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/\W\/\The notion of limit at infinity

We have seen that vertical asymptotes can be described mathematically
using the notion of infinite limit. Today we will learn how to talk rigorously
about horizontal and oblique asymptotes. For this we will need a new type
of limits.

Definition. A function f is said to have the limit L as x tends to +oo if
the values f(x) get as close as we like to L as x increases without bound. In
this case, one writes

lim f(x) =1, or f(x) — L.

X—>+00 X——+00

Similarly, a function f is said to have the limit L as x tends to —oo if the
values f(x) get as close as we like to L as x decreases without bound. In this
case, one writes

lim f(x) =1, or f(x) — L.

X——00 X—r—00

Here expressions “tends to” and “approaches” are synonymous.



/\W\/\The notion of limit at infinity

Example. Consider the function f(x) = 1/x:
Yy

lim f(x)=0and Ilim f(x)=0.

X—r+00 X——00

In this case, we have



X2 Limits and asymptotes

x—+o0

vertical asymptote x = a lim f(x)=+o0 infinite limit at a
x—at
horizontal asymptotey =L lim f(x) =L | finite limit at infinity

Example. Consider the function f(x) = 1/(x —2)? + 1:

l_

Y

......




<2/ Limits and asymptotes

Example. Consider the function f(x) = 1/(x —2)? + 1:
y

In this case, we have
lim f(x)=1and Ilim f(x)=1,
X—+00 X—>—00

and y = 1 is the only horizontal asymptote here.

Also, the limit is finite (computed by evaluation) at all points except 2,
where lim2 f(x) = +o0. So, x = 2 is the only vertical asymptote.
X—



> Infinite limits at infinity

Definition. A function f is said to have the limit 4+-co as x tends to +oo
(or —o0) if the values f(x) increase without bound as x increases without
bound (decreases without bound). In this case, one writes
lim f(x) = +o0, or f(x) — Hoo.

x—=+00 X—F00
Similarly, a function f is said to have the limit —co as x tends to +oo (or
—o0) if the values f(x) decrease without bound as x increases without
bound (decreases without bound). In this case, one writes

lim f(x) =—o0, or f(x) — —oo.
x—+oo x—Fo0



>3 Infinite limits at infinity

Example. Consider the function x?:

Y

In this case, we have
lim f(x) =4occand Ilim f(x)=+oo.

X——+00 X——00



>3 Infinite limits at infinity

Example. Consider the function x3:

Y

In this case, we have

lim f(x) =4oc0and lim f(x)=—oo0.
X—r+00 X—+—00



&/ Limits of polynomial functions at infinity

We have already seen that for large |x|, a polynomial
f(x) = anx™ + .-+ a;x+ ap, where a, # 0,

behaves as its leading term a,, x™. This makes the following result very
natural:

Theorem. Suppose that f(x) = anx™ + -+ -+ a;x + ap, and ay # 0. Then

| . il
1 [T = T fon™

lim f(x) = lim (a,x").
X——00 X——00

If n > 0, then these limits are infinite, £00. The signs depend on the sign of
an, and on the parity of n (whether it is even or odd).

Informally, this theorem says that the limiting behaviour at infinity of a
polynomial exactly matches the behaviour of its highest degree term.



)(@%(Lhnhscﬁjxﬂynonﬂalfuncﬂonsatinﬁnhy

Theorem. Suppose that f(x) = anx™ + -+ -+ a;x + ap, and a, # 0. Then

lim f(x) = lim (a,x"),
X——+00 X—+400
lim f(x) = lim (a,x").
X——00 X—>—00

Proof. We have

f(x) = anx™ + an_1x"7!

+---+a1x+ ap

:%ﬂ0+%”+m+ i +a°>

AnX apx™ 1 oaxn
The expression in the brackets clearly has the limit 1 as x — =00, since all
terms except for 1 have the limit 0. O
Example.
lim (1—=x)(x+2)?= lim —x3 = —o0;
X—+00 X—+00

lim (1—=x)(x+2)?= lim —x3 = +oo.

X——00 X——00



A Limits of rational functions at infinity

anx™ +---+ajx+agp

Theorem. Suppose that f(x) = DX - T bix 1 by with a,, #0,

bm # 0. Then

n

lim f(x) = Ilim it ]

X— 400 x—~+00 by x™

| — anx™"

xgnjoo flx) = xgmoo bx™’
Proof. We have

anx“<l+m+---+ S + )

f(x) =

bmxm (] + bm + + bm 211171 + bmim)

| an Xn 1 an X"
[ m bm.fl i
BmX™ 14 ot o e + e
Both the numerator and the denominator of the second fraction tend to 1
as x — 100, since all terms except for 1 have the limit 0. O




>/ Limits of rational functions at infinity

Examples.

o X5 L3 T4 L 3x 1
x—l>Too6x—8 _x—l>Too6x 1 _% _x—|>r—?006x I

’ 4x? —x i X i E_O
ML 2x3 -5 SELILES 2x3 VL x

53 —2x2 41 o538 . 5,

lim —————— = |lim —— = Ilim —=x"=—

X—+00 1—3x © x—to0 —3x  x—+o0



<A Limits of rational functions at infinity

The graph of f(x) = szztz]x = (Xf%ﬁf}r]) has vertical asymptotes x = 1
and x = —1, and a horizontal asymptote y = 1. Now we know which limits
control those asymptotes:
lim f(x) =—o00, lim f(x)=+o00, lim f(x)=—00, lim f(x) =400
x——1- x——1+ x—=1- x—1+
for the vertical asymptotes, and lim @ = lim X—i =1 for the
x—+oo X1 x—rFoo X

horizontal asymptote.



>/ Limits of rational functions at infinity

The graph of f(x) = Xzzfz;i,) = 2(E(X;1))(E(Xj31)) has a vertical asymptote
x = 3, a horizontal asymptote y = 2, and also the “cut” (—1, 1) which it
approaches both on the left and on the right but does not touch. This is

controlled by the limits

lim f(x) = —o0, lim f(x) = 400,
x—3" x—3+
lim f(x) =2, lim f(x)=2,
X——00 X—>+00
lim f(x)=1.

x——1



&/ Limits of algebraic functions at infinity

As usual, there are no general recipes for this wide class of functions. We
will just have a look at several examples.

Examples.

For ratios involving square roots, the leading term method still works:

, oy x2(1+ &) B
x—|>nJ:oo 3x—6 — x—LToo 3)((] - ;) — x—LToog + g

X

This is our first example of function with two horizontal asymptotes: y = +

3
andy = —%.



K&/ Limits of algebraic functions at infinity
For differences \/f(x) — 1/g(x), or simply /f(x) — g(x), where both f and

g tend to 400 at the point of interest (finite or infinite), the formula

2_12
a—b= anrE can be useful.

( x© + 5)2 | (X3)2

. 6 i 3 — .
XETOO( REITSSE XE)TOO \/7(6—Jr5+x3
. 5
= lim — =0
oo VAT 5 4 3
ﬁ/XG 5 3\2 _ X3 2
lim (Vx6+5x —x3) = lim ( +5%°) %)
X—+4-00 X——+00 Vx6 +5x3 +x3
i 5x3
= lim
x—-+00 /x6 +5x3 4 x3
5x3 5

= lim =

x—>+oox3( /1+%+]> 2
We used that for all x > 0, all the expressions under the square roots are
positive, and division by zero never occurs.




XA Limits of trigonometric functions at infinity

Since sinx and cos x oscillate between —1 and 1 as x — 400, neither of
these functions has a limit at infinity.

sin x

However, limits like lim oo might exist. Indeed, as x — 400, the value

X— 400
of sinx is between —1 and 1, and the value of x increases without bound, so

the ratio of these quantities has the limit O:
sinx

lim =0.
X—+oo X

/\ Please do not do anything like that:

| sinx I sin X I sin .
lim = [im = |lim — =sin.
Xx——+00 X X—-+00 7{ X——+00 1




