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KX Yang—Baxter equation: basics

Data: monoidal category C (mainly sets / vector spaces),
object V, o:Vv®2_,y®2

Yang-Baxter equation (YBE)

01050, =020.05: VO3 /93 o.=0®Idy, 0-=Idy Q0

Omnipresent:

=> particle physics;

= statistical mechanics;

= quantum / conformal field theory;
= quantum groups,;

-+ C* algebras;



KX Yang—Baxter equation: basics

Data: monoidal category C (mainly sets / vector spaces),
object V, o:Vv®2_,y®2

Yang-Baxter equation (YBE)

01050, =020.05: VO3 /93 o.=0®Idy, 0-=Idy Q0

Omni-present:

= Low-dimensional topology
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K2/ Basic examples

Data: monoidal category C, object V, o: Vv®2_\y®2

YBE: |0,0,0,=050,05: V®3 5v®3| o5 —oc®Idy, ...

v o=Ildvgv;
deform
v/ C=Set, o(z,v)=(v,x) NN~ C=Vecty,

v 0= R-matrix (quantum groups);
v Lie (Leibniz) algebra (V, []), central element 1 €V,
o(zQ@U)=y®@zT+h1Q Iz, vl

[YBE for 0 «= Jacobi identity for []]

v rack (§,<), oz, y)=(v,z<Y)

[YBE for o <= self-distributivity for <1]

Self-distributivity: ‘ (z<y)<z=(z<2z)<(yY<2) ‘




>3/ Idempotent YBE solutions

v Monoid (S,%,1), o(z,y)=(1,T*xY);
(YBE for 0 = associativity for x|

v Monoid factorisation G=HK,
S=HUK, o(z,y)=(h,k), h€EH, kKEK, hk=zvy.

v Ordered set S,
o(z,y)=(xz, max{z, y}).

o(z,y)=(min{z, v}, max{z, v}).

v/ Lattice (S, A, V), oz, y)=(TAY, zVY).

ALL these YBE solutions are idempotent: o?=o0.



<@ Universal enveloping constructions

Un. env. monoid of a YBE solution (S,0) in C=Set:

Mon(S,o0)=(S|zy=vy'xz’ whenever o(z,v)=(y’,z’))

Un. env. (semi)groups and algebras are defined similarly.

methods
/_\

[ YBE solutions| |groups & algebras

\/
examples

Theorem: (S,0) a “nice” finite YBE solution, 02=Id —
v Mon(S, o) is of I-type, cancellative, Ore;
v Grp(S, o) is solvable, Garside;
v kMon(S, o) is Koszul, noetherian, Cohen—Macaulay,
Artin—Schelter regular
(Manin, Gateva-Ivanova & Van den Bergh, Etingof—
Schedler—Soloviev, Jespers—Okninski, Chouraqui 80'-. ..).



<& Universal enveloping constructions

Mon(S,o0)=(S|zy=y'z’ whenever o(z,y)=(y’,z’))

Examples:

v monoid (S, *,1), o(z,y)=(1,z*v),
S~ I\/Ion(S,a)/(*);

v Lie algebra (V, [, 1), c(zQ@U)=yRz+1QI[z,vl,
UEA(V, []) ~ Alg(V, o)/(*).

(x): 1=1mon



<5/ Representations

Mon(S,o)=(S|zy=y'z’ whenever o(z,y)=(y’, z’))

Representations of (S, o) := representations of kMon(S, o),
i.e. k-vector spaces M with M X S— M s.t.

(m-z)-y = (m-y) -z
== . O_
|
mxT Y mxT Y

Examples:
= trivial representation: M=k, m-z=m;
= M=kMon(S,o), m -z=mz;

=> usual reps for monoids, Lie algebras, racks.



K&X A cohomology theory?

A cohomology theory for YBE solutions should:
1) Describe deformations: oo ~» 0o+ hoy+R20o+ .
Difficult! Pioneers: Freyd—Yetter '89, Eisermann '05.

First approximation: diagonal deformations (in some
cases yield all deformations)

oe(z,y)=q“*Yo(z,y), w: SXSZ.

w a 2-cocycle — 0q a YBE solution.



K&X A cohomology theory?

Theorem: For ‘“nice” set-theoretic YBE solutions (S,o), one
has efficient and easily computable knot and knotted
surface invariants

#{ (S, o0)-colourings of diagrams }.

vy oz’ Tz Y
;\/ X/ oz, y)=(z’, vy
z U vz

Example: Solutions coming from racks are “nice’.



K&X A cohomology theory?

A cohomology theory for YBE solutions should:

2) Enhance the above invariants:

(S,0)-coloured diagram (D,C) & w:SXS—Z
~> Boltzmann weight

Buw(C) =) w(z,y)-) w(z,v).
Yh AT

/ / T Y
N
T/\Y y’Ax’

w a 2-cocycle = a knot invariant is defined by
{Bw(C)IC is a (S,0)-colouring of D}.



K&X A cohomology theory?

A cohomology theory for YBE solutions should:

3) Unify cohomology theories for

=> associative structures,
= Lie algebras,
=> racks etc.

—+ explain parallels between them,

+ suggest theories for new structures.
4) Be interpreted in terms of classifying spaces.

5) Compute the cohomology of kMon(S, o).



KA Braided cohomology

Data: C=Set, YBE solution (5,0), bimodule M over it.
(any preadditive monoidal category will do)

Construction:
C"(S,o0;M)=Maps(S*™, M),

dt =5 T gt —det) € T,
QJ,Z = f(mi — .$241$i+1 — .$n+1)
d'[/n.’zf: m;xi o+ 1 $£A1m1+1 L. $n+1 ‘
T1...Tn+1 ;- Tt
Theorems:

=> This defines a precubical structure = d"™*ad" =o.
H™(S,0;M)=Kerd™/Imd" ! is the nth cohomology group of
(S, 0) with coefficients in M.




XA Braided cohomology

Data: C=Set, YBE solution (5,0), bimodule M over it.

Construction:
C"(S,o0;M)=Maps(S*™, M),

A B O S e 0 A L R o A e R

Theorems:

=+ This defines a precubical structure = d"**d™ =o.

= For “nice” M (has a product compatible with the
bimodule structure), there is a cup product on C* inducing

—:t H"Q H™ — H™t™,

which is graded commutative for “even nicer’ M (trivial
bimodule k), with an explicit Steenrod-Llike homotopy.

= Other good properties.

My favourite proofs:
v/ graphical calculus;
v algebraic properties of quantum shuffles (Rosso '95).




8/ A good theory?

1) & 2) For we C?(S,0;7Z),

d’w=0 <= w vields Boltzmann weights
& diagonal deformations,
w=da'é = w yields trivial...

3) Unifies classical cohomology theories.
Example: monoid (S,*,1), o(z,y)=(1,T*xY),
dzzﬂ.f: oo Lj—oLj—1 T4 $¢+1 s 0'7,—7}
.Ti o1 (:E'L;l X 1127;) LTitq ... Uzj
. 1T5-»o ($¢_1 *1)1).’1)1'_,_1 e 2 I
1T1 ... Tio(Ti—1%T3) Tigr ... —

Fl o i o (Ti 1 *Ti) Tiga .. .).

4) Can be interpreted in terms of classifying spaces.



8/ A good theory?

5) Quantum symmetriser QS:

a subcomplex of

braided complex for as Hochschild complex for
(S, o) with coefs in M kMon(S, o) with coefs in M
cup product cup product

|smaller complexes|

n=2: QS(f)(z,v)=rf(z,v)-flv'.z’), oz, yv)=w, ).

Open problem (Yang, Farinati & Garcia-Galofre '16):
How far is QS from being a quasi-iso?

Theorem (FGG '16): QS is a g-iso when 02=Id, Chark=o0,
the subcomplex is defined by

fi...,z,y,.. )+ f(....v.x/,...)=o0.



XX Cohomology: idempotent case

a subcomplex of
braided complex for g
(S,0) with coefs in M

Hochschild complex for
kMon(S, o) with coefs in M

n=2: QS(f)(z,v)=f(z,v)—flv'.z/), olz,y)=w, ).

Open problem: How far is QS from being a quasi-iso?

Theorem (L '16): QS is a quasi-iso when 0?=0 &
the subcomplex is defined by

fl...,z,y,...)=0 whenever o(x,vy)=(z,vy),

i.e., f is supported on critical n-tuples only:

Critn(S, 0)={(Z1,...,ZTn) E S*™IVE, 0(Ti, Tit1) # (T4, Tiva) -

Proof: Algebraic discrete Morse theory.



XX Cohomology: idempotent case

Examples:

v Ordered set S, o(z,y)=(min{z,y}, max{z,y}),
Mon(S,o)=Sym(S),
Critn(S,0)={z1: > T>... > Tn}
~> recovers the classical minimal resolution of k[S]
& the resulting cohomology computations.
v Ordered set S, o(z,v)=(z, max{z, v}).
Mon(S,o)=(S|Vz >y, zy=xT),
Critp(S,0)={z1 > Z>... > Tn}

~» improves Jollenbeck—Welker '09.



XX Cohomology: idempotent case

Examples:

v Monoid factorisation G=HK,
S=HUK, o(z,y)=(h,k), heEH, keEK, hk=zvy.
Mon(S, U)/(*) ~ @G, (x): 16 =1Mon

Critn(S,0)=UpignK "X H 7, K=K\{1)}, H=H\{1}

~»> a double complex
—Xp

cP9=Maps(K P x H*?

, M)

specialising to the Kiinneth formula
for the direct product G=H X K.



X9 Cohomology: idempotent case

Examples:
v Young tableaux on {1,...,n}.
3
51616 Robinson '38, Schensted’ 61, Knuth '70:
associative product x on YT,.
134

Useful gadgets:
=+ representation theory of Sy, GL,(C) and GLn(Fy);
intersections of Grassmannians;
products of symmetric functions;
Lattice models;
crystal bases for quantum groups.

-
-
-
-



XX Cohomology: idempotent case

Examples:

v Young tableaux on {1,...,n}.

Theorem (Cain et al., Bokut et al. '15): One-column
tableaux Coly, form a Grobner—Shirshov basis for (YT, *).

Corollary (Lopatkin '16): First steps towards cohomology
computations for kYT ,.

Work in progress: Idempotent YBE solutions o, on Coly,
and or on Rowy such that

(YTn, %) ~ l\/Ion(CoLn,ac)/(*) ~ l\/Ion(Rown,aT)/(*)

Corollary: Manageable complexes computing
the cohomology of kY T,.
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