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/\W\/\Computing definite integrals

We have seen that definite integrals, and hence areas, can be computed
using indefinite integrals:

Theorem 4 (The Fundamental Theorem of Calculus, part 1). If f is
continuous on [a, b], and F is any antiderivative of f on [a, b], then

Jb f(x)dx = Jf(x) dx ’

a

a

This means that computation rules for definite integrals follow from those
for indefinite integrals.

Certain rules, like linearity, are transported in a straightforward manner.
Another example is integration by parts:

Theorem 5 (Integration by parts). Suppose that F and G are

antiderivatives of the continuous functions f and g on [a, b]. Then
b

b
J Gk = F(x)e(xn‘gj [F(x)g ()] dx.

a a



/\W\/\Computing definite integrals

Theorem 5 (Integration by parts). Suppose that F and G are
antiderivatives of the continuous functions f and g on [a, b]. Then

b b
J () G(x)] dx = F(x)e(xn‘gj [F(x)g(x)] dx.

a a

Example.
1 ; 1 x
L arctanx dx = [xarctanx], —JO 752 dx
s 1 5 !
oo P 20, 1 =
=7 z(ln(] +19)—=In(1407)) = 173 In(2) ~ 0.44.

defined, and is the primitive of ﬁ on [0, 1].



X2/ Substitution for definite integrals

Substitution for definite integrals is slightly more delicate, since one needs
to take care of the integration limits.

There are two ways to deal with it.

Method 1. Use u-substitutions only on the level of indefinite integrals:

b
J f(g(x))g (1) dx = [FgLIE,

a

where F = [ f(x) dx.

Method 2. A somewhat more direct computation is also possible:

Theorem 6 (u-substitution). Suppose that f is continuous on [a, b] and
takes values in [c, d], and g and g’ are continuous on [c, d]. Put
F = [ f(x) dx. Then

g(b)

b
J [f(g(x))g’(x)] dx = J f(u) du.

a gla)



X2/ Substitution for definite integrals

2

Example 1. Let us use the first method to evaluateJ x(x? 4+ 1) dx.
0

To compute the corresponding indefinite integral, we denote u = x? + 1, so
that du = 2x dx, and

4 2 4
Jx(x2+1)3dx:1Ju3du:u—+C:u+C.
2 8 8
Therefore,
2 2 2 412
J X(x2+1)3dx:UX(x2+1)3dx] :[(X +1) } :62—5_1278.
0 0 8 0 8 8



X2/ Substitution for definite integrals

2

Let us use the 2nd method to evaluate the same integral J x(x? +1)% dx.
0
That is, we start with the substitution, which is here u(x) = x? + 1, so that

v du = 2x dx;

v ul0)=1;
v u(2) =5.
Therefore,

2 5 495 4 4
1 1w 1/5 1
2 3 3
] = — = — | — = — _— :78'
Jox(x—i—)dx ZLu du 2[4}1 2<4 4>



X2/ Substitution for definite integrals

3
Example 2. Let us evaluate cosiig/x) dx.
1
We put u(x) = 7, so that
v du= —X—nz dx, in other words, é dx = —% du;
v u(l) =m
v u(3) =m/3.
Therefore,
3 /3
J Md)c:—l‘[ cosudu
1 X ud
1 LESEN 3
= — —sin u} = ——(sin(7t/3) — sinm) = ~£ ~ —0.276.
T - T 21



X2/ Substitution for definite integrals

dx.

Example 3. Let us evaluate JT[M Vtanx
We put u = tanx so that °

v odu=— Zx dx;

v u(0) =0;

v ou(m/4) =1.

COSZ X

Therefore,

/4 1 u3/21!
Jo \/tanxcoszde—J \/—du__3/2 O_



X2/ Substitution for definite integrals

Example 4. Let us prove, without evaluating integrals, that

/2 /2
J sin™ x dx :J cos" x dx.
0 0

In the second integral, we put u = 5 — X, so that
v o du = —dx;
v u(0) =m/2, u(m/2) =0;

v’ cosx = cos(7r/2 —u) = sinu.

Therefore,

/2 0 /2
J cos“xdx:—J sin“udu:J sin™ x dx.
0 /2 0

/\ Here using Method 1, i.e. first computing indefinite integrals
f sin™ x dx and f cos™ x dx, would be much more tedious.

Exercise. Compute | sin x dx and fsin3 x dx.



K2/ Substitution for definite integrals

;
1
Example 5. Let us evaluate J1 172 dx.
Put u(x) = %, so that
/ du=— ]2 dx in other words, du = —u? dx and dx = —# du;
u(-1) = -
/ u(l) =1,
v 1 u?

Tx2 — 1+(1/w? ~ T+ru:

Therefore,
1 1 2 1
1 u 1 1
——dx=— ———du=— ——du
J_1 1+x2 J_1 1T+u?u? J_1 T4+uz2 7
so the integral is equal to its negative and hence equal to zero.

1
But 1—:—7(2 > 0 on [—1,1] implies J_

1 1+x2
;

How is it possible? It happened because u(x) = - was not defined on all
the interval [—1, 1], having a singularity at x = 0.



X2/ Substitution for definite integrals

;
The right way to compute J 752 dx is to recognise the derivative of
1 X

arctan:

:
J ] dx = [arctan x]]_] = arctan(1) —arctan(—1) = ;—T— (—

.
]1+X2 _2.

n
4



