,2)=(T -z, ).
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KA Guitar map

J L XX XX,

,...,mz”il,xn),

where 7" =

T Tn

(T1,...,Tn)— (TT?

Proposition (L.-V. 2015): |Jo;=0/J| where 0'=0_.

Ty v Y<oZT T

- TR

T Y T Y



KA Guitar map

J s XX XX,

(T1,..., )= (X2 7", ., T 1, Tn),
where ;""" = (
\Jﬁ)
~ ~
- i
- :
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T1 Tn T> 3 Ty Ts

Proposition (L.-V. 2015): |Jo;=0/J| where 0'=0/_.

Corollary: o and o’ yield isomorphic Bp-actions on X*".



KA Guitar map

J XX XX,

(a;lr R 1$n)H(mf2mny [NCaE isz‘ril!mn)y
i1 Tn Tit1 T
where x; =(...(z;") . )
\Jﬁ)
e ~
- )
- :
/// In(Z)
T Tn

Proposition (L.-V. 2015): |Jo;=0,J| where 0'=0/_.

Corollary: o and o’ yield isomorphic Bp-actions on X*".
Warning: In general, (X,0)2(X,0’) as braided sets!
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8/ RI-compatibility

RI-compatible braiding: 3t: X - X s.t. o(t(z), z)=(t(x), x).

Ta: ‘a: T =
t = = t1
(m)qx T III’ £

(Reidemeister I)

Examples:

= for a rack, it means z<xz=x (here t(z)=1x);

=+ for a cycle set, it means the non-degeneracy (here
tlx)=x-x).



X9/ Structure group via associated shelf

Theorem (L.-V. 2015): (1) The guitar maps induce a
bijective 1-cocycle | J: SGx,0 = SGx,o/ |, Where o' =0/ _.

Reminder: SGxo=(X|zy=%yx?).
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X9/ Structure group via associated shelf

Theorem (L.-V. 2015): (1) The guitar maps induce a

bijective 1-cocycle

J: SGX'(T;)SGX,O'/

J(ZY)=J(T)VJ(T)

(T1,...,Tn)Y=
(¥, k)

, Where o’/=0/ .
g

v

<|
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Theorem (L.-V. 2015): (1) The guitar maps induce a
bijective 1-cocycle | J: SGx,0c = SGx,o/ |, Where o' =0/ _.

J(ZY)=J(T)VJ(T)

m v
(T1,...,Tn)¥= -
(z%,....z7%) X\\
X y
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X9/ Structure group via associated shelf

Theorem (L.-V. 2015): (1) The guitar maps induce a
bijective 1-cocycle | J: SGx,0c = SGx,o/ |, Where o' =0/ _.

J(ZY)=J(T)VJ(T)

m v
(T1,...,Tn)¥= -
(z%,....z7%) X\\
X y
(2) If (X,0) is an RI-compatible birack, then the maps
K*™J™) induce a bijective 1-cocycle |Gx s — Gx.o/ |, Where

D

Ty T> Tzt

= J) is extended to (X L X 1)X" py

= K(z)=z, Kz ')=t(z)*.
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/@/\Associated shelf: examples

v For a rack (X, <)
-3 <]O-<]:<],
= J: o490,

v For a cycle set (X, )
= Tdo Y=CT,

Yz
= J: 0.« flip x ,

T Y
= (5)Gx, o’ is the free abelian (semi)group on X.
v For a group (X,*, 1)
= <o, Y=Y,



/@/\Associated shelf: examples

v For a rack (X, <)
-3 <]O-<]:<],
= J: o490,

v For a cycle set (X, )
= Tdo Y=CT,

Yz
= J: 0.« flip x ,

T Y
= (5)Gx, o’ is the free abelian (semi)group on X.

v For a group (X,*, 1)
= 0, Y=Y,

T T

-3 . /
J: o %
T Y

= SGx g =X, Ty T+ Tq.
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Right braided module over (X, 0):
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43/ Braided modules

Right braided module over (X, 0):
set M & p: MX X —= M s.t.

p p
1Y = p o
|
M X X M X X
Examples:

= usual modules for the structures above;
=+ trivial module: M={x};




43/ Braided modules

Right braided module over (X, 0):
set M & p: MX X —= M s.t.

p p
o = P o
|
M X X M X X
Examples:

= usual modules for the structures above;
= trivial module: M ={x}
= adjoint modules: M=X*¥ p(z,y)=2".

E’y

p 4

T Yy



42/ Braided homology

Ingredients:
v a braided set (X, 0);
v right braided module (M, p) over (X, 0);
v/ Left braided module (N, \) over (X,0);
v/ abelian group A.
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42/ Braided homology

Ingredients:
v a braided set (X, 0);
v right braided module (M, p) over (X, 0);
v/ Left braided module (N, \) over (X,0);
v/ abelian group A.

Put Cp=AMXX"EXN) _ AQ, ZM X X*E X N.

Theorem (Carter-Elhamdadi-Saito 2004, L. 2013):
Ck carry a family of differentials 6P =% + 36°, o, BEZ.

M X X N M X X N
‘p ‘0’ . o A
0=3 (-1)¢ | e N
| (



434 Braided homology.v2

Theorem (Fenn-Rourke-Sanderson 1992, L.-V. 2015):
If moreover o is LND, then Cg carry a second family of
differentials 6P =a* + B0°, o, BEZ, where

0(m,y,n)=
2 (=) plm, x:(Y), ... Ui, ..., M),

Xi(y) =TTy, T=J"1(y);



434 Braided homology.v2

Theorem (Fenn-Rourke-Sanderson 1992, L.-V. 2015):
If moreover o is LND, then Cg carry a second family of
differentials 6P =a* + B0°, o, BEZ, where

%(m,y,n)=
> (—1) Y plm,x:i(Y),.... Ui, ... 1),
X4 (Y) =TTy, z=J"1(Y);
*(m,y ):
2 (1) ML YT Vs, YT Vi1, Vi Yign - - Y Uk AU, M)



(M, Y1,Y2,Y3,Ys, M) = (M, Y3~ Y1, Y3 Y2, U3~ Us, A (U3, N)).




43/ Braided homology: vl = v2

Theorem (L.-V. 2015): If o is LND, then
J: (Ce, 0 %P 35 (Cy, 8%P))| yields a chain complex iso.




43/ Braided homology: vl = v2

Theorem (L.-V. 2015): If o is LND, then

J: (Ce, 0@P)) 3 (Cy, 5P

Examples:

v group (X,*,1)

yields a chain complex iso.

Sym. B m) =4 TR B 2>,
(m*xl,...) 7,:1;
‘&'('rn,i,n): (,1}1,_); 7j>1'
(M*TixT3™,...) 1=1;

Jm,z,n)=(m, T *--

*xTk, ---

, Tk—1*Tk, Tk, M),



43/ Braided homology: vl = v2

Theorem (L.-V. 2015): If o is LND, then

J: (Co, 5(a,ﬁ)) 5 (Co, 5(06,6))

Examples:

v group (X,*,1)

yields a chain complex iso.

Sym. B m) =4 TR B 2>,
(m*xl,...) 7,:1;
‘&'('rn,i,n): (,1}1,_); 7j>1'
(M*TixT3™,...) 1=1;

Jm,z,n)=(m, T *--

>

*x Tk,

o, Tk—1*Tk, mkvn)'

2 forms of the bar complex
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Theorem (L.-V. 2015): If o is LND, then

J: (Ce, 0@P)) 3 (Cy, 5P

Examples:
v rack (X, <)

yields a chain complex iso.

- *%9-0° ~> rack homology
- % ~> 1-term self-distributive homology
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43/ Braided homology: vl = v2

Theorem (L.-V. 2015): If o is LND, then
J: (Ce, 0 %P 35 (Cy, 8%P))| yields a chain complex iso.

Examples:
v rack (X, <)
- *%-0° ~> rack homology
- % ~> 1-term self-distributive homology
- %5, %5 _5° ~~  their alternative versions

(Przytycki 2011)

v cycle set (X,:): new homology theory (L.-V. 2015)
= -0, M={x}, N=X:
’Hl ~ central extensions\
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