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Part 1:

How a Knot Theorist

Would Invent Qualgebras



Quandle olorings

Knot diagrams: from illustration to manipulation

1926 K. Reidemeister:

Knots

∼=
Diagrams

/
R-moves
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Quandle olorings

Knot diagrams: from illustration to manipulation
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Combinatorial knot invariants:

Diagrams
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Quandle olorings

Quandles as an algebraization of knots
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olorings

by Conj(G )

p

α
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Wirtinger

presentation:

olorings by Conj(G )

l

Rep(π
1
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Quandle olorings

Quandles as an algebraization of knots

olorings by R
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Fox olorings
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Quandle olorings

Digression: The fundamental quandle of a knot

1982 D. Joye,

S. Matveev:

(a�b)� = (a�)� (b�) (SD)

(a�b) �̃ b = a= (a �̃ b)�b (Inv)

a�a= a (Idem)

Quandle

Knots−→Quandles

K 7−→Q(K ) : generators ↔ ars of D

K

relations ↔ rossings of D

K

 = a�b

a

b

b



B Does not depend on the hoie of a diagram D

K

of K .

Vitoria LEBED (OCAMI, Osaka) Qualgebras 6 / 36



Quandle olorings

Digression: The fundamental quandle of a knot

1982 D. Joye,

S. Matveev:

(a�b)� = (a�)� (b�) (SD)

(a�b) �̃ b = a= (a �̃ b)�b (Inv)

a�a= a (Idem)

Quandle

Knots−→Quandles

K 7−→Q(K ) : generators ↔ ars of D

K

relations ↔ rossings of D

K

 = a�b

a

b

b



a

b



a= �b

b= a�

 = b�a

Vitoria LEBED (OCAMI, Osaka) Qualgebras 6 / 36



Quandle olorings

Digression: The fundamental quandle of a knot

1982 D. Joye,

S. Matveev:

(a�b)� = (a�)� (b�) (SD)

(a�b) �̃ b = a= (a �̃ b)�b (Inv)

a�a= a (Idem)

Quandle

Knots

/
K =−K∗ ,−→Quandles

K 7−→Q(K ) : generators ↔ ars of D

K

relations ↔ rossings of D

K

 = a�b

a

b

b



Vitoria LEBED (OCAMI, Osaka) Qualgebras 6 / 36



Quandle olorings

Digression: The fundamental quandle of a knot

1982 D. Joye,

S. Matveev:

(a�b)� = (a�)� (b�) (SD)

(a�b) �̃ b = a= (a �̃ b)�b (Inv)

a�a= a (Idem)

Quandle

Knots

/
K =−K∗ ,−→Quandles

K 7−→Q(K ) : generators ↔ ars of D

K

relations ↔ rossings of D

K

 = a�b

a

b

b



Conlusion: The fundamental quandle is a universal weak knot invariant.
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Quandle olorings

Digression: The fundamental quandle of a knot

1982 D. Joye,

S. Matveev:

(a�b)� = (a�)� (b�) (SD)

(a�b) �̃ b = a= (a �̃ b)�b (Inv)

a�a= a (Idem)

Quandle

Knots

/
K =−K∗ ,−→Quandles

K 7−→Q(K ) : generators ↔ ars of D

K

relations ↔ rossings of D

K

 = a�b
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Conlusion: The fundamental quandle is a universal weak knot invariant.

Problem: Quandles are hard to ompare.

Solution: Compare Rep

Qu

(Q(K ),Q) for �simple� Q ←→ olorings by Q.

Consequene: Quandle invariants are very powerful.
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Qualgebra olorings

Knotted 3-valent graphs

Standard and Kinoshita-Terasaka Θ-urves:

Θ
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Θ
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Qualgebra olorings

Knotted 3-valent graphs

Standard and Kinoshita-Terasaka Θ-urves:

Θ
st

Θ
KT

Importane:

❀ foams;

❀ handlebody-knots;

←→

❀ form a �nitely presented algebrai system (B knots do not).
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Qualgebra olorings

Reidemeister moves for 3-graphs

1989 L.H. Kau�man, S. Yamada, D.N. Yetter:

RIV
←→

RVI
←→

RV
←→
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Qualgebra olorings

Reidemeister moves for 3-graphs

1989 L.H. Kau�man, S. Yamada, D.N. Yetter:

RIV
←→

RVI
←→

RV
←→

Combinatorial graph invariants:
Diagrams

����

� //
something

3-Graphs

∼= Diagrams

/
RI-RVI

66n
n

n
n

n
n

Question: Can �something� be related to quandles?
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Qualgebra olorings

Quandle olorings for 3-graphs

A more preise question: How to

extend quandle olorings to 3-graphs?

a b

b a�b

? ?

?
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G is a group;

a

±1
b

±1


±1 = 1
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S is a quandle; �
+ =�, �

− =�̃

∀x , ((x �
±
a)�±

b)�±
 = x

(2010 M. Niebrzy-

dowski)

❀ And some more...
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Qualgebra olorings

Orientation

Poleless 3-graphs: only zip and unzip verties.
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Qualgebra olorings

Orientation

Poleless 3-graphs: only zip and unzip verties.

Proposition: Every 3-graph admits a poleless orientation.

Unoriented 3-graph 7−→ { its poleless orientations }.

Side question: # { poleless orientations of Γ } ?

Theorem (A. Ishii): All poleless orientations of a given 3-graph are

onneted by single-edge orientation swithes:

←→
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Qualgebra olorings

Qualgebras as an algebraization of 3-graphs

a b

b a�b

olorings

by (S ,�,∗)

a b

a ∗ b

a ∗ b

bab b
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Qualgebras as an algebraization of 3-graphs
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RIV ↔ a� (b ∗ )= (a�b)�

RVI ↔ (a ∗ b)� = (a ∗ )� (b ∗ )
RV ↔ a ∗ b = b ∗ (a�b)

& (SD),

(Inv),

(Idem)

Qualgebra

Quandle

Algebra
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Qualgebra olorings

Qualgebras as an algebraization of 3-graphs

a b

b a�b
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by (S ,�,∗)

a b

a ∗ b

a ∗ b

bab b

RIV ↔ a� (b ∗ )= (a�b)�

RVI ↔ (a ∗ b)� = (a ∗ )� (b ∗ )
RV ↔ a ∗ b = b ∗ (a�b)

& (SD),

(Inv),

(Idem)

Qualgebra

Quandle

Algebra

3-graph invariants

olorings

; qualgebra

Group qualgebras

Group G ; qualgebra QA(G )= (G , g �h= h

−1
gh, g ∗ h= gh).

Vitoria LEBED (OCAMI, Osaka) Qualgebras 11 / 36
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Qualgebras as an algebraization of 3-graphs

a b
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3-graph invariants
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; qualgebra

Group qualgebras

Group G ; qualgebra QA(G )= (G , g �h= h

−1
gh, g ∗ h= gh).

p

α

θα

Wirtinger

presentation:

olorings by QA(G )

l

Rep(π
1

(R3\Γ),G )
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Group qualgebra (S
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, g �h= h

−1
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Solutions: x = y and x = (123),y = (432) and ...
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Part 2:

How an Algebraist

Would Invent Qualgebras



Qualgebras and groups

Group qualgebras

Example 1

Group G ; onjugation quandle Conj(G )= (G , g �h= h

−1
gh).

1982 D. Joye: Quandle axioms ⇐⇒ all properties of onjugation.
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−1
gh).

1982 D. Joye: Quandle axioms ⇐⇒ all properties of onjugation.

Example: In any QA(G ),

g � (h�k)= ((g �̃ k)�h)�k

((k−1
hk)−1gk−1

hk = k

−1
h

−1
kgk

−1
hk)

⇒ the equation follows from quandle axioms:

g � (h�k)
(Inv)
= ((g �̃ k)�k)� (h�k)

(SD)
= ((g �̃ k)�h)�k .
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Qualgebras and groups

Group qualgebras

Example 1

Group G ; group qualgebra QA(G )= (G , g �h= h

−1
gh, g ∗ h= gh).

1982 D. Joye: Quandle axioms ⇐⇒ all properties of onjugation.

abstrat level quandle axioms spei� qualgebra axioms

topology moves RI-RIII moves RIV-RVI

groups onjugation onjugation-multipliation interation

B Qualgebra axioms ; all relations btwn onjugation & multipliation.

Example: (b�a)∗ (a�b)= ((a �̃ b)�a)∗ b

in QA(G ) : a

−1
bab

−1
ab = a

−1
bab

−1
ab

in free qualgebras : false
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Qualgebras and groups

Other qualgebra examples

Example 1

Group G ; group qualgebra QA(G )= (G , g �h= h

−1
gh, g ∗ h= gh).

Example 1

′

Group G & X ⊂G ; the sub-qualgebra of QA(G ) generated by X .
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Qualgebras and groups

Other qualgebra examples

Example 1

Group G ; group qualgebra QA(G )= (G , g �h= h

−1
gh, g ∗ h= gh).

Example 1

′

Group G & X ⊂G ; the sub-qualgebra of QA(G ) generated by X .

E.g., N⊂QA(Z).
Remark: For �nite G , sub-qualgebra = sub-group.

Example 0

Trivial qualgebra (S , a�b = a, a ∗ b), where ∗ is ommutative.

; Abstrat graph invariants.
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More examples

An in�nite family of exoti examples

Example S

n

Set X & ommutative operation ⋆ & zero element 0 (0⋆x = x ⋆0= 0)
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More examples

An in�nite family of exoti examples

Example S

n

Set X & ommutative operation ⋆ & zero element 0 (0⋆x = x ⋆0= 0) ;

Q

X ,n =
{
((x

1

, . . . ,x
n

),g) ∈X×n×S

n

∣∣
x

i

= x

j

= 0 whenever g(i)= j 6= i

}
,

(x ,g)� (y ,h)= (x ·h,h
−1
gh),

(x ,g)∗ (y ,h)= (x ⋆y ,gh)

is a qualgebra.
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is a qualgebra.
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= {0,a }, a⋆
1

a= 0 or a⋆
2

a= a, n= 2, S
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= { Id,τ },
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{
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Example S
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Set X & ommutative operation ⋆ & zero element 0 (0⋆x = x ⋆0= 0) ;

Q

X ,n =
{
((x

1

, . . . ,x
n

),g) ∈X×n×S

n
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= x
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= 0 whenever g(i)= j 6= i

}
,

(x ,g)� (y ,h)= (x ·h,h
−1
gh),

(x ,g)∗ (y ,h)= (x ⋆y ,gh)

is a qualgebra.

E.g., X

2

= {0,a }, a⋆
1

a= 0 or a⋆
2

a= a, n= 2, S

2

= { Id,τ },

Q

X

2

,2 =
{
((x

1

,x
2

), Id)
∣∣
x

1

,x
2

∈X
2

}
∐ {

((0,0),τ)
}

,

#Q

X

2

,2 = 5

; two 5-element qualgebras.

❀ Commutative. ❀ Assoiative.

❀ Not anellative =⇒ do not ome from groups:

((0,0),τ) ∗
i

((x
1

,x
2

), Id)= ((0,0),τ), i = 1,2.
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More examples

Towards a lassi�ation

Example 3

Size É 3: only trivial qualgebras.
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Example 4

Non-trivial qualgebra strutures on Q = {p,q,r ,s}:

put p = q,q = p,r = r ,s = s;

x� r = x , x�y = x for other y ;

∗ is ommutative, x ∗ y = x ∗ y ,

r ∗ x = r for x 6= r ,

r ∗ r = s ∗ s = p ∗ q = s , p ∗ p, p ∗ s ∈ {p,q,s}
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; 3∗3= 9 strutures.

❀ Not anellative ⇒ do not ome from groups.
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,2: omit ((a,a), Id)).
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Vitoria LEBED (OCAMI, Osaka) Qualgebras 17 / 36



More examples

Towards a lassi�ation

Example 4

Non-trivial qualgebra strutures on Q = {p,q,r ,s}:

put p = q,q = p,r = r ,s = s;

x� r = x , x�y = x for other y ;

∗ is ommutative, x ∗ y = x ∗ y ,

r ∗ x = r for x 6= r ,

r ∗ r = s ∗ s = p ∗ q = s , p ∗ p, p ∗ s ∈ {p,q,s}

; 3∗3= 9 strutures.

❀ Not anellative ⇒ do not ome from groups.

❀ Two are assoiative (sub-qualgebras of Q

X

2

,2: omit ((a,a), Id)).
❀ Three have neutral elements, none are unital assoiative.

Question: Continue the lassi�ation.
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More examples

Computation example

Standard and Hopf u� graphs:

a

b

C

st

a

b

a

′


′

a

′ = ((a �̃ )�a



′ = �a

C

H

#Col
Q

(C
st

)=#
{
(a,b,) ∈Q

∣∣
b ∗ a= a, b ∗  = 

}
= 18,

#Col
Q

(C
H

)=#
{
(a,b,) ∈Q

∣∣
b ∗ a= a� , b ∗  = �a

}
= 14.

Vitoria LEBED (OCAMI, Osaka) Qualgebras 18 / 36



Symmetri qualgebras

Qualgebras with inversion

Question: How far qualgebras are from groups?
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Group qualgebra is symmetri

Group G ; QA

∗(G )= (G , g �h= h

−1
gh, g ∗ h= gh, ρ(h)= h

−1).

Properties:

❀ Maps a 7→ a ∗ b and a 7→ b ∗ a are bijetions

; ∗ is a Latin square (= pseudo-sudoku).

❀ ρ is de�ned uniquely.
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Symmetri qualgebras

Topologial motivation

Question: When are qualgebra invariants independent of orientations?
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A possible answer: when one has a ρ : S → S suh that
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ρ(a)←→
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Q
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Q
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qualgebra

Ishii's theorem =⇒ Col
Q

(D
1

)↔ Col
Q

(D
2

) for any poleless orientations

D

1

,D
2

of a 3-graph diagram D.

abstrat level good involution axioms for qualgebras

topology unoriented 3-graphs

groups onjugation- and multipliation-inversion interations
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Symmetri qualgebras

Symmetri qualgebras: examples

Example 0

Symmetri trivial qualgebras ←→ Latin squares whih

❀ are symmetri w.r.t. the main diagonal, and

❀ ontain a row σ ∈Bij(S) i� ontain a row σ−1
.
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Example 0

Symmetri trivial qualgebras ←→ Latin squares whih

❀ are symmetri w.r.t. the main diagonal, and

❀ ontain a row σ ∈Bij(S) i� ontain a row σ−1
.

Example 3

S = {x ,y ,z }, a�b = a, ∗ is ommutative.

∗ x y z

x x y z

y y z x

z z x y

ρ x z y

QA(Z
3

)

∗ x y z

x x z y

y z y x

z y x z

ρ x y z

∗ x y z

x y x z

y x z y

z z y x

ρ x y z

not groups
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Example 4

❀ Non-trivial qualgebras: not symmetri (⇐= not anellative).
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Symmetri qualgebras

Symmetri qualgebras: examples

Example 4

❀ Non-trivial qualgebras: not symmetri (⇐= not anellative).

❀ Trivial qualgebras:

∗ x y z w

x x y z w

y y z w x

z z w x y

w w x y z

ρ x w z y

←QA(Z
4

)

QA(Z
2

×Z
2

)→

∗ x y z w

x x y z w

y y x w z

z z w x y

w w z y x

ρ x y z w

∗ x y z w

x z y x w

y y z w x

z x w z y

w w x y z

ρ x w z y

not

groups

∗ x y z w

x x y w z

y y x z w

z w z y x

w z w x y

ρ x y z w
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Symmetri qualgebras

Assoiative qualgebras

Question: How far qualgebras are from groups?
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Symmetri qualgebras

Assoiative qualgebras

Question: How far qualgebras are from groups?

Step 2: assoiativity (for ∗).

symmetri qualgebras

groups

assoiative qualgebras

qualgebras
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Qualgebraizability

From quandles to qualgebras: theory

Question: Can a quandle (S ,�) be qualgebraized into (S ,�,∗)?
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S
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= Id, where S
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is an automorphism of the quandle (S ,�).

2

T
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= Id, where S
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T (S) is a sub-quandle of Conj(Aut(S))
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T (S) is a sub-qualgebra of QA(Aut(S))
; neessary qualgebraizability ondition.
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Qualgebraizability

From quandles to qualgebras: theory

Question: Can a quandle (S ,�) be qualgebraized into (S ,�,∗)?

Right translations T

b

: a 7→ a�b.

Properties (qualgebra ase):

1

T

b

is an automorphism of the qualgebra (S ,�,∗).

2

T

b

∣∣
S

b

= Id, where S

b

is the sub-qualgebra of S generated by b.

3

One has a qualgebra morphism

T : (S ,�,∗)−→QA(Aut(S)),

b 7−→T

b

.

That is, T

b�

=T

−1


T

b

T



and T

b∗ =T

b

T



.

4

T (S) is a sub-qualgebra of QA(Aut(S))
; neessary qualgebraizability ondition.

Question: A good qualgebraizability riterion?
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Qualgebraizability

From quandles to qualgebras: examples

Non-uniqueness

Trivial quandle (S , a�b = a) & any ommutative ∗ ; qualgebra.
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qualgebraizations:

n= 2: 8 qualgebraizations (4 equivalene lasses);

n= 3: 729 qualgebraizations (129 equivalene lasses).

Question: Count qualgebraizations up to qualgebra isomorphism?

Non-existene

Alexander quandle (M , a�b =αa+ (1−α)b), M ∈
R

Mod, α ∈R∗
.

Example: dihedral quandles (Z
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, a�b = 2b−a) ( ;α=−1).
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Non-existene

Alexander quandle (M , a�b =αa+ (1−α)b), M ∈
R

Mod, α ∈R∗
.

Example: dihedral quandles (Z
n

, a�b = 2b−a) ( ;α=−1).

Qualgebraizable ⇐⇒ trivial (α= 1) (⇐= T

a

◦T
b

∉T (M)).
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2

qualgebraizations:

n= 2: 8 qualgebraizations (4 equivalene lasses);

n= 3: 729 qualgebraizations (129 equivalene lasses).

Question: Count qualgebraizations up to qualgebra isomorphism?

Non-existene

Alexander quandle (M , a�b =αa+ (1−α)b), M ∈
R

Mod, α ∈R∗
.

Example: dihedral quandles (Z
n

, a�b = 2b−a) ( ;α=−1).

Qualgebraizable ⇐⇒ trivial (α= 1) (⇐= T

a

◦T
b

∉T (M)).

Uniqueness

QA(S
n

) is the unique qualgebraization of Conj(S
n

) (⇐= T is injetive).
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Qualgebraizability

From quandles to qualgebras: examples

Size 3

1

Trivial quandle: 129 qualgebraizations.
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Trivial quandle: 129 qualgebraizations.

2

Dihedral quandle (Z
3

,a�b = 2b−a): no qualgebraizations.

; Fox olorings do not extend to 3-graphs.

3

Q

′ = {p,q,r }, p� r = q, q� r = p, x �y = x otherwise.
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Trivial quandle: 129 qualgebraizations.

2

Dihedral quandle (Z
3

,a�b = 2b−a): no qualgebraizations.

; Fox olorings do not extend to 3-graphs.

3

Q

′ = {p,q,r }, p� r = q, q� r = p, x �y = x otherwise.
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{
Id, (pq)
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B but Q
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Size 4

Q = {p,q,r ,s }, p� r = q, q� r = p, x�y = x otherwise: 9 qualgebraizations.
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Dihedral quandle (Z
3
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3

Q
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is a sub-qualgebra,

B but Q

′
is not qualgebraizable:

r ∗ r �xed by T

r

=⇒ r ∗ r = r =⇒ T

r

=T

r∗r =T

r

T

r

= Id, ontradition.

Size 4

Q = {p,q,r ,s }, p� r = q, q� r = p, x�y = x otherwise: 9 qualgebraizations.

B Its sub-quandle Q

′
is not qualgebraizable.
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Part 3:

Variations of

Qualgebra Ideas



Branhed braids

Alexander-Markov theorem

losure

Theorem (1923 Alexander; 1935 Markov)

❀ Surjetivity.

❀ Kernel: moves M1 and M2.

B

B

′

M1

←→
B

′

B

B

M2

←→
B

M2

←→
B
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Branhed braids

Braid and knot invariants

Knot invariants out of braid invariants:

Braids

����

� //
something

Knots

∼=
Braids

/
M1,M2

77o
o

o
o

o
o
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� //
something
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∼=
Braids

/
M1,M2
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o
o

o
o

1925 E. Artin:

Braids

∼= Diagrams

/
RII-RIII
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Braid diagrams

����

� //
something

Braids

∼=
Diagrams

/
RII-RIII

66m
m

m
m

m
m
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Many knot invariants adapt to the braid ase, with possible enhanements.

Example: quandle invariants.
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Example: quandle invariants.

❀ Weaker struture: rak (= quandle without a�a= a) ⇐= no RI.
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Branhed braids

Braid and knot invariants

Combinatorial braid invariants:

Braid diagrams

����

� //
something

Braids

∼=
Diagrams

/
RII-RIII

66m
m

m
m

m
m

Many knot invariants adapt to the braid ase, with possible enhanements.

Example: quandle invariants.

❀ Weaker struture: rak (= quandle without a�a= a) ⇐= no RI.

❀ Operator invariants instead of ounting invariants:

braids with n strands −→Aut(S×n),

β 7−→ ( olors of upper ars

7→ olors of lower ars ).
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Branhed braids

Branhed Alexander-Markov theorem

Question: : A losure proedure for 3-graphs?
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Branhed braids

Branhed Alexander-Markov theorem

Question: : A losure proedure for 3-graphs?

Branhed

braids

losure

Theorem (2010 K. Kanno - K. Taniyama; 2014 S. Kamada - L.)

❀ Surjetivity.

❀ Kernel: moves M1 and M2.
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Branhed braids

Branhed Alexander-Markov theorem

branhed braids

losure

−→ 3-graphs

Theorem (2010 K. Kanno - K. Taniyama; 2014 S. Kamada - L.)

❀ Surjetivity.

❀ Kernel: moves M1 and M2.

B
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B
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Branhed braids

Branhed Alexander-Markov theorem

branhed braids

losure

−→ 3-graphs

Theorem (2010 K. Kanno - K. Taniyama; 2014 S. Kamada - L.)

❀ Surjetivity.

❀ Kernel: moves M1 and M2.

B

B

′

M1

←→
B

′

B

B

M2

←→
B

M2

←→
B

Generalizations

❀ Graph-braids (verties of arbitrary valene).

❀ Virtual and welded versions.
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Branhed braids

Branhed braid and 3-graph invariants

3-Graph invariants out of B-braid invariants:

B-braids

����

� //
something

3-Graphs

∼= B-braids

/
M1,M2

66n
n

n
n

n
n
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� //
something
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B-braid diagrams

����

� //
something

B-braids

∼=
Diagrams

/
RII-RVI

66m
m

m
m

m
m

Vitoria LEBED (OCAMI, Osaka) Qualgebras 31 / 36



Branhed braids

Branhed braid and 3-graph invariants

3-Graph invariants out of B-braid invariants:

B-braids

����

� //
something

3-Graphs

∼= B-braids

/
M1,M2

66n
n

n
n

n
n

Combinatorial B-braid invariants:

B-braid diagrams

����

� //
something

B-braids

∼=
Diagrams

/
RII-RVI

66m
m

m
m

m
m

B-braid invariants

olorings

; weak qualgebra
(omit a�a= a)
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Coyle invariants

Getting more out of qualgebra olorings

diagrams: D

R-move

 D

′

olorings: C  C
′

oloring sets: Col
S

(D)
bij

←→ Col
S

(D ′)
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Coyle invariants

Getting more out of qualgebra olorings

diagrams: D

R-move

 D

′

olorings: C  C
′

oloring sets: Col
S

(D)
bij

←→ Col
S

(D ′)

Counting invariants:

#Col
S

(D)=#Col
S

(D ′).

Question: Extrat more information?

ω(C )=ω(C ′)

⇓
{
ω(C )

∣∣C ∈ Col
S

(D)
}
=

{
ω(C ′)

∣∣C ′ ∈ Col
S

(D ′)
}

.
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Coyle invariants

Getting more out of qualgebra olorings

diagrams: D

R-move

 D

′

olorings: C  C
′

oloring sets: Col
S

(D)
bij

←→ Col
S

(D ′)

Counting invariants:

#Col
S

(D)=#Col
S

(D ′).

Question: Extrat more information?

ω(C )=ω(C ′)

⇓
{
ω(C )

∣∣C ∈ Col
S

(D)
}
=

{
ω(C ′)

∣∣C ′ ∈ Col
S

(D ′)
}

.

Inspiration: Quandle oyle invariants of knots (1999 Carter-

Jelsovsky-Kamada-Langford-Saito).
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Coyle invariants

Qualgebra oyle invariants for 3-graphs

χ,λ :
S

×2 →A

a b

b a�b

7→ χ(a,b)

b

a�b

bab b

7→ −χ(a,b)

a ∗ b

bab b

7→λ(a,b)

a b

a ∗ b

7→ −λ(a,b)

oloring C 7−→ω(C )=
∑

rossings

±χ(a,b) +
∑

verties

±λ(a,b)
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Qualgebra oyle invariants for 3-graphs

χ,λ :
S

×2 →A

a b

b a�b

7→ χ(a,b)

b

a�b

bab b

7→ −χ(a,b)

a ∗ b

bab b

7→λ(a,b)

a b

a ∗ b

7→ −λ(a,b)

oloring C 7−→ω(C )=
∑

rossings

±χ(a,b) +
∑

verties

±λ(a,b)

a

b





a ∗ b

(a ∗ b)�

−λ(a,b)

χ(a ∗ b,)

RVIz

←→

a

b



 (a�)∗ (b�)

b�

a

�
 −λ(a� ,b�)

χ(b,)

χ(a,)
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Coyle invariants

Qualgebra oyle invariants for 3-graphs

χ,λ :
S

×2 →A

a b

b a�b

7→ χ(a,b)

b

a�b

bab b

7→ −χ(a,b)

a ∗ b

bab b

7→λ(a,b)

a b

a ∗ b

7→ −λ(a,b)

oloring C 7−→ω(C )=
∑

rossings

±χ(a,b) +
∑

verties

±λ(a,b)

RIV ↔ χ(a,b ∗ )= χ(a,b)+χ(a�b,)
RVI ↔ χ(a ∗ b,)+λ(a� ,b�)= χ(a,)+χ(b,)+λ(a,b)
RV ↔ χ(a,b)+λ(a,b) =λ(b,a�b)
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Qualgebra oyle invariants for 3-graphs

χ,λ :
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×2 →A

a b

b a�b
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Qualgebra

2-oyle

RI-RIII are automati.
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Qualgebra oyle invariants for 3-graphs

χ,λ :
S

×2 →A

a b

b a�b

7→ χ(a,b)

b

a�b

bab b

7→ −χ(a,b)

a ∗ b

bab b

7→λ(a,b)

a b

a ∗ b

7→ −λ(a,b)

oloring C 7−→ω(C )=
∑

rossings

±χ(a,b) +
∑

verties

±λ(a,b)

RIV ↔ χ(a,b ∗ )= χ(a,b)+χ(a�b,)
RVI ↔ χ(a ∗ b,)+λ(a� ,b�)= χ(a,)+χ(b,)+λ(a,b)
RV ↔ χ(a,b)+λ(a,b) =λ(b,a�b)

Qualgebra

2-oyle

RI-RIII are automati.

3-graph invariants

olorings

;
weights

qualgebra & 2- or 3-oyle

Qualgebra oyle invariants ⊇ qualgebra ounting invariants

( ;χ=λ= 0).
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Coyle invariants

Towards qualgebra ohomology

Qualgebra 2-oboundaries (⊆ qualgebra 2-oyles):

φ : S →A ; χ(a,b)=φ(a�b)−φ(a), ; trivial

λ(a,b)=φ(a)+φ(b)−φ(a ∗ b) graph invariants
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Towards qualgebra ohomology

Qualgebra 2-oboundaries (⊆ qualgebra 2-oyles):

φ : S →A ; χ(a,b)=φ(a�b)−φ(a), ; trivial

λ(a,b)=φ(a)+φ(b)−φ(a ∗ b) graph invariants

Question: De�ne and study qualgebra ohomology in higher degrees?

Solution: for rigid qualgebras (←→ rigid 3-graphs, i.e., omit RV).

RV
←→

Enhanements

❀ Region olorings and shadow oyle invariants ;qualgebra 3-oyles.

❀ Distinguish zip-

and unzip-verties:

a ∗ b

a

b

7→λ(a,b)

a b

a ∗ b

7→
λ
(a,b)
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Coyle invariants

Qualgebra oyles: example

Example 4

A=Z, Q = {p,q,r ,s} p = q,q = p,r = r ,s = s;

x � r = x , x �y = x for other y ;

∗ is ommutative, x ∗ y = x ∗ y ,

r ∗ x = r for x 6= r ,

r ∗ r = s ∗ s = p ∗ q = s , p ∗ p,p ∗ s ∈ {p,q,s}

❀ Z

2(Q)∼=Z
8

❀ B

2(Q)∼=Z
4

❀ H

2(Q)∼=Z
2

⊕Z
4
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