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Applications :

✓ Li�lewood–Richardson rule : a correct proof ! (Schützenberger ’77)

d representations of Sk and GLk(C);

d intersections of grassmannians;

d products of symmetric functions.

✓ Kostka–Foulkes polynomials (Lascoux–Schützenberger ’78)

d representations of GLk(Fq);

d la�ice models.

✓ Crystal bases for quantum groups (90’).
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Tableaux vs. words: An = {1, 2, . . . , n},

C,R : YTn ⇄ A∗
n : T

T =

3
2 6 6

1 4 5

R
7−→ 3 266 145

C
7−→ 321 64 65

a1 ⋆ (a2 ⋆ (· · · ⋆ ak))
T
7−→ a1a2 . . . ak

Thm (Knuth ’70): (YTn, ⋆)
iso
←→ ( A∗

n/∼, concat )

= Pln plactic monoid

xzy ∼ zxy, x 6 y < z;

yxz ∼ yzx, x < y 6 z.
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Pln = 〈An | xzy = zxy, x 6 y < z; yxz = yzx, x < y 6 z 〉

Col
•

n := 1-column tableaux = non-empty column words.

Lemma: c1 ⋆ c2 has

d either 1 column c1c2 (concatenation),

d or 2 columns c ′1, c
′
2.

Thm (Cain et al., Bokut et al., ’15):

Pln = 〈Col•n | c1 · c2 → c1c2 or c ′1 · c
′
2 〉

d convergent rewriting system

NForm(c1 · . . . · ck) = C(c1 ⋆ · · · ⋆ ck);
dGröbner–Shirshov basis for kPln.

Example: Col
•

2 =
{

1 , 2 ,
2
1

}

,

2 · 1 →
2
1
, i ·

2
1
→

2
1
· i .
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Coln := Col
•

n ⊔ ec (empty column)

σn,c : Coln × Coln → Coln × Coln,

(c1 , c2) 7→ (c1c2 , ec) or (c
′
1 , c

′
2) = c1 ⋆ c2.

Thm (L. ’16):

dσn,c is an idempotent braiding on Coln;

d ec is a unit for σn,c;

dPln ≃ Mon(Coln, σn,c, ec);

+ analogous results for 1-row tableaux.

Motivation: Coln is smaller and simpler than Pln.

Applications:

d rewriting;

d cohomological computations (cf. Lopatkin ’16).
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6 Yang–Baxter equation

Data:

dmonoidal category C (= Vectk);

d object S;

dmorphism σ : S⊗ S→ S⊗ S. braiding

YBE: σ1σ2σ1 = σ2σ1σ2 : S
⊗3 → S⊗3 σ1 = σ⊗ IdS, σ2 = IdS⊗σ

Topological avatar:

σ ←→

YBE ←→ = Reidemeister III
move
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8 Self-distributivity

Example: σSD(x, y) = (y, x � y):

YBE for σSD ⇐⇒ self-distributivity for �

Self-distributivity: (x � y) � z = (x � z) � (y � z)

Examples:

d group S with x � y = y−1xy:

d abelian group S, t : S→ S, a � b = ta+ (1− t)b.

Applications:

d invariants of knots and kno�ed surfaces (Joyce & Matveev ’82);
y x � y

x y

dHopf algebra classification (Andruskiewitsch–Graña ’03).
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9 Even more exotic braidings

2 Non-invertible.

Example: free self-distributive structures.

Application: a total order on braid groups (Dehornoy ’91).

3 Idempotent: σσ = σ.

Examples: ✓ Monoid (S, ·, 1), σAss(x, y) = (1, x · y).

YBE for σAss ⇐⇒
1 unit

associativity for ·

✓ Factorised monoid G = HK,

S = H ∪ K, σFact(x, y) = ((xy)H, (xy)K).

✓ La�ice (S,
∧
,
∨
), σL(x, y) = (x

∧
y, x

∨
y).

✓ Plactic monoid: σn,c on Coln.
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Theorem: (S, σ) a “nice” finite braided set, σ2 = Id =⇒
✓ Mon(S, σ) is of I-type, cancellative, Ore;

✓ Grp(S, σ) is solvable, Garside;

✓ kMon(S, σ) is Koszul, noetherian, Cohen–Macaulay,

Artin–Schelter regular

(Manin, Gateva-Ivanova & Van den Bergh, Etingof–Schedler–Soloviev,

Jespers–Okniński, Chouraqui 80’-. . . ).



10 Universal enveloping constructions

Universal enveloping monoids:

Mon(S, σ) = 〈 S | xy = y ′x ′ whenever σ(x, y) = (y ′, x ′) 〉

Mon(S, σ, e) := Mon(S, σ)/e = 1



10 Universal enveloping constructions

Universal enveloping monoids:

Mon(S, σ) = 〈 S | xy = y ′x ′ whenever σ(x, y) = (y ′, x ′) 〉

Mon(S, σ, e) := Mon(S, σ)/e = 1

Examples:

✓ Factorised monoid G = HK, σFact(x, y) = ((xy)H, (xy)K):

Mon(H ∪ K, σFact, 1G) ≃ G.



10 Universal enveloping constructions

Universal enveloping monoids:

Mon(S, σ) = 〈 S | xy = y ′x ′ whenever σ(x, y) = (y ′, x ′) 〉

Mon(S, σ, e) := Mon(S, σ)/e = 1

Examples:

✓ Factorised monoid G = HK, σFact(x, y) = ((xy)H, (xy)K):

Mon(H ∪ K, σFact, 1G) ≃ G.

✓ Lie algebra V ′, V = V ′⊕k1, 1 central, σLie(x⊗y) = y⊗ x+ 1⊗ [x, y]:

Alg(V, σLie, 1) ≃ UEA(V ′, [ ]).



10 Universal enveloping constructions

Universal enveloping monoids:

Mon(S, σ) = 〈 S | xy = y ′x ′ whenever σ(x, y) = (y ′, x ′) 〉

Mon(S, σ, e) := Mon(S, σ)/e = 1

Examples:

✓ Factorised monoid G = HK, σFact(x, y) = ((xy)H, (xy)K):

Mon(H ∪ K, σFact, 1G) ≃ G.

✓ Lie algebra V ′, V = V ′⊕k1, 1 central, σLie(x⊗y) = y⊗ x+ 1⊗ [x, y]:

Alg(V, σLie, 1) ≃ UEA(V ′, [ ]).

✓ Plactic monoid:

Mon(Coln, σn,c, ec) ≃ Pln.
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Norm(S, σ)
1:1
←→ Mon(S, σ),

Taut : w 7−→ [w],

∆|w|w 7−→[w] : NForm .

∆4 =

dConvergent rewriting system:

xy→ y ′x ′, (y ′, x ′) = σ(x, y).

dAssociative product ∗ on Norm(S, σ):

w w
′

w∗w ′
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A unit for σ is an e ∈ S s.t.

✓ σ preserves { (e, x), (x, e) };

✓ wew′ is a normal word ⇒ ww
′ is normal.

Normal words: Norm(S, σ, e) = { x1 . . . xk ∈ S∗ |

σ(xj, xj+1) = (xj, xj+1), xj 6= e }.

Thm (Dehornoy–Guiraud, L. ’16):

d For an idempotent braiding σ on S, with a unit e,

Norm(S, σ, e)
1:1
←→ Mon(S, σ, e),

Taut : w 7−→ [w],

∆|w|w 7−→[w] : RNForm .

dConvergent rewriting system:

e→ 1 & xy→ y ′x ′, (y ′, x ′) = σ(x, y).

dAssociative product ∗ on Norm(S, σ, e).

Example: (Norm(Coln, σn,c, ec), ∗br) ≃ (YTn, ⋆Sch).
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A cohomology theory for braided sets should:

1) Describe diagonal deformations (Freyd–Ye�er ’89, Eisermann ’05):

σq(x, y) = qω(x,y)σ(x, y), ω : S× S→ Zm.

ω a 2-cocycle =⇒ σq a YBE solution.

2) Yield knot and kno�ed surface invariants (Carter et al. ’01):

(S, σ)-coloured diagram (D,C) & ω : S× S→ Z

; Boltzmann weight Bω(C) =
∑

y ′

x
x ′

y

ω(x, y) −
∑

x

y ′

y

x ′

ω(x, y).

ω a 2-cocycle =⇒ a knot invariant given by

{Bω(C) | C is a (S, σ)-colouring of D }.
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A cohomology theory for braided sets should:

3) Unify cohomology theories for

d associative structures,

d Lie algebras,

d self-distributive structures etc.

+ explain parallels between them (L. ’13),

+ suggest theories for new structures (L.–Vendramin ’16).

4) Compute the cohomology of kMon(S, σ).
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Construction:

dCn := Maps(S×n,k);
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13 Braided cohomology

Data:

d braiding σ on S;

d commutative ring k;

d ε : S→ k braided character, e.g., ε1 : x 7→ 1.

Construction:

dCn := Maps(S×n,k);

ddn : Cn → Cn+1, dn+1dn = 0;

d braided cohomology: Hn(S, σ;k, ε) := Kerdn/ Imdn−1;

d cup product ⌣ : Hn ⊗Hm → Hn+m, commutative if ε = ε1.

Versions:

d diagrammatic;

d algebraic: quantum shu�les (Rosso ’95).
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1) & 2) Forω ∈ C2(S, σ;Zm, ε1),

d2ω = 0 =⇒ ω yields Boltzmann weights

& diagonal deformations,

ω = d1θ =⇒ ω yields trivial...

3) Unifies classical cohomology theories.
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15 Comparing cohomologies

4) �antum symmetriser QS:

braided cohomology

H∗(S, σ, e;k, ε)

cup product ⌣

small complexes

QS
←−

Hochschild cohomology

HH∗(kMon(S, σ, e);k, ε)

cup product ⌣

tools

Thm: QS is an isomorphism when

✓ σσ = Id and Chark = 0 (Farinati & García-Galofre ’16);

✓ σσ = σ (L. ’16).

Proof, case σσ = σ: algebraic discrete Morse theory

(Sköldberg ’06, Jöllenbeck–Welker ’09).

Open question: For general σ?

Application: Spectral sequence for factorised monoids G = HK.
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For the braided character ε0 : c 7→ 0, ec 7→ 1,

Thm: 1) HH1(kPln;k, ε0) ≃ A∨
n (:= Maps(An,k)).

2) HH2 ≃ ( )∨.

3) HH1
⌣ HH1 = 0.

4) HHj 6= 0 for all j when n > 2.

5) For n = 2,

HH1 = kf1 ⊕ kf2 , HH3 = kf
2 ,1 ,21

;

HH2 = kf
1 ,21

⊕ kf
2,21

, HHk = 0, k > 3.

f2 ⌣ f
1 ,21

= −f
2 ,21

⌣ f1 = f
2 ,1 ,21

.

Crl: cohomological dimension:

cd(Pln) = ∞, 3, 1

for n > 2, = 2, = 1.


