MA1S11A - TCD, Michaelmas term 2017, Week 12 Victoria Lebed

Homework/Tutorial 10

Marks: each question is worth 2 marks.

What this homework is about

You will learn how to compute definite integrals, and explore their relation with indefinite in-
tegrals and area computation.

Reminder

The area A under the graph of a continuous non-negative function f on an interval [a, b] is
defined as follows. For all integers N,
1) Divide [a, b] into N subintervals I, ... Iy of equal size Ay = b;N“.
2) On each I, choose some point x]t.
3) On each Iy, approximate the figure under the graph of f by the rectangle Ay x f(x})

4) Compute the total area chvzl f(x7)An of these small rectangles.

N
The area A is defined as the limiting value of these sums: A= lim ) f(x;)An.
THOk=1

The definite integral | : f(x)dx of a function f on [a, b] is the limit of similar sums (called
Riemann sums), where the subintervals I} are no longer of the same size, but become arbitrarily

small: mI;axlI il N 0. The function is called (Riemann) integrable on [a, b] if this limit exists.
—+00

For a continuous non-negative f, [ f f(x) dx computes the area under the graph of f on [a, b].
The following formulas are useful for computing Riemann sums:
n(n+l) n(n+1)(2n+1) n*(n+1)*

n
s eI oL
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Definite 1ntegrals are usually evaluated using indefinite integrals, thanks to

The Fundamental Theorem of Calculus. Let f be continuous on [a, b]. Then:
b
ff(x) dx| =F(b)—F(a), where

a

b
Part 1: f is Riemann integrable on [a, b], and f fx)dx=
a

F is any antiderivative of f on [a, b];
Part 2: the function F(x) = [ f(¢) dt is an antiderivative of f on [a, b].

Properties of definite integrals:

b b b
linearity:f (clfl(x)+---+cnfn(x))dx:clf fl(x)dx+---+cnf fn(x)dx;

g(b)

b
u-substitution:f flg(x)g'(x) dx:f fwdu;
a gla)

b b
integration byparts:f flx)gx)dx = [f(x)g(x)]Z—f [f(x)g (x)]dx;
a g b 4
f fx)dx=0; f f(x)dx:—f f(x)dx;
a b a
c b c
additivity:f f(x)dx:f f(x)dx+f f(x)dx;
a a b

b b
monotony: f(x)=g(x)on[a,b] = f fx) dxzf g(x)dx.
a a
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Questions
dat
3r+1

X
1. Consider the function F(x) = f
1

(a) What is its natural domain?

(b) Compute F'(x).

(c) Explain why F increases on its domain.
(d) Compute F(0).

2. Compute the following definite integrals:

0
(a) f V3 -1dx;
1

eZ
(b) f xInxdx.
1

3. Compute
arctan(x)

-1
(x)dx, where f(x)= ——,
fl ! / VvV x2 +1cos(x)

without finding the antiderivative of f.
0

-1
(Hint. Comparef fx)dx andf fx)dx.)
1 0

4. Consider the functions f(x) = sin(3x) and g(x) = x on [0, 1].
(a) Show that on [0, 1], the graph of f lies above the graph of g.
(Hint. Consider the difference h(x) = f(x) — g(x). To see that h(x) = 0 on [0, 1], find the
minimum of 4 on [0, 1].)
(b) Compute the area between the two graphs on [0, 1].

1
5. Compute f x° dx using two methods:

(a) explic(i)t Riemann sums, where you divide the interval [0,1] into N equal parts and in
each part choose as the point x;. the left endpoint;
(b) the relation with the indefinite integral.
Compare the answers obtained.



