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Self-distributivity: ‘ (a<b)<dc=(a<c)a(b<c) ‘

(1) Mituhisa Takasaki, a fresh Japanese maths PhD in 1940 Harbin.

Motivation: geometric symmetries.
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General construction: Abelian group A witha <b =2b —a.

One more geometric example: Z,.

b
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/\1\/\An exotic axiom for classical structures

Self-distributivity: ‘ (a<b)<dc=(a<c)a(b<c) ‘

(2) Gavin Wraith, a bored American schoolboy in the 50s.

Game 1: Abelian group A, t: A - A, a<b=ta+ (1—1)b.

p Q PQ

Game 2: Any group (example: S5) with g << h = h~'gh.



X2/ From curiosity to a theory

Self-distributivity: ‘ (a<b)<dc=(a<c)<a(bxc) ‘

(3) David Joyce & Sergei Matveev, colourists separated by the Iron Curtain.
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Self-distributivity: ‘ (a<b)<dc=(a<c)<a(bxc) ‘

(3) David Joyce & Sergei Matveev, colourists separated by the Iron Curtain.

Diagram colourings by (S, <) b

r,a<b
for positive braids: a J\, b

Cc
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Diagram colourings by (S, <) b Y adb a<b \/> b

for braids and knots:

a”’

b b

- XJ
a a<da”

pos. braids RINI (a<b)<dc=(a<c)<(bxc) | shelf
braids & RII Vb, a — a < b invertible rack
knots & links & RI ada=a quandle
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/\3\/\Knot invariants: color and conquer

b a<b
Colourings of \/&
knot diagrams by
a quandle (S, <):
/3 cf. Wirtinger I P
presentation C7
of 77 (R3 \ K): l

Proposition: #{ (S, <1)-colourings of diagrams } is a knot invariant.

\< \<
Example (Fox ’56): (Z3, a <<b =2b — a). / /
3 colourings Q % @3 9 colourings
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v' Small quandles are numerous.
v Easy to program.
v Generalise to knotted graphs, higher-dimensional knots etc.

v Joyce—Matveev ’82: Extremely powerful:

Knots/K — _x* < Quandles

K+—— Q(K): generators <> arcs of Dy

relations < crossings of Dk

b /C
e

In particular, the fundamental quandle Q(K)
+does not depend on the choice of a diagram Dk of K;
+is a weak universal knot invariant.
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K&/ Colouring invariants are cool!

Knots/K — _k* < Quandles

K+—— Q(K): generators <> arcs of Dy

relations <+ crossings of D

b /C
e

b a=c<b
<\ b=a<c
a @ c c=bga
Remark: Colourings = representations:
Cols(Dx) «+» Homg(Q(K),S).

Example:



>3/ Colouring invariants for braids

End(S™) « B

(a<db)<dc=(a<c)<(b<c)

Aut(S™) + B,

(a<db)db=a=(a<db)«<b

S < (S™)Bn

a<a=a

ar (a,...,a)

shelf
rack

quandle



>3/ Colouring invariants for braids

End(S™) «+ B;. (a<b)<c=(a<c)<(b<c) | shelf
Aut(S™) <+ Bn (a<db)db=a=(a<db)<b | rack

S < (S™)Bn ada=a quandle
ar (a,...,a)
Examples:
S a<b (S,<) isa in braid theory

ziezMod | ta+ (1 —t)b | quandle | (red.) Burau: B, — GL, (Z[t*])
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>3/ Colouring invariants for braids

S a<b (S,<) isa in braid theory
zizMod | ta+ (1 —t)b | quandle | (red.) Burau: B,, — GLn (Z[t%])
group b~ Tab quandle Artin: By, — Aut(Fy,)
twisted linear quandle Lawrence-Krammer—Bigelow
Z ‘ a+1 ‘ rack lg(w), lky
free shelf Dehornoy: order on By,

Remark: Quandles are “racks and ruins of groups”:
v Free quandles are conjugation quandles.
v Quandle axioms = conjugation axioms.

Remark: Free shelves are extremely rich objects!
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K&/ Building bridges

Self-distributivity: ‘ (a<b)<dc=(a<c)a(b<c) ‘

(4) Richard Laver & Patrick Dehornoy, set theorists hiding from the I3 axiom.

Proposition: Elementary embeddings of large cardinals form a (left) shelf:
>>= application.
= Discovery of new shelves from
v topology: braids;
v algebra:
F1 = the free shelf on 1 generator y;

Laver table A, = { 1,2,3,...,2" } with the unique SD > satisfying
axl=a+1 mod2".

Y= y>yl>y=3
Y>y=2 (y>y>y>y=4



/QXThe I3 axiom counter-attacks

Elementary definition: A;, = ({ 1,2,3,...,2" }, >) s.t.
ar>(b>c)=(a>b)>(ar>c) & ar>l=a+1 mod?2™.

Some of the elementary properties:

S AET (v ey ey By =
v An ~ all finite monogenic shelves (Drapal *97).

As|1 2 3 4 5 6 7 8
T2 4 6 8 2 4 6 8
203 4 7 83 4 7 8
3014 8 4 8 4 8 4 8
4156 7 85 6 7 8
5/6 8 6 8 6 8 6 8
617 8 7 8 7 8 7 8
718 8 8 8 8 8 8 8
8|1 23 45 6 7 8
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Some of the elementary properties:
S AET (v ey ey By =
v An ~ all finite monogenic shelves (Drapal *97).

v  Periodic rows.
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/7\XThe I3 axiom counter-attacks

Elementary definition: A;, = ({ 1,2,3,...,2" }, >) s.t.
ar>(b>c)=(a>b)>(ar>c) & ar>l=a+1 mod?2™.

Some of the elementary properties:

S AET (v ey ey By =
v An ~ all finite monogenic shelves (Drapal *97).

v Periodic rows. v Solutions of p > q = q.

Az |1 2 3 4 5 6 7 8

112 4 6 8 8 m3(1) =4
213 4 7 8 7 8 m3(2) =4
314 8 8 m3(3) =2
4 |5 6 7 8 5 6 7 8 m3(4) =4
516 8 8 m3(5) =2
6 |7 8 7 8 3(6) =2
7 |8 8 m3(7) =1
8 |1 2 3 4 5 6 7 8 3(8) = 8
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/7\XThe I3 axiom counter-attacks

Elementary conjectures:

v nn(1)n:>oo 0. v (1) < (2). v LiLWAnD?L
neN

Theorems under the axiom 13!

Sets Braids

realisation

finite approximation
Laver tables ............................................. > Free Shelf

~
~
~
=77 N = an order

Braids on B



8/ Getting more out of colourings

(5) Fenn—Rourke-Sanderson & Carter—Jelsovsky—Kamada-Langford-Saito,
refined knot colourists.

Shelf S, ¢:S xS — Zn ~ d-weights:

S-coloured diagram D +—— Z:l:d)(a,b)
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<8/ Getting more out of colourings

(5) Fenn—Rourke-Sanderson & Carter—Jelsovsky—Kamada-Langford-Saito,
refined knot colourists.

Shelf S, ¢:S xS — Zn ~ d-weights:

S-coloured diagram D +—— Z:l:d)(a,b)

/
o’

This is an invariant of coloured diagrams iff
c b<ec

v
a<c

: —

|

¥ ¥

|
|
(a,b)+bla b, ) +bbrcT =  blbrc+ dla, )+ dla < c,b < c)




X/ New bridges

Thm: one has a cochain complex (Map(S*¥, Z.,), d%),
K1

(d]):f)(ch Yooy ak—H) = Z (*])iil (f(a] yeroy Ai—1,Qit1,

i=1

ey Qi)

7f(a1 < qiy...y0i—1 < ai)ai+]a"‘aak+]))'
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XA New bridges

Thm: one has a cochain complex (Map(S*¥, Z.,), d%),

k+1
k i—1
(de)(a1>--->ak+1) :Z(*])l (f(a]""’ai—hai—i-])-”)ak—i-])
i=1
—flar Qaiy...y;ai1 < ai, Qigpry.eey aeg1)).

~+ Rack cohomology H¥ (S, Z,).

d2¢p =0 = ¢ refines (positive) braid colouring invariants.
$ = dglb = the refinement is trivial.

(S, <) quandle, d*¢p =0 & -+ —

powerful invariants of (k — 1)-dimensional knots in R**1,

Another application: pointed Hopf algebra classification
(Andruskiewitsch—Grana ’03).
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/\W\V\Getting symmetric

b ~\/ab o(a,b) = (bg,a®)

Diagram colourings by (S, 0):
& gsby (500 Nb.  oslab) = (b.a<b)

RIll-compatibility <= set-theoretic Yang-Baxter equation:

010207 20'20'10'225><3—>S><3 01 :O'X|dg)0'2:|dg X0

(6) Vladimir Drinfel'd, a divider-and-conqueror.

linearise deform
Set-theoretic solutions AN~ AAANAAN~  linear solutions.

Example: o(x,y) = (y,x) ~A~ A R-matrices.
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/\W\V\Getting symmetric

b ~/af o(a,b) = (bg,a®)
a/Nbg 04(a,b) =(b,a <xb)

Diagram colourings by (S, 0):

Question: New colouring invariants of braids?

Thm (Soloviev & Lu-Yan-Zhu’00, L.—Vendramin’17):
v A left non-degenerate set-theoretic YBE solution (S, o) is a shelf:

agang

Vv <o =<
v/ < captures major properties of o.
v Bad news: 0 and <l induce isomorphic B -actions on S™.

A better question: New color-and-weight invariants of braids?

Here “weight” = a ¢-weight for a braided 2-cocycle ¢.
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~ XX Vote for braided cohomology!

Reasons:

1)d2d =0 = ¢ refines (positive) braid colouring invariants.
¢ =dlv = the refinement is trivial.
(Carter—Elhamdadi-Saito ’04)
k-cocycles ~» invariants of (k — 1)-dimensional knots in R¥*1.

2)d2¢ =0 == diagonal deformations of o: o4(a,b) = q*(®)g(a,b).
(Freyd-Yetter ’89, Eisermann’05)

3) Unifies cohomology theories for
v self-distributive structures,
v/ associative structures,

v Lie algebras etc.

+ explains parallels between them,

+ suggests theories for new structures.
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/\W\/\Vote for braided cohomology!

4) For certain o, computes the Hochschild cohomology of

Mon(S,0) = (S| ab = b’a’ whenever o(a,b) = (b’;a’) )

methods
T~

braided sets ‘ ‘groups & algebras ‘
\_/

examples

Thm: 02 =1d & ... =
v Mon(S, o) is of I-type, cancellative, Ore;
v Grp(S, o) is solvable, Garside;
v kMon(S, o) is Koszul, noetherian, Cohen—-Macaulay,
Artin—Schelter regular
(Manin, Gateva-lvanova & Van den Bergh, Etingof-Schedler—Soloviev,
Jespers—Okninski, Chouraqui ..., 80’-...).
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/\W\/\Vote for braided cohomology!

4) Braided cohomology computes the Hochschild cohomology of

Mon(S,0) = (S| ab = b’a’ whenever o(a,b) = (b’;a’) )

when:
v 00 = Id and Chark = 0 (Farinati & Garcia-Galofre ’16);
v oo =o0(L.16).

Applications:
factorised monoids G = HK;
Young tableaux with Schensted multiplication.

Question: What about the general ¢?

5) Comes with a graphical calculus, based on branched braids.



