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KX Yang—Baxter equation

v Object V in a monoidal category V&V
(e.g. vector space / set). o — X 1
vV oo:v®2 82 VRV
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KX Yang—Baxter equation

v Object V in a monoidal category

(e.g. vector space / set).
vV oo:v®2 82

Yang—Baxter equation (YBE):

000,00, =0,00,00,: V® _, /®3

where o; = 1d®" ' @0 @ 1d® .

A map o satisfying YBE is a braiding.

(“braiding = switching rule”)

invertible braiding oc on V. ~~»

V&V

UH/i

(Reidemeister III)

Bn, — End(V®7)
1i+1 N

X ] e

R I



<2 Solutions to the YBE

. Yetter—Drinfel’d module over a Hopf algebra H:

v vector space M;

v H-action p:- m @ h — m x h,;

v H-coaction §: m — m(o) @ m1);

v, compatibility: [actions and coactions can be switched)
(M * h)o) @ (M * R)1) = M) * R(2) @ S(A1))M(1)A(3)
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<2 Solutions to the YBE

. Yetter—Drinfel’d module over a Hopf algebra H:

v vector space M;

v H-action p:- m @ h — m x h,;

v H-coaction §: m — m(o) @ M)

v, compatibility: [actlons and coactlons can be switched)
(M * h)o) @ (M * R)(1) = M) * R(2) @ S(A(1))M(1)A(3)

~»  braiding ayo(m®n)—n ) @ M * Mq)

0
switching

+ a toll
0

+ ALL invertible f.-d. braidings.
+ yDﬂ has [nice categorical featuresj: braided monoidal,
and even modular when H = kG for a finite group G

~~» Llink and 3-mld invariants.
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2/ Solutions to the YBE

@ seclf-distributive set (= shelf):
v/ set S;
v self-distributive binary operation <:

‘(a<1b)<1c:(a<c)<1(b<1c)‘

Rack: shelf with all t: @ — a < b bijective.
Quandle: rack with a < a = a.

(SD) &= braiding ‘O'SD(G,, b) =(b,a <« b)‘

<

A

Rack axiom <= Reidemeister II move;
Quandle axiom <= Reidemeister I move.

~» Invariants of braids, Links, knotted surfaces & graphs.
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2/ Solutions to the YBE

@ Crossed module of groups:
v group morphism : K — G; KjG
lﬂ
G

v G-action - on K by group automorphisms;

v compatibility:
m(k-g) =g ‘m(k)g, kE€ K, geQG,

k-mk')= (k") *kk’, k, k' € K.
Representation of (K, G, T, -):
vV (M =®@kexk M) N G;

k
~ | ocrmoam @m) = ) ne@mx k)| il
keK 5

(switching + a toll + currency exchange)
v braided monoidal;

+ The category M(K, G, m, ) is
v pre-modular when G and K are finite;
v modular if moreover 7 is an isomorphism.
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o)

Question: A unified treatment of these braidings?

Answer: [“Braid and conquer”j

@ Three Levels of braidings.

Bonuses:
+ new sources of braidings;
+ categories with interesting associators.
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>3/ Braided vocabulary

Rank r braided system (in C):

v objects V,, Vs, ...,V
v (multi-)braiding c*7: Vi ® V; — V; Q@ V4,
1<i1<j<m,

v compatibility: colored YBEs

ok ik i i 4k K
ol ooy ooy =05 ooy 00

Vi@V 2 Vi ®V,® W, i <J <k

o
s [

- -
Vi Vi Vi Vi Vi Vk

Braided object = rank 1 braided system.
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<3/ Braided vocabulary

Braided module over (V;0):

v object M,

v, morphisms p;: M Q V;, — M;
v compatibility: for 7 < 7,

©Oj 19
Pi = pj O"L.j
|
M ViV M Vi Vj

Categories Modi5, ModV?) etc.
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‘O'Ass:V®,Uf‘

in Vectx: 0ass(V ® V') =1 ® vv’

+ YBE for cass < the associativity of w.
+ Usual A-modules are braided modules over (A;0ass).
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@ Examples of braided systems

v Unital associative algebra (A, u, v) ~»

‘O'Ass:V®,Uf‘

in Vectx: 0ass(V ® V') =1 ® vv’

+ YBE for cass < the associativity of w.
+ Usual A-modules are braided modules over (A;0ass).

v Counital coass. algebra (C, A,g) ~~»

‘UcoAss :5®A‘

v/ Shelf (S, <) ~»

ospla, b) = (b,a < b)

+ YBE for osp <= the self-distributivity of «.
+3Josp & (S, <) is a rack.
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@ Examples of braided systems

v Unital Lie algebra (L, [], 1), v, 1] = [1,v] = 0.

OLie(v®v)=v' @u+1Q v, v

+ YBE for o145¢ <= Leibniz condition for L:

v, [w, ul] = [[v, w], ul — [[v, u], w]

[Basic alg. relations are instances of the YBE!]

+ Usual L-modules are braided modules over (L;0qe).

It is enough to take a unital Leibniz algebra
(= non-symmetric Lie).



@ Examples of braided systems

v F.-d. Hopf algebra H ~» two rank 2 braided systems
(H, H*;o), and a rank 4 one.

+ CYBEs &= bialgebra axioms.

+3(0%7)! <= H admits an antipode.

+ Hopf modules / YD modules / Hopf bimodules are
braided modules.



@ Examples of braided systems

v F.-d. Hopf algebra H ~» two rank 2 braided systems
(H, H*;o), and a rank 4 one.

+ CYBEs &= bialgebra axioms.

+3(0%7)! <= H admits an antipode.

+ Hopf modules / YD modules / Hopf bimodules are
braided modules.

v Poisson algebra P ~» a rank 2 braided system (P, P; o).



><8X Generalized YD modules

Yetter—Drinfel’d module over a braided system
(C,A;0a4,0cc,0cA):

v object M;
v (A;0a a)-module structure p;
v (C;0c¢,c)-comodule structure 9;

v/ compatibility: (actions and coactions can be switched)
[60p=(p®Idc) o (Idm ®Tc,a) © (6 ® Ida)
in Vecty: (m*xa)io) @ (M * a)n) = M) *a Q M)
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><8X Generalized YD modules

Yetter—Drinfel’d module over a braided system
(C,A;0a4,0cc,0cA):

v object M;

v (A;0a a)-module structure p;

v (C;0c¢,c)-comodule structure 9;

v/ compatibility: [actions and coactions can be switched)
[00p=(p®Idc) o (Idy ®c,a) 0 (0 @ 1da)
in Vecty: (m*xa)io) @ (M * a)n) = M) *a Q M)

M C M C
of _ ek,
P o '
M A M A

Category YDS.

+ Relation to entwining structures, distributive Laws,
bimodules over a bimonad.
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<&/ Generalized YD braidings

Theorem (L.-W. 2015): [YD braidings generalize to yDg]

Take v symmetric strict monoidal category C;
v braided system (C, A;0);
v m: C — A satisfying some technical condition.

~ Functors (YD§)*" — BrSyst,,
((Ms, ps, 60)) = (M 058 5),

where U;’»j/b = (Idm, ®ps) o (T @ ) o (Idum, ®J5) |.

1%
T v
0j

M; My

(switching + a toll + currency exchange)
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@ (GYD recover YD)
Hopf algebra (H, u, v, e, A, S) ~» braided system
v C=A=H,;

v 0c,c = OcoAss, OA A = O Ass,
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KA Generalized YD modules: examples

@ (GYD recover YD)
Hopf algebra (H, u, v, e, A, S) ~» braided system
v C=A=H,

v 0c,c = OcoAss, OA A = O Ass,

oca=(ldy ®(u o (1 ®Idy))) o (T ® IdugH) 0 (S ® T ® Idy)o
(7 @ IdngH) © (Idy ®((A ® Idy) o A));
in Vecti: oc.alh ® h') = hl, ® S(h/, )RR,

v m =Idy is “good".

VDS « YDy

OgyD < OYyD
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/\W\/\Generauzed YD modules: examples

@ (GYD recover reps of crossed modules)

Crossed module of groups (K, G, m,:) ~» braided system
v C =kK, A =KkgG,;
v 0c,c = OcoAss, OA A = OAass,
ocAlk®g)=9® (k- 9);
vV m:C — As “good".

VDS — M(K, G, T, )

OgyD — OCrMod

(GYD pave a way to new braidings)
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v shelf morphism m: R — S;
v shelf action - of S on R by shelf morphisms;

v compatibility:
m(r-s)=m(r) <s,

r-mwr)=r<r’,

r€E R, SES,
r.r € R.
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. Crossed module of shelves:

v shelf morphism m: R — S; st
v shelf action - of S on R by shelf morphisms; l
S

v compatibility: T
m(r-s)=m(r) < s,
r-mwr)=r<r’,

A representation of (R, S, T, ):

(M =®rerMr) N S;
(m*xb)*xc=(m=*c)x*(b<c

v compatibility: Mp x s C Mp.s.
Category M(R, S, m, ).

Example: Shelf (S5,«) ~»
crossed module of shelves (S, S, Ids, <),

with a representation S, sx s’ =s < s/, Ss = {s}.

r€E R, SES,
r.r € R.




/\‘8\/\Crossed modules of shelves

@® Crossed module of shelves:
v shelf morphism m: R — S;
v shelf action - of S on R by shelf morphisms;

v compatibility:
m(r-s)=m(r) < s, reER,SES,
r-mwr)=r<r’, rr' €R.

A representation of (R, S, T, ):

(M =®rerMr) N S;
(m*xb)*xc=(m=*c)x*(b<c

v compatibility: Mp x s C Mp.s.
Category M(R, S, m, ).

Example: Shelf (S5,«) ~»
crossed module of shelves (S, S, Ids, <),

with a representation S, sx s’ =s < s/, Ss = {s}.

Example: Crossed module of groups (K, G, T,

)
MK, G, ) = M(Conj(K), Conj(G), , -

AN

).
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. Crossed module of shelves (R, S, m, ) ~» br. system

v/ components: C = R, A=5;

v/ braiding:
Oc,c =0coass: TQT' =71 @71/,
OAaa=0sp:S®s'—s'"®(s<s’),
Oca:T®Ss+— sQ(r-8);

vV m: R— S is‘'good".
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>8X Crossed modules of shelves

. Crossed module of shelves (R, S, m, ) ~» br. system

v/ components: C = R, A=5;

v/ braiding:
Oc.c =0coass: TQT' =71 @71/,
OAaa=0sp:S®s'—s'"®(s<s’),
OcA:T®SH—HSQ(r-s)

vV m: R— S is‘good".

YD§ «~ M(R, S, T, ")

~» New braided systems:
M(R, S, m, )*" — BrSyst,,

((/\/h‘, *q, g'r‘i)) = (Mﬁaéi/woasn)'

where ag,wodsn(m ®n)=n& mx; w(gri(n))|

+ The braiding ocrmoasn 9generalizes osp and ocrmod.



/\‘9\/\Crossed modules of Lie algebras

@ Crossed module of Lie (Leibniz) algebras:
v Lie algebra morphism w: L — N; L DN
v Lie action [] of N on L by derivations:
(, In,n] = [It,n], n'] - [It, n], nl, l”
N

[, ), n] =1, L, nll + (L, nl, L]

v compatibility:
([t, n]) = [w(L), nl, (L, (L] =L, L.



/\‘9\/\Crossed modules of Lie algebras

@ Crossed module of Lie (Leibniz) algebras:

v Lie algebra morphism w: L — N; L DN
v Lie action [] of N on L by derivations:
(, In,n] = [It,n], n'] - [It, n], nl, l”
[, '], m] =[L, L, nl] + [It, n], L']; N
v compatibility:
m([L, n]) = [7w(L), nl, (L, ("] =L, L.

A representation of (L, N, 7, []):

M N;
oMo ML, (0o ®1Id.) 0 o = O;
v compatibility: do(m *x 1) = do(m) * 1.

Category M(L, N, T, []).




/\‘9\/\Crossed modules of Lie algebras

@ Crossed module of Lie (Leibniz) algebras:

v Lie algebra morphism w: L — N; L DN
v Lie action [] of N on L by derivations:
(L, [n, n]l = [lt, n], n] = [t, n], n], l”
[[e, L], n] =1L, L), n]] + [It, n], t']; N
v compatibility:
([t, n]) = [w(L), nl, (L, (L] =L, L.
A representation of (L, N, 7, []):
M N;
VoMo ML, (0o ®Id.) 0 o = O;

v compatibility: do(m *x 1) = do(m) * 1.
Category M(L, N, m,[]).
Example: Lie algebra (L,[]) ~» cr. mod. (L, L,Id.,[]),
with a representation L™ = L @ ki,
Lx L =1L, L], 1%l =0,
Oo(t) =1x%1l, Op(1)=o0.
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. Crossed module of Lie algebras (L, N, m, []) ~»
braided system

v components: C=L"T, A= NT;
v/ braiding:
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L®L,I® 1+ 0,
TAaAa=0Lie:n®@n' »n'®n+1QI[n, n,
Oca:l@nNH—Hn@lL+1QI[L, nl,
1n—n1, [®1— 1L,
11— 1Q1.
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/\‘9\/\Crossed modules of Lie algebras

. Crossed module of Lie algebras (L, N, m,[]) ~>

New braided systems:

where

M(L, N, 7, [)*" — BrSyst,,
(M4, %4, (80)s)) = (Ms; 08 pr0q a):

T moaAlm @ M) =m’ @ m + m/y @ m x; m(m/,)|

+ The braiding ocrmoar Ao generalizes oy je.
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Braided system (C, A;0) ~~ Zg = the category of braided
systems (C, M, A; 0, oc.m, Iduem, om.a).

Theorem (L.-W. 2015): (GYD modules are many)
+ Z$ is strict monoidal:

P / /
s _C MM MM’ A .
+ Z; contains (A, 0c,a,04,4), (C,0c,c,0c,a), and all their

mixed tensor products.
+ ES: VDS X 25 — VDS
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40/ Categorical center

ES: VDS x 25 — VDS

Example: . Hopf algebra (H, u, v, €, A, S)
~~ braided system (A=H,C = H; o) & ™ =Idy.
+ (k, g,v) € VDS, H=Ag€Zz{orH=CeZz§,
~» two generalized YD structureson k® H = H,
~» two braidings for H:
ocHh @ h') = h,(’l) ® S(n(’z))nn(’3),
ou(h @ h') = h’(/z) ® h’s(h’(/l))h’(%);
Woronowicz braidings!

+ A more complicated gYD structure on k
~» Hennings braidings.
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A3/ Structure on YD§

@ Hopf algebra (H, u, v, €, A, S)

~~» braided system (A=H,C = H, 0);
~ E$:YD§ x 2§ - VDS.

Proposition (L.-W. 2015): |Zyp: YDG — Z§

Y §

~ yDA x YDE WXZe ypc i =¢ FA yDA
~+ VDS has [nlce categorical features]. a tensor
structure extending the classical one for YD/,

. The same for crossed modules of groups.
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A3/ Structure on YD

. Crossed module of Lie algebras (L, N, m, [])
~» braided system (A= N, C =L"; o).

Proposition (L.-W. 2015): |[YDg « Z§
~ Q: M(L,N) X M(L,N) — M(L,N)
MmMmisxgn=mOm’' s’ n+rmxn@m/

dg(m @ m') = M) ® My, @ M) - M/,

Theorem (L.-W. 2015):
® is a non-strict pre-tensor structure, with

apmmm: (M MIQM' 5 M (M @ M”),
Mmm’)m” — m % ﬂ(m{i)) R (M’ ® m(’g)).

Question: A braided pre-tensor structure?
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