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X Yang-Baxter equation

O V: vector space,
0 o: V&2, y®2Z

Yang-Baxter equation (YBE)

010020071 =020070072: V®3 —>V®3
where oy =o®Idy, 0, =1dy ®o0.

Origins:

[0 factorization condition for the
dispersion matrix in the 1-dim. n-body
problem (McGuire, Yang, 60°);

0 partition function for exactly solvable
lattice models (Baxter, 70").



/\‘1\/\Set—theoretic Yang-Baxter equation

O V: set,
0 o: V*2 5 vx2

Yang-Baxter equation (YBE)

010020071 =02007002: VX3—>VX3
where o1 =ox1dy, oy =Idy xo0.

Origins: Drinfel’d, 1990.
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O V: set,

0 o: VX2 5 Vvx2, (x,y) — (*y,xY)

Xy Xy
J
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with a braiding o.
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for all y, x—xY is a bijection X — X.
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/\‘1\/\Set—theoretic Yang-Baxter equation

0 V: set, *y xy
L\ X2 x2 X y

do:V —V*e, (X)Q)H(yyx ) 0 < x 1
Yang-Baxter equation (YBE) x Yy

01002007 =02007007: VX3 5 VX3

where o1 =ox1dy, oy =Idy xo0. < J 4 fj
Origins: Drinfel’d, 1990. L/ T (
T r r

(V,0) is called a braided set, (Reidemeister III)
with a braiding o.

Left non-degenerate braided set: XYy x
for all Y is a bijection X — X. %

Y, x—=xY i ijecti — ~%

Birack: Left and right non-degenerate y-x Yy

braided set with invertible o. —




XX Structure (semi)group

0 X: set,

0 o: X*2 5 X*X2, (x,y) = (Fy,xY).

Structure (semi)group of (V,0):

(S)Gx,o = (XIxy="yx?)
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KX Structure (semi)group

0 X: set,
O o: X*X2 5 X*2, (x,y) = (Fy,xY).

Structure (semi)group of (V,0): |(S)Gx,o = (X |xy="yx")

0 Captures properties of o.

O A source of interesting groups and algebras:
Theorem: If (X,0) is a finite RI-compatible birack with
o2 =1Id, then

0 SGx,s is of I-type, cancellative, Ore;

0 Gx,os Is solvable, Garside,

U kSGx,s is Koszul, noetherian, Cohen-Macaulay,
Artin-Schelter regular
(Manin, Gateva-Ivanova & Van den Bergh, Etingof-Schedler-
Soloviev, Jespers-Okninski, Chouraqui, 80'-...).



>3/ Self-distributive structures
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X Y on X
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>3/ Self-distributive structures

Shelf: set X & <1: XxX—=X s.t.
‘(x<1y)<z:(x<z)<l(y<z)‘

Rack: & for all y, x+—x <y bijective.

Quandle: & x<1x=x.

Y x<dY g4

L J 2
< Og % braiding
X Y on X

& 04 is LND
& (X,04) is a birack

& (x%,%) B (x,x).



>3/ Self-distributive structures

Shelf: set X & <1: XxX—=X s.t.
‘(x<1y)<z:(x<z)<l(y<z)‘

Rack: & for all y, x+—x <y bijective.

Quandle: & x<dx=x.

(Joyce, Matveev, 1982)
Applications:

Y x<dY g4

L J o
< Og \/\ braiding
X Y on X

& 04 is LND
& (X,04) is a birack

& (x,x) s (x,x).
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0 Hopf algebra classification;
0 study of Large cardinals.
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>3/ Self-distributive structures

Shelf: set X & <1: XxX— X s.t. y<x x id L
Y 7
‘(x<1y)<z:(x<z)<l(y<z)‘ s o, = \/\ braiding
Xy on X

Rack: & for all y, x+—x <y bijective. | & o is RND

& (X,04) is a birack
Quandle: & x<dx=x.
(Joyce, Matveev, 1982)
Applications:

O invariants of knots and knotted surfaces;

0 Hopf algebra classification;

0 study of Large cardinals.

&S (x,x) s (x,x).

Examples:
0 x<y=A»f(x) for any f: X—X;
0 group X, xAy=1y~'xy.
Gx,0, = (XIx<y=y 'xy).



K&/ Cycle sets

Cycle set: set X & -: Xx X=X s.t. x-y x isaLND
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& for all x, y+—x-y bijective. Y X Y with o2 =1d
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K&/ Cycle sets

Cycle set: set X & : XxX—= X s.t. Xy x isa LND
(x-y)-(x-z)=(y-x)-(y-z) o g = _  braiding
mull > on X
& for all x, y+—x-y bijective. Y X Y with o2 =1d
Non-degenerate CS: &< 0. is RND
& x s x-x bijective. & (X,0.) is a birack

(Etingof-Schedler- Soloviev 1999, Rump 2005)
Applications: (semi)group theory.
Examples: x-y=f(y) for any f: X = X.
Gx,o. = (X|(x-y)x=(y-x)y).
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<&/ Monoids

For a monoid (X,x,1), 1 X*y is a
the associativity of x 1 J idi

s 0, \/\ braiding
x Yy on X

(with o2 =0,)

X is a group = o, is LND

(L. 2013)

One has a semigroup isomorphism
SGx,o, = X,

X1 X > X1 x ok Xk,



&/ Associated shelf

Fix a LND braided set (X,o0).
Proposition (L.-V. 2015): one has a shelf (X,<¢), where

Jy-x)¥=x<sy

U-X\Qy

X



86X Associated shelf

Fix a LND braided set (X,o0).

Proposition (L.-V. 2015): one has a shelf (X,<y), where
Jy-x)¥Y=x<sy

y~x\Qy

7 Nx

Proof: w




86X Associated shelf

Fix a LND braided set (X,o0).
Proposition (L.-V. 2015): one has a shelf (X,<y), where
Jy-x)¥Y=x<sy

U'X\QU

s X
M: W(a o b) 5 C

K

a <, b

QL K



86X Associated shelf

Fix a LND braided set (X,o0).
Proposition (L.-V. 2015): one has a shelf (X,<y), where

y X) —qu‘y

y- X\Qy
N
Proof: Wad b) <y ¢ W(aq b) 4y c
‘ ’ b<, c
ang < » c
b b




86X Associated shelf

Fix a LND braided set (X,o0).
Proposition (L.-V. 2015): one has a shelf (X,<y), where

(Yy-x)¥ =x<sy

y- X\Qy
r X
Proof: (a<yb) <y c (a <, b) <, ¢ (@<, b) <5 ¢ =
(a <5 ¢) < (b<, c)
c
’ b<, c b<y c
a <o D T c «—> a < ¢
b b c
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%

Motto: «s is often simpler than o,
but encodes its important properties.



&/ Associated shelf

Fix a LND braided set (X,o0).
Proposition (L.-V. 2015): one has a shelf (X,<1s), where

Jy-x)¥Y=x<sy

U'X\QU

%

Motto: «s is often simpler than o,
but encodes its important properties.

Proposition (L.-V. 2015):
O (X,<g) is a rack & o is invertible;
O (X,<g) is a trivial (x<sy=x) < o?=Id;
O x<dgx=x & 0(x-x,x)=(x-%,%).



KA Guitar map
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KA Guitar map

] XXTI X><TL
(Xla---axn)H(X1 a---axﬁi])xn))
Xit1+X

where x; """

yh

v

X\ X\

-
~
-

/// InE(X)

X1 Xn



KA Guitar map

](TL): XX‘ﬂ. ; X><TL)

(Xl )---)Xn) = (X?zmxn

a---axfln_pxn))
Xit1"Xn __ Xi+1
where x; 77T = (L ()LL)

X1

Proposition (L.-V. 2015): |Jo; =0jJ|, where ¢’/ =0/, .
YydgX x

o' = x

x Yy




KA Guitar map

](TL): XX‘ﬂ. ; X><TL)

(X1 "-"Xn) = (X)1<2«-~xn

X
ey X g yXm )y

Xipl1Xn _
where x; =

Proposition (L.-V. 2015): |Joi=0/]| where o/ =0’ .

Corollary: o and o’ yield isomorphic By-actions on X*™.
Warning: In general, (X,0) 2 (X,0’) as braided sets!
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<8/ RI-compatibility

RI-compatible braiding: Jt: X = X s.t. o(t(x),x) = (t(x),x).

t(x) dx = r = th~1(x)

X X X

(Reidemeister I)

Examples:

O for a rack, it means x <x=x (here t(x) =x);

O for a cycle set, it means the non-degeneracy (here
t(x) =x-x).



/\\9\/\Structure group via associated shelf

Theorem (L.-V. 2015): (1) The guitar maps induce a
bijective 1-cocycle |J: SGx o = SGx, o |, Where o’ =0/, .
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Theorem (L.-V. 2015): (1) The guitar maps induce a
bijective 1-cocycle |J: SGx o = SGx, o |, Where o’ =0, .

Jxy) =T(x)V] ()

xY

(K15 vy xn)¥ = -
o) IR
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Theorem (L.-V. 2015): (1) The guitar maps induce a
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xY
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X9/ Structure group via associated shelf

Theorem (L.-V. 2015): (1) The guitar maps induce a
bijective 1-cocycle |J: SGx s — SGx, o |, Where o’ =0/,

J(xg) =J(®)V]([©)

xY

(X100 xn )9 = o
(x?,...,xg) X\
X y
(2) If (X,0) is an RI-compatible birack, then the maps

K*nJ(m) induce a bijective 1-cocycle |Gx ¢ — Gx,o' |, Where

O J™M) is extended to (XUX~1)*™ by 51’“
0 Kix)=x, K(x~") =t(x)"". /\
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/@/‘\Associated shelf: examples

O For a rack (X,<)
t <]0'<:<]1
O J: o044 0.

O For a cycle set (X,-)
U x<g y=x,
.Y ¥
0 J: 0.« flip % :
x Yy
O (S)Gx,q is the free abelian (semi)group on X.
O For a group (X,*,1)
U x <o, y=vy,
O J(X1yeeoyXn—1,Xn) = (X1 %= % Xpy ooy Xn—1 % Xp1y Xn ),
X X

: J
O J: 0k ¢ %,
x Yy

O SGX,O‘;;Xy X1 XK > X1
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