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Week 1

1 Motivating Fourier series

Fourier series a a method of representing a sufficiently nice function as a trigono-
metric series. Historically, this was motivated by the study of certain partial
differential equations. For example, the wave equation

0%y 0%u
@(Lt) = @(%f)

for u: [}, 3] X R = R with boundary conditions

U(i’t) = u<%7

5 t)=0forallteR

may be solved as follows. Consider solutions of the form u(x,t) = X (x)T'(¢).
For non-zero solutions u(z,t), the wave equation may be rewritten as

X”(LB) _ T//(t)
X(z) T

Since the left hand side is only a function of x and the right hand side is only
a function of ¢, they must both be equal to some real constant A\. Hence

X"(x) = AX ().

If A\ =0, X(x) = Az + B for some constants A, B. The boundary constraints
then imply that A = B = 0, so we get the trivial solution.

Similarly, if A > 0, we obtain X (z) is a sum of real exponentials, and hence
there are no non-trivial solutions with our boundary conditions. Thus, we must
have A = —c? for some real c¢. Assuming this, we find

X(z) = Acos(cx) + Bsin(cx).

Considering again our boundary constraints, we find we must have ¢ = 27n for
some n € Z. Without loss of generality we can take n > 0. We must also have
that B = 0.



Thus, a general solution to the wave equation will be of the form

u(z,t) = Z T, (t) cos(2mnz)

n>0

for some functions T,,(¢). If we have an initial condition

u(z,0) = Z T,,(0) cos(2mnzx) = f(z)

n>0

we can solve this differential equation only if we can find constants A,, = T,,(0)
such that

Z A, cos(2mnz) = f(x).

n>0

The goal for this week to to describe how to compute these constants and discuss
for what f such a series expansion can exist. More generally, we will consider
when a series expansion of the form

flz) = Ao+ Z A, cos(2mnx) + By, sin(27nx)
n>1

or equivalently

f(.’)?) — Z CneQTrina:

nez

exists.

2 Computing Fourier coefficients

Definition 1. Let f be a Riemann integrable function that is 1-periodic on R

or defined on [—%, %] Define its Fourier coefficients cy : Z — C by

1
2 4
cr(n) == f(z)e 2™y,
-4
Lemma 1. If we have a (uniformly convergent) series expansion
f(x) — Z Cne27rz'nzzc7

nez

then ¢, = cy(n) for all n.

Proof.

cf(n) = ’ f(z)e 2™ ey

— Z Cn€27”;(m7n)zd$

1
2 mEZ

SIS

(NI



By the dominated convergence theorem, we can swap the order of integration
and summation and hence

Cj(n) — Z em /2 e27ri(mfn)wdx

1
mez -2
= § Cmfsm,n
mEZ
=Cn,
where
lifm=n
6m,n = .
0 otherwise.
O
Thus, to every Riemann integrable function f : [f%, %] — C, we can asso-

ciate a Fourier series

Z ¢y (n)eQTr'mx

nez

that is the unique possible exponential series expansion. However, it is not
guaranteed that such a series converges at all, let alone to f(x). For sufficiently
nice functions, we will find that this is the case, but:

1. Near discontinuities, the Fourier series (if it converges) converges to a local
average rather than the value of f

2. The Fourier series depends only on the integral of f and so we can change
f on a set of measure 0 without changing the series

3. There are continuous functions for which the Fourier series does not con-
verge at all at certain points

Nevertheless, for continuous functions, we can guarantee a certain type of con-
vergence, and the Fourier coefficients still encode all the important information.

Proposition 1. Let f,g : [-1,1] — C be Riemann integrable functions that
are continuous at a point xy € (—%,%). Then if cs(n) = cg4(n) for all n,
f(zo) = g(xo), i.e. a function is determined by its Fourier coefficients where it
18 continuous

Proof. We will consider only the case where f and g are real valued. The
complex case follows by considering real and imaginary parts.

By extending f,g to l-periodic functions and translating if necessary, we
can assume xo=0. By considering h = f — g, it suffices to show that, if h is
continuous at 0 and cp(n) = 0 for all n, then h(0) = 0. Suppose otherwise,
without loss of generality, that h(0) > 0.



Since h is continuous at 0, there exist § > 0 such that

h(0)
h 2
(@) >
for all || < §. Let
1 . _
p(z) =e+ 3 (€™ 4 e 2™) = ¢ + cos(27z)

and denote by pi () := p(z)¥. We choose ¢ sufficiently small such that [p(z)| <
1— £ for \a:|1 > 0 and choose 0 < 7 < § such that p(z) > 1+ § for [z] <.
Then, [ % h(z)py(z)dx is a linear combination of Fourier coefficients (as py(z)
2 .
is a linear combination of €2™"%) and hence is equal to 0 for all k.

As h is continuous on a compact interval, there exists some M > 0 such that
|h(z)| < M for all x € [~3, 1]. We then note that

202
6 k:
| / h(z)pr(z)dz |< M (1 - 7> ,  which tends to 0,
6<|zl<} 2
[ b@pa)ds =0,

n<]z|<o

/IISW h(z)pe(x)dz > %(O)(l + g)k e OO,

Thus, the integral

SIS

[ r@eta) =0
"2

is a sum of a positive number, plus something small, plus something that tends
to infinity for large k, and hence tends to infinity as k — oo. But this is a
contradiction. Hence h(0) = 0. O

Corollary 1. If f,g: [—%, %] — C are continuous and cy(n) = c4(n) for all n,
then f = g.

Corollary 2. If f: [-1, 3] = C is continuous and Y, ., ¢f(n)e*™™® converges
to a continuous function, then

fl@) = ep(n)e™me.
nez
In particular, if 3, |cg(n)| < oo, then
fl@) =) cp(n)e’™me.
neZ

Proof. The first statement is an immediate application of the previous corollary.
The second follows from the Weierstrauss M-test: if the sum converges abso-
lutely, the series converges uniformly and hence to a continuous function. [



Exercise 1. By considering the Fourier coefficients of the function f : [—%, %} —
R, f(z) = 22, compute the sums

Z 1 Z (—1)m.

m>0 m>0

While this is an important sufficient condition, checking absolute conver-
gence of the sum of the Fourier coefficients can be tedious, and requires that
we determine the Fourier series before knowing whether it is meaningful. For
sufficiently differentiable functions, we can confirm convergence in advance.

Proposition 2. Let f : R — R be a twice continuously differentiable 1-periodic
function. Then there ezists a constant B such that |cy(n)| < £ for all n # 0.
In particular, ), ., |cy(n)] < oo, and so the Fourier series of f converges
uniformly to f.

Proof. Integrating by parts and using the 1-periodicity of f(z) and f'(x), we
get

1 1
2 . 1 2 .
/ f(x)e—%rmxdx — i / f/(x)e—%rzmcdw
1 m J_1
2 2
1

21

1

2 .

:4 — f”(x)e_2mmdx.
TN _

[

As f”(z) is continuous, it is bounded on [, 1] by some constant M, and hence

el =1 [ f@)emim

< M
—A4Am2m?2’

3 Ceésaro summation and Dirac families

While, in general, continuity of f(x) is not sufficient to guarantee the conver-
gence of the partial sums

N

(Snf)(z) = Z cy(n)e2mine,

n=—N
it is enough to guarantee the convergence in a different sense.

Definition 2. Given a sequence of complex numbers cg,cy, ..., the N partial

sum 18§
N
SN = E Cp.
n=0



The N* Césaro sum is defined to be

1 N-1
ON (= N Z Sn-.
n=0

Cesaro summation gives a way of sometimes assigning a meaninful value to
a not-necessarily-convergent series.

Example 1. Consider the sequence ¢, = (—1)". The partial sums

1 if N is even,
SN =
0 o N if odd,

do not converge. However

% if N is even,
g =
YT+ L) if N s odd,
converges to %, the “average” values of the series.

Exercise 2. Suppose we have a sequence {cy}n>0 such that sy — s converges
to a finite limit. Show that o — s.

We claim that the Cesaro sum of the Fourier series of a continuous function
f(z) converges to f(x). In the language of Fourier series, the N'! Ceésaro sum
is usually referred to as the N Fejér sum.

Definition 3. For a Riemann integrable function 1-periodic function f, define
its Nt Fejér sum to be

o= 3 (1) o

for all N > 0.
The N** Fejér kernel is defined by

Fuw= X (1 ) o

In|<N

Lemma 2. e For f: R — C a Riemann integrable 1-periodic function

fv@) = [ Fvta =0y = [ Fvwf - vy,

[ ]
2
1 (sin(7Nz) .
FN($) — ¢ N ( sin(mz) ) fo 7& 0
0ifr=0



o If (Sn/)(@) = S0y cp(n)e*™™, then

1 N-1
fr@) =5 D (Snf)@),
n=0

which is to say that the Fejér sums are the Césaro sums associated to the
Fourier series of f

Exercise 3. Prove the above lemma.
Our goals for the next section is to prove Fejér’s theorem.

Theorem 1. Let f : [—3,1] — C be a continuous function. Then fy(z)
converges uniformly to f(x).

We will develop a slightly more general theory in order to prove this.

Definition 4. Fiz a real R > 0 and let (pn)n>1 be a sequence of non-negative
even functions on [—R, R] such that

1 R
— dy =1
2R/_Rmv(y) Yy

for all N. We call (pn) a Dirac family if for every 0 < § < R

lim pn(y)dy = 0.

N=oo Js<|e|<R
Remark 1. We can weaken the non-negativity requirement in the definition of
a Dirac family by replacing it with the condition that there exist M > 0 such
that

R
/R|pN<y>\dy <M

for all N. We will not consider any such families, but all results we show can
be extended to such families.

Example 2. 1. For R =2, and py = 2Nx[_

s where

2|

1
N

(@) = {1 ifrel,

0 otherwise.

Note that

/ pn(y)dy =0
5<|z|<

1
2

for all N > %, from which it is clear this is a Dirac family.

2. The Fejér kernels (F) are a Dirac family for R = % Note that

1 1
F dy< ——— = 0.
/5<z|< w(y)dy < N (sin(md))?

1
2



3. For certain constants {y € R, the collection (Ly(z) = (n(1 —2?)N) is a
Dirac family for R =1.

Exercise 4. Verify the above examples are Dirac families. Determine €y. A
helpful inequality for (Ly) is that there exist positive constants Cy,Cs such that

Cin"e™ < n! < Ca(n + 1)"+1e_"
for allm > 0.
Note that the Dirichlet kernel

N
; sin((2N + 1)7x)
Dn = 2minx _
N n;Ne sin(mz)

satisfies s
[ Dyttt = vy = Sx1)(@)

but is not an example of a Dirac family. It is not non-negative and

/ | Dn(y) | dy

1

3
grows like log(NN), so doesn’t satisfy even the more general conditions. As such,
we cannot apply the following lemma to it.

Lemma 3. Let (pn) be a Dirac family on [-R, R] and let f : [-2R,2R] — C
be Riemann integrable.

1. If v € [-R, R] has that
f(@7) = Tim f(y),

Yy—xr—

f@®) = lim_f(y)

y—xt

both exist, then
r 1
tin o [ on) e~ )y = (Fa) + ).
In particular, if f is continuous at x, then

1
lim —

R
Jm g [ xS0y = 1)

2. If f is continuous on [—2R,2R), then

1 R

converges uniformly to f(x) on [-R, R].



Proof. In order to prove the first step, consider € [—R, R] such that f(z™)
and f(z1) exist. Then, for all € > 0 there exists § > 0 such that

| faT)—flz—y)|<eforall0<y<d
| faT) = flw—y) | <eforall —6 <y <0.

Note that, since py(y) is even

L <>d—1/R (y)dy = 1
R 7RPN?J Z/f2ROPNy ¥=3

for all N > 0. We then consider

I 1 I
57 | on )=y =5 (1) + £@) =55 [ pnt) (e =) = fla)) dy
R
57 | v e =) - 1) ay

where we have used the above integral representation of % Thus

f 0
5 | v =y = 5 () + 5@) 1= [ on) 15 =) = 1) L dy

~ e +
+5R ; pn) | flz—y)— f(zT) | dy

As f is continuous on a compact interval, it is bounded, and so we have

[ fl@—y) = f@) [ < fl@—y) |+ ][]

<2 su |f(z)] =:2]|f|]oo-
;cE[—QR,2R]

Therefore
1 R

5r [ x| 1 =)~ ) Ly < = oy

Since (pn) is a Dirac family, there exists Ny such that for all N > Ny, this is
bounded by «.

By construction

é &
37 |, ) S =)= 1) Ly < 5 [ ovas,

which is bounded above by e.
Thus

R
57 |, ) 5= = f) | dy



is bounded above by 2e. We may similarly bound
1 O
57 [ v [ f@—y) = f(z7)[dy
2R J_p

and hence

R
gl [ )@=y = (1) + 1) < e

for all N larger than some Ny. Therefore

1

R
| en)f@ =y =5 (5 + fa™)).
-R

i L

In order to prove the second statement, we largely recreate the above proof.
Since f is continuous on [—2R,2R)], it is uniformly continuous and so for all
€ > 0 there exist § > 0 such that

| [z —y) = fy) [<e
for all |y| < ¢ and all z € [-R, R] (or any interval strictly contained within
[-2R,2R].
We can write

R R
o | oS = iy = 1) =g [ pw) (UG- - 1G0)) dy
1

pn(y) (f(x —y) = fz)) dy

2R Js<py<r
1

ton ) oW U=y - f@)dy

Similarly to above, we must therefore have

1 || f]loo
— z—1y)— f(z)|d _ d
R 5<lyl< pn (W) f( y) — f(z)]dy < R /5<y|< pn (y)dy

which we can bound above by ¢ for N sufficiently large. We also have

1

57 ), Ol @ =) = f@lay < 55 | vy

T 2R ly|<d

is bounded above by ¢ for all N. Hence, for sufficiently large N

R

57 | v e =y - fla) |< 2

for all € [-R, R]. Therefore

converges uniformly to f(x). O

10



Corollary 3 (Fejér’s Theorem). For f a continuous 1-periodic function, fn —
f uniformly

Proof. This follows from applying the above lemma with py = Fiy. O

Corollary 4. Trigonometric polynomials are dense in the space of continuous
1-periodic functions with respect to the || — ||oo norm, i.e. for a given contin-
uwous 1-periodic function f and every € > 0, there exists a Laurent polynomial
Zi?[:_zv 4 €2™IT p 2™ gych that

N
1D ane®™™ = f(@)]l <&
n=—N

Proof. Take
N

Z ane27rinm — fN(x)

n=—N

for N sufficiently large. O

11



Week 2

4 Hardy’s Tauberian Theorem

Let f : R — C be a l-periodic, Riemann integrable function, and denote by
cf : Z — C its Fourier coefficients

Thus far, we have shown that for f continuous

Dol <o = Y ep(m)em = f(a)

nez nez

and it converges uniformly. A sufficient condition for this is for f to be twice
continuously differentiable. We also have Fejér’s Theorem, which guarantees
convergence of the Fejér sums

Jim 3 (1= B epmermn = 3 () + 1)

00
In|<N

However, neither of these apply to the Fourier series of something like f(z) = x

for z € (—%, 1], or a square wave

272
l1ifo<z <t
x) = -

f(@) {—1if—§<x<0,

both of which have Fourier coefficients that decay like % Nevertheless, numeri-
cally the partial sums of their Fourier series seem to converge to 3 (f(z™) + f(z7)).
We will show that this is indeed always the case. In fact, we will prove something

a bit more general.

Theorem 2 (Hardy’s Tauberian Theorem). Let cp,c1,... € C be a sequence of
complex numbers and let sy = ijzo Cn. Suppose that the Césaro limit exists

li 1( + -t )
S = m — (S SN _—
Neovoo N *°0 N-1

and that there exists a constant C > 0 such that n|c,| < C for alln > 0. Then
limpy_soo SN exists and is equal to s.

Corollary 5. Let f : R — C be a 1-periodic Riemann integrable function.
Suppose that there exists a constant C' > 0 such that |ncy(n)| < C for allm # 0.
Then, at every x for which the one sided limits f(z™) and f(x™) exist, we have

N
limy_ oo E cf(n)e%”wz
n=—N

(f@®)+ f(27)).

N =

12



Proof. Apply Hardy’s Tauberian theorem to co = ¢£(0), ¢, = cf(n)e*™"® +
cg(—n)e~?™"7  From our Key Lemma last week, specifically the case of Fejér’s
theorem, the Fejer sums of f converge to

1

5 (F@) + f@@7))

and the N*" Fejer sum is equal to

N-1
> (1= ) ertmermn = & (s,

In|<N n=0
O

Remark 2. Note that, unlike our Key Lemma or Fejer’s theorem, this corollary
only tells us about pointwise convergence, not uniform convergence.

Proof. Let cg,c1,... € C be a sequence of complex numbers and define

SN i=cotcrt et en,

| N2
ON = nz:% Sns
N-1
kN = Noy = Z(N —n)cy.

n=0

We assume s = limpy_,o, oy exists. Note that

N+0—1 N-1
KN4t — KN = Z (N+L—n)c, — Z(an)cn
n=0 n=0
N-1 N+6—1 N-1
= Z(N—i—ﬁ—n)cn—i— Z (N+£—n)e, — Z(N—n)cn
n=0 n=N n=0
N-1 -1
=/ Z cp + Z(Z — N)CN+4n
n=0 n=0
=/lsny_1+ SNy

for every ¢ > 1. Hence

o ]. SN7[
SN—1 = 7 (KN4e¢ — KN) — 7

Since we have assumed there exists C' > 0 such that n|c,| < C for all n > 0, we
have that

{—1 £—1 0 £—1 0 B EQC

< — < — < —_— = ——
Swel <3 (- mlewse 3y ST =y

n=0

13



Next note that
N+/ N
z(ﬁNM—KN): 7 UNM—?UNo

Let 0y :=on — s. As oy — s, we must have 6y — 0. We can then rewrite

1 N N
7 (KNte — kN) = (1 + g) ONte— ?51\7 +s

and hence

N N S
SN—1 — 8= (1 + Z) ON4r — ?51\[ - Iz’é

for all N and all /. We therefore get an upper bound of

N N o’
=8 <([1+=]|6 —14 —.
sxr = < (14 ) ol + ol + 5
Now fix e > 0. For every N > 1, we can find £y > 0 such that £y < eN < /ny+1,
and so ZNA-[Q—I < % Since our bound holds for all ¢, it holds for £ and so we
have

Isn—1— 8| < (14 ) onpen] +e Yon| +eC

As the dn4¢y and dy tend to 0 as N — oo, we can find make |[sy_; —
arbitrarily small and hence limy_, Sy = s

4.1 Fejer’s counterexample

At this point in the course, all the examples of Fourier series have converged, at
least pointwise. We will now construct an example due to Fejer of a continuous
function for which the Fejer sums converge, but the partial sums fail to converge.
Specifically, we will show that the even 1-periodic function

D k>1 gz sin ((2"3+1 + 1)71'x> for 0 <z <%,
f(z) =< — D k1 = sin ((2"3+1 + 1)7rx> for —1 <2 <0,
flz+1) for all x
has im0 (Syns f)(0) = oo.
We first note that f is a well defined continuous (by the Weierstrauss M-test)

even periodic function. As f is even, its Fourier series can be expressed as a
cosine series with partial sums

(Snf)(z) = Z A,, cos(2mn)

n=0

where

Ay = 2/5 flx)dx, A,= 4/2 f(z) cos(2mnx)dx.
0

0

14



Since f is continuous, Fejer’s theorem tells us that the Fejer sums converge to
f(z), so
lim (o £)(0) = £(0) = 0.
N—o0

In order to show that the partial sums do not converge, we first define

Anp = 4/2 sin ((2p + 1)7zx) cos(2mna)dz,

N
ANJ, = E /\n,p-
n=1

By swapping the order of summation and integration, we have that

)\n 2k3
An=2. "
k>1
and hence the partial sums of f at 0 are given by
N
)\n 2k3 AN 2k3
(SNAO0)=Ag+) > 15— =Ao+ %
n=1k>1 k>1
L >0, we must

= 2

It will suffice to show that Ay, > 0 and Ay n > ﬁ InN. As
NlIn2

hl 2N3 = AO +
4

.

have that
Sons f)(0) > Ag + 1Nz
as a sum of non-negative terms is bounded below by any individual term. This
clearly tends to infinity as N — oo, so (Syf)(0) cannot converge to a finite

limit.
Let us prove our claims about Ay ,. First note that

sin ((2p + 1)7wz) cos(2mnzx) = 1 (sin((2p + 2n + 1)wz) + sin((2p — 2n + 1)7wx))

and hence
1 1 1
An’p:Z l+ l .
T\p+n+s5 p—n+j;
Then
N
1 1
A =
N’p 4”<;)P+n+é P n+%>




If p > N, this is a sum of positive terms, and is therefore positive. If p < N,
then

p+N

1 1 2 1 1
AN,p = - Tt Z Tt Z 1
Am p+ 2 n=p—N n+ 2 n=N+1—p n+ 2
1 1 1 P
- A7 41 + N-—p+1i + Z 4+ 1
pPT3 PT3  poNg1-p" T2

which is the sum of positive terms and is therefore positive.

Finally, if p = N, we note that zi + is monotonically decreasing, and so we

2
can compare the sum Ay n to the associated integral to get

2N 2N+1
1 1 1 dr
An N > — —_— > — ,
’ 47rnzzon+% ar Jo er%

the right hand side of which evaluates to

1 3 1 1
— —) — — > — .
p <ln(2N+ 2) 111(2)) Em In N

5 Solving PDEs using Fourier series

Fourier series methods can be used to find series solutions to a number of families
of partial differential equations. We will illustrate five such examples. Our set
up will always be as follows. Let

1
u(x,t) : [O, 5] X RZO — R

be continuously differentiable in each variable. We will assume we have some
set of boundary conditions like

w(0,1) = u(%,t) —0
or 1
Oyu(0,t) = 8tu(§,t) =0,
and initial conditions given by
(0z)"u(z,0) = fn(z)

for some finite set of n > 0 and Riemann integrable functions f,(z) : [0, ] — R.
We may, alternatively, have a limiting condition such as

lim u(z,t) =0

t—o0

16



or an estimate on the growth of the function u(x,t).

In order to apply Fourier series methods, we need to be able to extend
a Riemann integrable function f : [0, %] — R to a 1-periodic function on R.
While this can be done in any number of ways, there are two choices for which
the Fourier series will be particularly simple.

5.0.1 Even extension

Define

f(z) xe€]o, %],

feven() = f(—2) =z € [_%70]7

feven(x + ]-) = feven(x)-
If f is continuous, this defines an even 1-periodic continuous function. It has
an associated cosine series, and if f is twice continuously differentiable, feyen
will have absolutely summable Fourier coefficients. This is a good choice if you
require boundary conditions like 8;u(0,t) = dyu(3,t), as f'(0) = f'(3) = 0 for
any f expressed as a cosine series.

Assuming that fe,e, has absolutely summable Fourier coefficients, it has
cosine series

f(z) = Z A, cos(2mnx)

n>0

where

Ay = 2/§ f(z)dz, A, = 4/5 f(z) cos(2mnx)dx.
0 0

5.0.2 0Odd extension

Define
flx) zel0,-3],
fodd(m) = —f(—CL') T € (_%70)7
Jodd(x +1) = foaa(z).
This only defines a continuous 1-periodic function if f(0) = f(3) = 0. Oth-
erwise, the extension will be discontinuous and we would need to consider one
sided limits when evaluating the Fourier series. The Fourier series can be ex-
pressed as a sine series, and is a good choice if you require boundary conditions
like u(0,t) = u(3,1).
Assuming f,qq has absolutely summable Fourier coefficients, it has sine series

flx) = Z B, sin(2wnx)

n>1

where

B, = 4/E f(z)sin(2rna)de.
0

17



5.1 The heat equation with fixed end temperatures

Consider a rod of length % such that the ends of the rod are kept at a constant
temperature 0. At ¢ = 0 the initial temperature distribution is given by a
Riemann integrable function f(z) such that f(0) = f(3) = 0, and such that
Y ns1|Bnl < oco. Let the temperature of the rod be given by the function
u(x,t). The heat distribution is then determined by the following data, where
«a > 0 is a positive constant related to the conductivity of the rod.

adu = 02u for all (z,t) € [0, %] x (0, 00),

u(0,t) = u(%,t) =0forallt>0
u(z,0) = f(2).

From the above discussion, f is suited to an odd extension, so we take foqq
and compute its Fourier expansion as a sine series, which is convergent by
assumption. We therefore have

u(z,0) = f(z) = Z By, sin(2mnz)

n>1

Based on our computations from the first lecture, a reasonable Ansatz has the
t dependence seperated from the x dependence. One such guess would be

u(z,t) = Z

B, (t) sin(27nz)

for some continuously differentiable functions By, (¢) such that

> [Ba(t)] < oo
n>1

Such a series is uniformly convergent to a continuous function, and satisfies
both our boundary and initial conditions. Filling this guess into our differential
equation, and assuming we can swap the order of differentiation and summation
(which is valid if our series is uniformly convergent), we get

Z aBl (t)sin(2rnr) = Z —47°n? B, (t) sin(27nz).

n>1 n>1

From the uniqueness of Fourier coefficients, we want that

—47%n?
B (t) = ———B,(t
Wt = ",
for all n > 1. This ODE (with initial condition B, (0) = B,,) is solved by
2,2

_an2n?¢

B,(t) = Bpe™ =
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As Y51 [Ba(®)] < 32,51 [Bn| < oo for all t > 0, the series

7\'2'”.2
u(z,t) = Z Bpe o sin(27nx)
n>1

is uniformly convergent and satisfies the conditions of our PDE, giving our
solution.

Remark 3. For differential equations coming from physical systems, a useful
sanity check can be to consider the behaviour ast — co. In this situation, we see
that u(x, t) — 0, which makes physical sense, as we would expect the temperature
to average out across the rod, and if the ends are kept at constant temperature
0, energy must be leaving the system.

5.2 The heat equation with no heat out flux

Consider the same situation as above, but instead of maintaining the ends of the
rod at constant temperature, we insulate them so that no heat can enter or exit
the system. We take an initial heat distribution f(z) with f’(0) = f'(3) = 0.
The heat distribution is then determined by the following data.

adyu = 02u for all (x,t) € [0, %] x (0, 00),
O0,u(0,t) = (%m(%,t) =0forallt>0

u(z,0) = f(x).

Here, f is suited to an even extension, so we compute the Fourier expansion of
feven as a cosine series. We assume Zn>0 | A, | < 00, so that the cosine series is
uniformly convergent. As in the previous case, we make an Ansatz of

u(z,t) = Z A, (t) cos(2minx)

n>0

for some continuously differential functions A,,(t) such that

An(o) = Ana
> 1An(t)] < 0.
n>0

Such a series is uniformly convergent to a continuous function, and satisfies
both our boundary and initial conditions. Filling this guess into our differential
equation, and assuming we can swap the order of differentiation and summation
(which is valid if our series is uniformly convergent), we get

Z aAl (t) cos(2mnz) = Z —4n*n? A, (t) cos(2mnz).

n>0 n>0
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From the uniqueness of Fourier coefficients, we want that

42,2
AL = T 40

o
for all n > 1. This ODE (with initial condition A, (0) = A,,) is solved by

_4an2n2t

A, (t) =Ape " =

As 350 [An(®)] < 32,50 [An| < oo for all £ > 0, the series

2,2

u(x,t) = Z Ane 5 cos(2mnx)
n>0

is uniformly convergent and satisfies the conditions of our PDE, giving our
solution.

Remark 4. For differential equations coming from physical systems, a useful
sanity check can be to consider the behaviour as t — oo. In this situation,
we see that u(x,t) — Ao, which makes physical sense, as we would expect the
temperature to average out across the rod, and mo energy enters or exits the
system.

5.3 The inhomogeneous heat equation

Suppose we have a Riemann integrable f : [0, %] — R such that f(0) = f(%) =0,
and Riemann integrable ¢ : [0, %] x R>o9 — R such that phi(0,t) = t)=0
Suppose that the odd extensions have sine series

flx) = Z B, sin(2rnz), o(x,t) = Z D, (t) sin(2mnx)

n>1 n>1

such that ) -, |Bn| < oo and ) -, |Dy(t)| < co. We think of ¢(x,t) as heat
being inputted to the system. The heat distribution is then determined by the
data

adu = 02u + ¢(z,t) for all (z,t) € [0, %] x (0, 00),
u(0,t) = u(%,t) =0forallt>0
u(z,0) = f(x).

From the above discussion, f is suited to an odd extension, so we take f,qq
and compute its Fourier expansion as a sine series, which is convergent by
assumption. We therefore have

u(z,0) = f(x) = Z B, sin(27nx)

n>1
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Based on our computations from the first lecture, a reasonable Ansatz has the
t dependence seperated from the z dependence. One such guess would be

u(x,t) = Z

B, (t) sin(2mnz)

for some continuously differentiable functions B,,(¢) such that

B,(0) = By,
> [Ba(t)] < oo

Such a series is uniformly convergent to a continuous function, and satisfies
both our boundary and initial conditions. Filling this guess into our differential
equation, and assuming we can swap the order of differentiation and summation
(which is valid if our series is uniformly convergent), we get

Z aBl,(t)sin(2rnz) = Z —4712n? B, (t) sin(2mnx) + Z D, (t) sin(2mnz).
n>1 n>1 n>1
Comparing coeflicients, we wish to solve

472n?

B;z(t) = - Bn(t) + Dn(t)

for all n. We therefore need to solve a first order inhomogeneous ODE, and will
apply the method of integrating factors (see supplementary note) to determine
that

EPFCFCTIN BN AP T}
B,(t)=Bpe =  + 7/ e a  Dp(2)dz
@ Jo

So long as D, (z) doesn’t grow too fast, we will still have >, -, |Bn(t)| < oo,
and so we can conclude that B

u(x,t) = Z B, (t) sin(27nx)

solves our differential equation.

5.4 Solving the wave equation with fixed endpoints

The motion of something like a vibrating string is determined by the wave equa-
tions with appropriate boundary and initial conditions. The height of vibrating
string with fixed endpoints is determined by the following data:

?0tu = 0%u + ¢(x,t) for all (z,t) € [0, %} x (0, 00),

1
u(z,t)=0forallt>0

u(0,t) 3
u(l‘, 0) = f(x),

Oyu(x,0) = g(x),
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where « is a non-zero real constant, which we can assume to be positive, and f
and ¢ are Riemann integrable functions such with absolutely convergent Fourier
expansions

fz) = Z B, sin(2nnx),

n>1
g(x) = Z Cy, sin(2mnx).
n>1

Given the boundary conditions, a reasonable Ansatz would be

u(x,t) = Z U, (t) sin(2mnx)

n>1
where
U.(0) = By,
Un(0) = Chn,
D U(8)] < oo
n>1

Such a series is uniformly convergent to a continuous function, and satisfies
both our boundary and initial conditions. Filling this guess into our differential
equation, and assuming we can swap the order of differentiation and summation
(which is valid if our series is uniformly convergent), we get

Z QU (t) sin(2rnx) = —4n?n?U, (t) sin(2mn).

n>1

Comparing coeflicients, we want U, to solve the ODE

Ul(t)=— ( ) Un(t).

Given our initial conditions, this has solution

2mn
o

o 2mn

2mn .
U,(t) = By, cos(Tx) + 27m0" sm(Ta:).

The triangle inequality tells us that
S0 < 1Bl + 3 100l <
n>1 n>1 n>1

and so we conclude that

«

2mn
u(x,t) = Z (Bn COS(TI) to -

n>1

C sin( 27mz)> sin(27nx)
!

is a solution to the wave equation.

Remark 5. While it might seem initially unphysical that u(x,t) is periodic
i time when a plucked string gradually stops vibrating, in an ideal world there
would be no energy lost from the system, so this repeating behaviour makes sense
here.
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5.5 A variation on the Laplace equation

The Laplace equation usually refers to a differential equation
Ozu(z,y) + yulz,y) =0

for a function
u: {(z,y) |:1c2—|—y2 <1} >R

on a circle. This differential equation has connections to electrostatics, gravita-
tion, fluid dynamics, and complex analysis. We will consider a modified version
that could be used to model a vibrating string with energy loss. Specifically,
given o > 0 and f as for the wave equation, we will find u : [0, %] x R>o = R
satisfying

—a?0%u = 02u + ¢(x,t) for all (z,t) € [0, %] x (0, 00),
u(0,t) = u(%,t) =0forallt>0
u(z,0) = f(z),
lim u(x,t) = 0.

t—o0

Proceeding as before, we find that a candidate for u(z,t) is given by the series

u(z,t) = Z (Pne% + Qnef%) sin(2mnx)

n>1

From the condition that u(x,t) — 0, we see that we should P,, = 0 for every n,
as otherwise this exponential term would dominate the growth as t — co. This
also ensures absolute summability of the Fourier coefficients and hence uniform
convergence. Therefore

u(zx,t) = Z Bpe S5 sin(27na)

n>1

is the desired solution. This is an example of a system exhibiting exponential
decay - in a number of practical situations, you may not have the necessary
number of initial conditions to uniquely determine a solution, but imposing
growth constraints such as exponential decay can also help us in determining a
solution.
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Week 3

6 Inner product spaces

Definition 5. Let V' be a complex vector space, possibly infinite dimensional.
An inner product on V is a function

(,):VxV—=>C
such that

1. Linearity:
<>\1U1 + )\2’02, ’LU> = /\1 <’Ul, w> + /\2 <U2, w>,

2. Conjugate linearity:

(v, Mwy + Agwa) = Ay (v, w1) 4 Ae (v, w2),

3. Congugate symmetric:

4. Positive semidefinite:
12 = {f, f,) € Rxo,

5. Non-degenerate: || f|| = 0 if and only if f = 0.

A complex vector space V' with a given inner product is called an inner product

space. The function
[-11:V = Rxo

is called a norm.

Example 3. Let V = C™. The complex dot product

n
(v,w) :== Z VR W
k=1

defines an inner product on V.

Example 4. Define the space of square summable sequences to be

32 = {(an)nZI | an € (C7 Z |a”ﬂ|2 < OO}

n>1

This is a vector space equipped with component-wise addition and scalar multi-
plication.
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Proof. Note that

)\(an)n21 == ()\an)n21a Z |)‘an|2 = |)‘|2 Z |an|2 < Q.

n>1 n>1

Hence ¢? is closed under scalar multiplication. To see that it is closed under
addition, it suffices to show that

D an +0n> =D lanl* + 2lanby| + [ba]? < o0

n>1 n>1
Note that, since absolute values are real,
|an|2 — 2|anbn| + |bn|2 = (lan| — |bn|)2 >0

and hence 2|a,b,| < |an|? + |b,|2. Thus

D an +bal? <D 20anl +20bal? =2 fanl* +2 ) [bal* < oo

n>1 n>1 n>1 n>1

We define an inner product on £> by

<(an)n21a (bn)n21> = Z anby,.

This converges because it converges absolutely, from the same argument used in
showing ¢2 is a vector space, and it is easy to check that it satisfies the axioms
of an inner product.

Remark 6. In the exercise session, we will establish the convergence of the (2
inner product by expressing it in terms of norms. This is a useful approach when
given a norm on a vector space and a candidate for an inner product where the
convergence of the inner product is unknown.

Example 5. Let
CY:={f:R— C|f continuous and 1-periodic}.

This is easily seen to be a vector space with addition and scalar multiplication
defined pointwise:

(f +9)(@) == f(x) + g(x),
(Af)(@) == Af ().

We define a map CY x C) — C by

(f.g) = / F(@)g@)d.
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It is easy to check that this satisfies the first four properties of an inner product.
To see that this defines a non-degenerate inner product, consider non-zero f €
CY. As f is non-zero, there is a point xg € R such that f(xo) # 0. Without loss
of generality, we may assume xo = 0. By continuity, there exists § > 0 such

that )
Faye = 1O

for all |x| < §. As |f(x)|> > 0 for all x, we must have

1

! 2
1= [ iz [ iepaz [ FOla >0

2

Hence || f|| = 0 if and only if f = 0.

Remark 7. We could alternatively consider
V:={f:R — C| f Riemann integrable and 1-periodic},

equipped with the same map. Unfortunately

()= [ $(@)ga)da

s not non-degenerate on V : there exist integrable 1-periodic non-zero functions
with square integral 0. For example

z
f(w):{(l) iizj

However, many results about the space of continuous 1-periodic functions can
be lifted to results about integrable 1-periodic functions via continuous approxi-
mation.

A short, but often useful observation is that for any v, w in an inner product
space V,
lv+w|? = o]l + [lw]|* + 2R (v, w).
In the case of V = C", and v, w real vectors, this is precisely the statement of
the generalised Pythagorean theorem

a® +b* = ¢ — 2abcos(h).

It is often easier to compute norms than it is to compute inner products.
If we only need to obtain a bound on an inner product, a valuable tool is the
Cauchy Schwartz inequality.

Lemma 4 (Cauchy Schwartz inequality). Let V' be an inner product space.
Then for allv,w eV,
(v, w)| < lv]l[[w]|

with equality if and only if there exists o € C such that v = aw.
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Proof. The claim is clearly true if ||w|| = 0 or [{(v,w)| = 0, we we will assume

otherwise. Let n = |§Z$§| and note that

0 < ||tnv — w]||? for all t € R.
Expanding this out, we see that
0 < 2J|o]|” = 2tRn (v, w) + [Jwl|®
= t?||v]|? — 2tR|langlev, w)| + ||w|?
= t?||v||* — 2t|langlev, w)| + ||w]|?

— <t|v|| _ |<v,w>|> 2 — (v, w)|

o] ]|

for all real ¢. Taking ¢ = L2 “{” to get that

o]
|(v, w)|?

0< H’LU||2 - ||’U||2

or
(v, w)[* < [[o]|?|lwl]]*.

Since all quantities are positive, we can take the square root to obtain the
Cauchy-Schwartz inequality. We obtain equality if and only if

0 = [[tnv — w||
i.e there exists a € C such that v = aw. ]

A corollary of this is that the triangle inequality holds in all inner product
spaces

Corollary 6. For any v,w in an inner product space V ||v+ wl|| < ||lv|| + ||w]]-

Proof. Note that
[o+wl? = [Jof* + 2R(v, w) + [Jwl|?

and that R(v, w) < |[{(v,w)|. By the Cauchy-Schwartz inequality
(v, w)| < [Jof|lwl.
Hence
2
lv+wl® < [Jo]|* + 2[|oll[lw] + [lwl® = (o] + [[w])”.
The triangle inequality is the square root of this inequality. O

Example 6. For V = C? and v,w € R?, the Cauchy-Schwartz inequality tells
us that
(v, w)| < [Jollllw]|

For a pair of vectors in R?, the inner product is the dot product is |{v,w)| =
[lv]l|w|| cos(8) where 8 is the smaller angle between v and w. Hence | cos(0)| < 1.
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Example 7. Let V be the space of continuous functions on [0,1] equipped with
the inner product

(f.g) = /0 F@)g@)da.

This lets us bound difficult integrals via the Cauchy-Schwartz inequality:

1 3 1 3 .
< </ :cdx) (/ Cosxdx> = sin(1) =0.648...
0 0 2

6.1 Orthonormal sets and best approximation

0.592... =

1
/ v cos zdx
0

Definition 6. Let V' be an inner product space. A pair of vectors (v,w) are
called orthogonal {(v,w) = 0. A set of vectors S is called orthogonal each pair
of distinct vectors v # w € S are othogonal. A set of vectors S is called
orthonormal if it is orthogonal and ||v|| = 2 for every v € S.

Lemma 5 (Pythagorean theorem). If v,w are orthogonal vectors in an inner
product space V', then
lv+wl® = [Jv]|* + [|w]|*.

Proof. As noted previously

o+ wl? = oll? + 2R (v, w) + [fuw]2
If (v, w) = 0, we obtain the desired result. O
Example 8. The standard basis of C™ is an orthonormal set.

Example 9. Let C? be the space. The set {e,(z) = €2™"%} is an orthonormal
set.

Example 10. Let V' be the inner product space of continuous functions on
[—1, 1] with inner product

(f.9) = / F(2)g@)da.

Then S = {1,z,2® — 1} is an orthogonal set.

Given an orthonormal set in an inner product space V', one might hope that
we can execute a Gram-Schmidt-like producedure to express any vector v € V
in terms of the orthonormal set. This is possible in a finite dimensional vector
space, but it is not always possible in an infinite dimensional vector space.
However, we can show that such a procedure constructs a good approximation.

Proposition 3 (Best approximation). Let V' be an inner product space and let
{en}nes be a finite set of orthonormal vectors in V' and choose v € V. Define
cn = (v,e,). Then for any collection of complex numbers {b,}nes

v — Z cnenll < [lv— Z bnen|

nes nes
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with equality if and only if b, = ¢, for every n € S. That is to say, the best
approzimation of v is given by Y ¢ Cpen.

Proof. Note that, for any {a, }nes,

(0= cnen, Y anen) =Y an(v,en) = Y Cnlim{en, em)

nes nes nes m,neS
= Z Cnln + Z Cna, = 0.
nes nes
Hence
0= cnen+ D anenl* = llv = cnenl> + D llanen |
nes nes nes nes
= [lv— Z cnen|® + Z |an|®
nes nes
and thus
lv— Z Cnen + Z anen|® > |lv — Z Cnenl)?.
nes nes nes

Let a,, = ¢, — b, to get
v — Z bnen|? > |lv — Z cnen?.
nes nes
]

We may similarly use the Pythagorean theorem to prove Bessel’s inequality.

Proposition 4 (Bessel’s inequality). Let V' be an inner product space and let
{entnes be a finite set of orthonormal vectors in V. Let v € V. Define ¢, :=

(v,e,). Then
> el < ol

nes

Proof. Write v = v — )7 _gCnén + > cgCnen. Applying the Pythagorean
theorem and using |le,|| = 1, we get

[oll* = lo = > eneall® + > leallenl?

nes nes

oll* = Jenl.

nes

and hence

O

While the proofs of both of the above assume S is finite, there is nothing
stopping us from taking a limit over growing S to obtain that both the best
approximation theorem and Bessel’s inequality hold for infinite ordered sets i.e.
S=727.

29



7 Applications to Fourier analysis

From here, we will consider only the case of V = CY, continuous 1-periodic
functions equipped with inner product

(f.g) = / * H@)a(aVde.

We will refer to

[N

191 = [ ] 1#(e) e

-1
2

as the L? norm.
We have three notable infinite orthonormal sets in CY.

7.0.1 Exponential functions

Consider the orthonormal set {e,(z) := e*™"%}, 7. Then

(fien) = cp(n).
Taking limits of Bessel’s inequality says that

> lerm))? < /§ |f (@) da.

ne”z _%
The best approximation theorem says that

N

(Snf)(z) == Z cf(n)e2min

n=—N

is the best approximation of f in trigonometric polynomials of degree at most
N with respect to the L? norm.

7.0.2 Sine series
Consider the orthonormal set {e,(x) := 2sin(27nx)},>1. Then

<fa en> = B,.

Bessel’s inequality says that

S < [ 17wl

n>1
The best approximation theorem says that
Z B, sin(2mnz)
n>1

is the best approximation of f via sine series of length at most N with respect
to the L? norm.
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7.0.3 Cosine series

Consider the orthonormal set {e, (x) := 2 cos(2mnz)},>0. Then

<f> €n> = An

Bessel’s inequality says that

Sl < [ If) s,

n>0 T2

N

The best approximation theorem says that

Z A, cos(2mnx)

n>0

is the best approximation of f via cosine series of length at most N with respect
to the L? norm.

Remark 8. Note that at no point in the proof of Bessel’s inequality or the
best approximation theorem did we use non-degeneracy of the inner product.
Therefore both these results hold for the space R' of Riemann integrable 1-
periodic functions, and so do the above discussions.

The best approximation theorem suggests that we should expect (Sy f) — f
as N — oo in the L? norm, i.e.

If = Snfll =0

for continuous 1-periodic f. This is precisely the case, and tells us that all the
information regarding integrals of continuous 1-periodic functions are encoded
in the Fourier series.

Proposition 5. For f a continuous 1-periodic function || f — Sn f| — 0.

Proof. Given € > 0, we showed in Week 1, Corollary 4, we can find a trigono-
metric polynomial of degree N

N
p(x) _ Z pne27rinz
n=—N
such that

If(z) —p(z)| < e

for all « € [—1, 3]. Squaring this and integrating gives that

/ * (@) - pla)Pde < / gy

- 1
2 2
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which is to say

If = plI* < €.
Taking the square root and applying the best approximation theorem, we see
that

If = Sufll<IIf —pll <e

whenever M > N. The claim then follows, as € was arbitrary. O

Fact 1. For f any Riemann integrable 1-periodic function, limy_, || f—Sn f]| =
0. This follows as we can approzimate f arbitrarily well by continuous functions,
though we will not prove this.

Exercise 5. Assuming the above fact, show that

{f,9) = lim (Snf,9)

— 00
for any Riemann integrable 1-periodic f and g. As a hint, consider writing the
inner product in terms of norms.

Hence deduce Parseval’s identity for Riemann integrable f:

1

S e = I£1? = / * () P

1
nez "2
We will prove Parseval’s identity for Riemann integrable f without assum-
ing this fact. Recall the definition of the circular convolution of two Riemann
inegrable 1 periodic functions f, g is defined by the integral

[N

(f % 9)(x) = / fW)alz - y)dy.

1
2

As we showed in exercise session 3, convolution is a commutative, associative
product on the space of Riemann integrable functions, and satisfies

C(12g) (1) = cg(n)cg(n).
Furthermore, (f * g)(z) is a continuous 1-periodic function.
Theorem 3. For any Riemann integrable 1-periodic f : R — C
%
S lesml = [ 5@
neE”Z )

Proof. By Bessel’s inequality

N 1
S lesmt = Jim Y feswp < [ 7@
nez n=—N )
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Define f(z) := f(—z) and note that

ci(n) = f(=x)e 2™y

— f(_ﬂﬂe%ﬂnxdx

= f(z)e=?minzdy = cy(n)

1
2

and hence

lep()? = ep(n)ep(n) = cp(n)ep(n) = ¢ s ().
Thus, Bessel’s inequality implies the convergence of }~,, 5 |¢(4, 7 (n)[. Thus the

Fourier series converges to (f * f)(z). In particular

S lerm)? =3 ¢y ()

nez ne”Z

= (f F)(0) = / F) F(—y)dy

1

2

_ / F)F)dy = | £

[N

O

Remark 9. We only require that (f * g)(x) be continuous at 0 for the above
argument to work.

Corollary 7. For integrable 1-periodic f,g
1

> ep(n)cg(n) = [ f(x)g(x)da.

nez -

N

Proof. We can either apply a similar convolution argument to Parseval’s iden-
tity, or apply Parseval’s identity and the equality

(L +gl® = 11f = gll®) + il f +igll®> = £ —igll*)) -

B~

(f,9) =

Exercise 6. Prove Corollary 7 by direct computation using Fact 1.
We conclude with a final corollary of Bessel’s inequality.
Lemma 6 (Riemann-Lebesugue Lemma). If f is a Riemann integrable 1-

periodic function, then cy(n) — 0 as |n| — oo.
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Proof. Bessel’s inequality implies that

Y lerm)P < If) < oo,

neEZ

Doubly infinite series converge if and only if its terms tend to 0 as |n| — oo.
Therefore |cf(n)[? — 0 and so c¢f(n) — 0. O
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Week 4

8 Poisson summation and the Fourier transform

Previously, we have shown that an enormous amount of information about pe-
riodic functions is encoded in their Fourier series. These same methods do not
apply immediately to non-periodic functions. However, we can still capture
some information about such functions via Fourier series computations.

Let f : R — C be a continuous function and that there exists C' > 0 such
that f(x) is absolutely integrable

| 1@ <o,

o0

for example if

[f(x)] < 122 for all z € R.

We can construct a 1-periodic function associated to f as follows. Define

op(x) == flz+mn).

nez

As
prle+1)=> flz+n+1)=> flz+n)=o¢s(x),

n€e”Z neZ

the function ¢y is 1-periodic if it is well defined. As such, it suffices to show

that it is well defined on [—3, 2]. But in the case where
|f(x)| < T2 for all z € R.
we have that o
|f(z+n)| < T2

for all € [—3, 4], and so by the Weierstrauss M-test, the series is uniformly
convergent. Thus, ¢; is well defined and continuous. More generally, we can

establish convergence by an integral comparison test.
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The Fourier coeflicients of ¢ ¢ are given by

¢4, (n) = / * 85 (z)e 2 dn

= /1 Z flz+ n)e_%mmdx

"2 nez

= Z/z f(x+n)ef27”‘mdx

nezL"” "

n+% )
— Z/ f(x)e—Qﬂ-mzdx

nez

Nl

[N

= /: fz)e 2™ dg,

Note that, since this is an infinite integral, there are no periodicity con-
straints on e~2™"% and so we can extend the definition of Fourier coefficients
of ¢ to a function on the real line.

Definition 7. Let f : R — C be a continuous absolutely integrable function.
The Fourier transform of f is defined as

fe)= [ s an,

Our prior calculations then just say that f(n) = ¢, ;(n). Now suppose £(€)
is also absolutely integrable. Suppose further that

D lesy(n)] < oo
nez

and so the Fourier series converges to ¢s(x) uniformly: Thus we have mostly
established the following.

Theorem 4 (Poisson Summation Formula). Let f : R — C be a continuous,
absolutely integrable function with absolutely integrable Fourier transform f.

Then7 Zf ZnGZ ‘fA({n‘)| < 00,
S fatn) =3 e

ne”Z nez
In particular, at x =0
Yo fm)y =" fim).
nez MEZ

Proof. As noted above, f(m) = ¢, (m) are the Fourier coefficients of the con-
tinuous 1-periodic function ¢;. If f is absolutely integrable, then

Y leg () =D 1f(n)] < 0o

ne”Z nez

36



and so

¢f (.’17) = Z Co (n)ez’”""c = Z f(n)eQWin:c

nez nez
for all . Thus A _
Y flatn) =) fn)emne.
nez nez

O

Thus, the Fourier transform of f at integer points captures some sort of
discrete information about f. One might hope that by considering f (&) for all
& € R, one might capture more information about f at all real points. In order
to make this precise, we will need a bit more theory, so we will first give some
examples of Fourier transforms.

Example 11. Let f(z) = e~ 1%l This is absolutely integrable, and so has a well
defined Fourier transform.

f-(g) _ /OO €7|z|6727ri§xd1,

oo

0o 0
/ e—(1+27ri£)9cd$ + / 6(1—27”5)95(13«;
0 —o0o

1 N 1 2
142w 1—2mié 14 4mw2e2’

This is of moderate growth and therefore absolutely integrable. Thus we can
apply Poisson summation to get that

1
_ —|n|
221+4W2n2_26 ’
neZ nez

Rearranging this we find that

> 1 2¢~ 1
2445 — 14— (2.
+ ;HMW T = oth(3)

Not all Fourier transforms are this easy to compute though. A particularly
important, but tricky, example is the Fourier transform of the Gaussian.

Example 12. Let f(z) = e~ This is referred to as the normalised Gaussian
function. From the decay of the exponential, this is clearly absolutely integrable,
though there is a trick to computing the integral. We begin by considering the
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square of the integral.

(/ eﬂa;de) / 771-9: —7y? dxdy
—/ e~ @ +y%) dxdy
R2

= / re= ™" drdf
RQ

o0 2
= 27T/ re” ™ dr = 1.
0

To compute the Fourier transform, we also need a trick. We write
o0
f(g)/ ef‘n'a:2727ri§mdx

o0 2 2
:/ e~ (xFi) =m0

-00

— e /OO e~ (@ g
Let ¢(&) = [0 e~ @+ g and note that

o0) = [ emrar=1,

oo

¢'(§) = [OO —2mi(x + i¢)e " da

oo

We recognise the integrand in ¢'(€) is also a derivative and therefore

¢(6) = / T ami(a + i) O g

o0

_ z/: % (e—pi(asﬂg)?) da

=i [e—‘"(r—&-ié)z} -0

— 00
for all € R. Thus ¢p(§) =1 for all £ € R and so
2
f&)=eTe.
The normalised Gaussian is self dual!

Example 13. The Poisson summation formula for the normalised Gaussian is
extremely important in analytic number theory. We define the theta function

6(t) = e ™ = gi(n)

nez ne”Z
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2 ) .
where gi(z) := e~ ™. From our above calculations and a change of variables,

we know that
1 €2 1

9:(§) = \%e_ﬁT = \ﬁ!h/t(f)

and so the Poisson summation formula gives that

00 = () = 2 S gl = 2.

nez nez

This inversion property for the theta function is then used to prove the functional
equation for the Riemann zeta function

1
((s) = Z e
n>1
which allows us to extend the zeta function to almost the entire complex plane:

")) = 7 T

)¢ — ).

In particular, this can be used to give meaning to the divergent sum

,17
12

C(—1)“= Zn > 1n".

9 The Fourier inversion formula

In the case of Fourier series, if f was a continuous 1-periodic function whose
Fourier series was absolutely summable, we could recover f from (cf(n))nez.
Thus we obtained a bijection between a set of “nice enough” functions and
“nice enough” sequences of complex numbers. We will show that a continu-
ous analogue of the same construction gives us that the Fourier transform is a
bijection for “nice enough” functions.

Definition 8. Suppose f : R — C is continuous and absolutely integrable. The
inverse Fourier transform of f is defined as

@)= | T H©)e € de = f(-a),

Theorem 5. Suppose f is a continuous, bounded, and absolutely integrable
Sfunction with continuous, absolutely integrable Fourier transform f. Then f =
Y, e

flx) = / h F&)e*mierag

for all .
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Remark 10. While we will only prove the above theorem in the above case, note
that this includes functions of moderate growth, i.e. those bounded by something
like <.

1422

We will prove this using a continuous version of our Key Lemma about Dirac
families. Let us first define a continuous Dirac family.

Definition 9. A (continuous) Dirac family is a collection of non-negative even
functions on the real line

{pr:R—=R|T € (0,L)},
where L is possibly infinite, satisfying

/Oo pr(y)dy =1

-00

for all T and for every 6 > 0

lim pr(y)dy = 0.
T=L Jyy|>6

Lemma 7 (Continuous Key Lemma). If f : R — C is continuous, bounded and
absolutely integrable, and {pr}re(o,1) is a Dirac family, then

oo
Jim pr(y) f(z —y)dy = f(z).
—L J o
If, furthermore, f is uniformly continuous, then this limit converges uniformly.
Proof. We fix some x. Then, for all ¢ > 0 there exists §, > 0 such that

[fle—y) - fl@)] <e
for all |y| < 0;. Then

|/ o) (e —y)dy — f(@)| =] / " or () (f(z — ) — f(x)) dy]
< /_; pr()|f (@ — ) — f(@)|dy

+/ pr(y) (1f @ = v + |/ w)]) dy
ly|>62

In the first integral
[f(z—y) = flz)| <e
and thus the first integral is bounded by ¢, as the integral of pr(y) across any

interval is at most 1. To bound the second interval, since f is bounded, we must
have that

/| T Gl LD dy <2 / pr(y)dy

[y| =8
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which tends to 0 as T'— L. Thus, for T close enough to L, it is bounded by ¢.
Thus

| / PGy f@)| <2

for T close enough to L and hence

Jim s pr(y)f(z —y)dy = f(x).

Note that “T" close enough to L” depends on x via d,. However if f is uniformly
continuous, then we may take d, = § for some § > 0 and all x, and thus

lim sup | pr(y)f(z —y)dy — f(z)| =0
T—=LgeRr [y|>0z

and we get that this limit converges uniformly. O

We require one final lemma before proving the Inversion theorem. Specifi-
cally, we need a Dirac family.

Lemma 8. The family {pr(z) = Te~mT** }re0,00) 8 @ Dirac family.
Proof. Clearly, pr(z) is even an non-negative. By a change of variables

/ pr(y)dy = T/ e TV dy :/ ™ du = 1.

oo -0 -00

By the same change of variables

/ Te~mT*v* dy = / e~ ™ duy
ly|>6 lu|>T6

which tends to 0 as T — oo. ]

Proof of Theorem 5. The assumptions of our Continuous Key Lemma apply
here, so we must have that

f@) = gim [ T T f(o - )y

T—oo J_

o0
= Th_r,réo Te_”T2(Z_w)2f(z)dz.

Noting that
T (a—0) _ / om0 o= 2mia(T(:=2)) g,

oo
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we see that

9] o0 R ) )
f(l') = lim / / Te~ ™4 eQﬂ'ZqTE—27T1qTZf(z)dqu

T—00
©° 2 . o .
_ TIHE;O / Te~ ™4 eQﬂ'quw / f(z)ef%quzdqu
-00 -00
o0 b A~
= T]ggo Te~ ™ e?™Te £(Tq)dq
-CZ; .

lim [ e e T f(g)de

T—oo J oo

> . 771'7{—22 i il
/ (g&e >ﬂ®¥ dé

f(&)er e de.

O

Example 14. We computed previously that for f(x) = e~ 17l f({) =
This satisfies the conditions of our theorem and so we must have that

Lol g [T TS [ cos(2mEr)dg
flo)=e ™ = /001+47r2§2_4/0 1+ 4m2e2

2
14+4m2£2°

So, for example

o 1
4 ——  dft=€e"=1
/0 1-1—4:7T2§2f ¢

> cos(mé 1
4 —— = df = .
/0 1+ 4m2¢2? §=es

and

9.1 Convolution and Plancherel’s theorem

Much like for Fourier series, we have a notion of convolution that behaves well
with the Fourier transforms

Definition 10. Let f,g: R — C be (continuous) absolutely integrable functions.
Their convolution is defined by

(F9)@= [ fgle )y
Fact 2. Conwvolution has the following properties
o (fxg)=(9*[)
o (fx(gxh))=((f*g)xh),

o (f*g) is continuous if at least one of f or g is continuous
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o If g is continuously differentiable, then so if (f*g) and (f*g) = (f*¢’).

In particular, the Fourier transform of a convolution is easy to compute in
terms of the Fourier transform of the functions involved.

Lemma 9. Let f,g: R — C be absolutely integrable functions. Then

—

(f *9)(€) = f(£)3(9).
Proof.

- / F)g(=)e 250+ 4y d

= [ ey [ gee e
= f(©)a()

This lets us prove a continuous analogue of Parseval’s theorem.

Theorem 6 (Plancherel’s Theorem). Suppose f : R — C is bounded, continuous
and with

| 15w < .

o0

Then - -
| lr@pds= [ 1P

00 -00

Proof. Similarly to our proof of Parseval’s theorem, we will consider convolution
with the function f(x) := f(—x). For purposes of this proof, we will assume
f is absolutely integrable, so that the Fourier transform of both f and f exist.
Then

oo

f(—z)e 2% qg

0

(&) =

é\

f(—x)e2mizdy

I
\
8 8

[
—
& 3

f(z)e—2m¢2dy

|
=

(€)-

~—

43



Thus, by the above lemma

~ —

IFOF = f(&)F(©) = (f = )9

Computing the Fourier inverse, we get that

/ " If©)RemEds = / T P DO e = (1 + )(a).

In particular, at x = 0, we have that

/ T 1F©)de = (f + F)(0)

o0

the right hand side of which is
(1N = [ f@)f(-oyis
~ [ i)

O

Remark 11. In the above proof, we assumed that f is absolutely integrable,
which we need to ensure the Fourier transform exists. However, it is not strictly
necessary: Carleson’s theorem tells us that if

| 1P < o

oo

then the limit

M—o0

M .
lim / f(x)e 22y
-M

exists for almost all £. One approach to proving this is to approximate f by
absolutely integral functions, but this involves non-trivial arguments.
“There are no easy proofs of Carleson’s theorem.”

Corollary 8. If f,g : R — C are bounded and both

/OO f(@)Pde < oo, /OO l9(2)2dz < oo,

o0 o0

then

/ : f@ig@ds = [ : Fe)5@)de.

Proof. Note that

V::{f:R%C\[m|f(x)\2dz<oo}
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is a vector space with a Hermitian positive semidefinite form

()= | fa)glards
and associated seminorm

117 = [ 5@

-00

Plancherel’s theorem says that || f||2 = || f||2. Using the fact that

((If +gl® = 1f = gll?) + 3 (ILf +igl* = 1 f —igll*)) ,

AN

(f,9) =

we conclude that (f,g) = ( 1, §), which is precisely the statement of the result.
O

Remark 12. For many of the results discussed, we had to assume that both f
and f be absolutely integrable. This is not guaranteed. For example

e27ri§ -1

Xj0,1)(§) = “omie

18 not absolutely integrable. The main class of functions for which we can guar-
antee that absolute integrability for are the Schwartz functions: f : R — C
infinitely differentiable such that

sup 2" fO(z)| < oo for all k,1> 0.
z€R

The Fourier transform defines an automorphism of the space of Schwartz func-
tions.

10 Polynomial approximation and the Weierstrauss
theorem

As another application of our Continuous Key Lemma, we will prove the Weier-
strauss approximation theorem.

Theorem 7. Let [ be a continuous function on [a,b]. Then, for any e > 0,
there exists a polynomial P such that

sup |f(z) — P(z)| <e,
z€la,b]

i.e. f can be uniformly approximated by polynomials.
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Proof. Note that by translation and scaling, it suffices to consider continuous
functions on [—1,1]. We choose a continuous extension g of f to R such that
g(x) = 0 for all z ¢ [—2,2]. Let C be a constant such that |g(z)| < C for all
x € R. As g is continuous on a closed bounded interval, we know that it is
uniformly continuous and hence

lim sup
T—00 zcR

g(z )—[)O pT(w—y)g(y)dy‘ =0

o0
for any continuous Dirac family on (0, c0). Therefore, for all € > 0, there exists
T > 0 such that

sup
z€R

g(z) — [OO pr(r — y)g(y)dy‘ <e.

o0

Taking pr(z) = Te‘”TQIQ, we note that the Taylor series expansion

T2 2
R
converges uniformly on every closed and bounded interval. Thus, there exists

N > 0 such that
T2 2) e
T =
Z: <o

for all x € [—4,4]. Denote by
N
_ T2 2\n
M@ﬂ:zﬂjgui

We can therefore conclude that

‘/ pr(z —y)g(y)dy — [OO Ry(z —y,T)g(y)dx

oo

‘/ pTx—)—RN@—%T»@‘

_/ l9(y)| [rhor(z — y) — Ry (z — 4, T)|dy

<4C 70 =&

for € [-2,2]. Note here that we have used that g(x) = 0 outside of [—2,2].
By the triangle inequality

9) ~ [ 9 vt — . Ty < 22

(oo}
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for all € [-2,2] and hence

0) ~ [ o) st — . Ty < 22

(oo}

for all € [—1,1]. Finally note that

2N
RN(:E - Y, T) = Z Tk-(y, T)wk
n=0
for some r(y,T), and hence

/ " g(y)Ru(a — 3. T)dy

-00

is a polynomial in z.
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Week 5

11 The Fourier transform in higher dimension
We can extend much of the theory of Fourier transforms to functions
f:R¥=C

with little change from the 1-dimensional case as follows. Denote by (v, w) =
viwy + - - - vqwy the usual inner product on R<.

Definition 11. Let f : RY — C be a continuous function such that

[ e < o0

where x = (x1, ... ,xd)T € R?, and dz := dxidzo ... dz, is the volume form.
The Fourier transform of f is the function f : R — C

fe)= [ e mienn

Many properties of the 1-dimensional Fourier transform still hold, with
nearly identical proofs. For example, we have that

5} .

L) = 2miguf()
and )

of _ 57—

87&6 == 27T7/$k;f(§)

Our results relating the parity of f and f have a multidimensional analogue in

FR=)() = f(Re)
for any rotation matrix R.

Example 15. Suppose we have write f(x) = fi(z1)f2(x2) ... fa(xd). Then
f(f) = /d fi(zr) ... fd(xd)e*%i(ﬁwﬂr---fd“’d)dxl ..dxg
R

</oc f (ml)e_mri&mdxl) .. </°o fd(xd)e_szdwddxd>

= fil&) f2(&) ... fal&a).

In particular, if f(x) = e~mlzl® = e_”(w§+"'g”3), then

F@)=e e | emmE = eI’
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Another example is if f(x) = e UzltFl=a) where the same argument

shows that 4
A 2
70 =11 (1)

k=1

Of course, not every function splits as a product of functions in each coordi-
nate. This can make computing the Fourier transform of even seemingly simple
functions quite challenging. For example, there is no obvious way to compute

the Fourier transform of f(z) = e~ 27l = ¢=27v “i+ 423 For this particular
example, and a number of similar ones, the subordination trick can come in
handy.

Lemma 10. For ally € R

I A
e = e duvdar.
0 \VTTU

Proof. Both sides of the above expression define functions for which the Fourier

inversion theorem applies, so it suffices to show that they have equal Fourier

transform. The Fourier transform of the left hand side is —25-, while the

1+4m2£2»
Fourier transform of the right hand side is

o o0 67u y2 2mig > 67u > y2 2mi
e e “TSYdu dy =/ — (/ e tme T ydy) du
[oo ~/0 VU 0 VU -00
o0

:/ 2e U 4m gy,

0

= 2/ e_u(1+4ﬂ252)du
0

_ 2
14422’

We can apply this to y = ||z|| as follows.

Example 16. Let f(x) = eIzl Taking the Fourier transform and applying
the subordination trick we find

f(ﬁ)z/ o= 2rllel g—2mile.x) gy
R4

/ /°° e _mel® onie ) gy d
= & w (& ’ uaxr
RrRd Jo \VTTU

et _ne)?

:/ —/ e” uw e 2T dy du
0 VTU JRd
o0

/ 2 T e IEN) g,

0
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which we can compute explicitly be repeated integration by parts to get that

d+1

FO =Ca(14e?)

for some explicit constant Cy.

11.1 Fourier inversion and Plancherel’s theorem

Knowing that the multidimensional Gaussian is its own Fourier transform, we
can show that pr(y) = T% 7" IWI” is a Dirac family. Using a multidimensional
version of our Key lemma, we can prove a Fourier inversion theorem almost
identically to the 1-dimensional case

Theorem 8. If f : R® — C is bounded and continuous, and both

[ @l <o, [ 1@l < o

then
@)= | @ ede.

We can define a higher dimensional version of convolution, again satisfying
most of the properties of the one dimensional case

Definition 12. Let f,g: R? — C be absolutely integrable. Their convolution is
defined as

(F+o)a) = [ 1wt — vy

As in the one dimensional case

— N

(f+9)(&) = f(£)9(E)

and so we can reproduce the proof of Plancherel’s theorem.

Theorem 9. For f : R? — C an absolutely integrable function with absolutely
integrable Fourier transform

| rarae= [ 1f@p

11.2 Radial functions

Definition 13. A function f : R — C is called radial if either of the equivalent
conditions given hold

o There exists fo : R — C such that f(z) = fo(|lz]]),

e For every rotation R f(Rx) = f(x).
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Note that, as f(R¢) = ]TRT)(Q, the Fourier transform of a radial function
is again radial. Computing the Fourier transform of a radical function is often
much simpler than that of a general function, as we can sometimes reduce the
computation to a single integral using hyperspherical coordinates - in particular,
f (0) can always be reduced to a single integral multiplied by a constant related
to the volume of the unit d-ball. However, for non-zero £, computing the integral
over the angular coordinates can be tricky, involving special functions such as
spherical harmonics.

In the case where d = 2, we can be more precise about the form of the
Fourier transform. Suppose f : R? — C is radial, with f(z) = fo(||z]|). Then

f©) = [ follale o

oo 27
_ / TfO (’I‘) / 6727”'7‘(51 cos(0)+&s sin(@))de dr.
0 0

There exist §¢ such that &; cos(6)+£&2 sin(0) = ||£]| sin(6+0¢. Since the 6-integral
is invariant under translation, we therefore have

o'} 27
f(&) = /O rfo(r) / e 2mirliElisint®) g gy

0

Recall from exercise sheet we defined the Bessel functions .J,,(t) as the Fourier
coefficients of €*57(27%) By a change of variables, our f-integral can be seen to
be equal to 27.Jy(27r||zi||), and so

f&) =2n /000 rfo(r)Jo(2mr||€]|)dr.

Not only have we reduced our integral to a single integral in terms of mostly
well understood functions, unlike ¢'*, the Bessel function has that Jy(z) — 0 as
x € oo reasonably quickly. As such, for radial functions, we can define f (&) for
f decays slower than we would need otherwise. The faster decay of Jy(x) also
ensure that we can better approximate f(¢) numerically.

12 Solving partial differential equations using
the Fourier transform

We have seen previously that Fourier series are a valuable tool for solving partial
differential equations on a bounded integral - assuming everything behaves suf-
ficiently well, we can reduce solving the partial differential equation to solving
a family of ordinary differential equations and express our solution in terms of
a sine or cosine series.

The Fourier transform similarly allows us to reduce partial differential equa-
tions, possibly in many variables, to solving a family of ordinary differential
equations, though here we in general obtain our solution as an integral.

o1



12.0.1 The heat equation in one dimension

Consider an infinite metal rod with and absolutely integrable initial heat distri-
bution f(x). Let
u:RxRsg—=R

be a sufficiently differentiable function such that the heat distribution at time
t is given by u(z,t). The function v must satisfy (up to scaling one side by a
constant)

opu(z,t) = Ou(z,t) forallz € R, >0

Let us take the Fourier transform of the above differential equation. For
sufficiently well behaved, differentiation with respect to t commutes with taking
the Fourier transform in x. Thus

8ta(£a t) = 74,”252&(57 t)

for all £ € R and ¢t > 0. For each fixed £ € R, this gives us an ordinary
differential equation in ¢ with solution

g t) = A(€)e 1T ¢

for some A(§).
Since we want to find u such that u(z,0) = f(z), we must have that

(€, 0) = f(6)

and hence A(§) = f(§). Thus, a solution to our differential equation is given by
the inverse Fourier transform

u(z,t) = /OO f(f)6_4ﬂ252te_2”i5$d§.

Furthermore, this solution is unique: suppose u; and us solve the heat equa-
tion with initial condition

ul(mvo) = U’2($70) = f(x)
Then v := u; — ug is a solution to

ow(x,t) = ?v(zx,t) forallz € R, t>0
v(z,0) =0

and so, as above, the Fourier transform of v is of the form
8(&,t) = A(ge ¢
and

A() = i(6,0) =0 = 0.

92



Thus v = 0 and so v = 0.
Note that we can view

_at
4 and thus

as the product of f(¢) and §(¢) for g(z) = Qﬂlﬁe

o —

a§,t) = (f * 9)(&)-

As such, we can give an alternative integral representation of u(zx,t) via convo-

lution
_(z—y)?

1 o0
) = oz [ e S ay,

12.0.2 The wave equation in one space dimension

Consider the wave equation in one space dimension - this can be thought of
as describing the vibration of an infinite string, or of a light wave. We will
assume the functions f,g : R — R describing the initial position and velocity
are absolutely integrable with absolutely integrable Fourier transform. Let the
amplitude of our wave at a point x € R and time ¢t € R>g be described by a
function

uw:R x Rsg — R.

The function v must satisfy (up to scaling one side by a constant)

Otu(x,t) = O2u(x,t) forallz € R, ¢t >0,
u(z,0) = f(z),
Opu(z,0) = g(z).

Taking the Fourier transform with respect to x, the wave equation becomes
DF0(E,t) = —4m?E%a(€,t).
We can solve this for each fixed £ € R to determine that
(g, 1) = A§)e*™ + B(e ™!

for some functions A, B. The Fourier transform of our initial conditions give
that

and hence

a0 = 5 (1O +G©) e+ 2 (e - Gle)) eme

where G(z) is any absolutely integrable antiderivative of g.
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The inverse Fourier transform of this is particularly easy to compute and
thus we conclude that

u(z,t) = /: % (f(g) @(£)> 2milt+2mits | % (f({) _ G(f)) ¢~ 2migt+2mics g

= L (F@ ) + Gl +0)+ o — 1)~ Gz —1)).
The d’Alembert method says that every solution to the wave equation should
have the form u(z,t) = P(z +t) + Q(z — t), and we have given an explicit such
presentation!

What if we wanted to present this as a convolution integral instead? This is
not possible in terms of functions, as there is no function with Fourier transform
e2™i¢t . However, for a more generalised notion of functions, it is possible.

Definition 14. A distribution is a linear function from a space of “nice” func-
tions to C that is continuous for an appropriate topology.

Example 17. If f : R — C is of moderate decay, then

h(z) — [OO f(@)h(z)dz

is a distribution.

It is common to write distributions in this form: a distribution A is given as

o0
mmz/cmmmm
-00
as though there were a function a inducing the map A. We usually identify A
and a(x). It is often convenient to think of distributions as generalised func-
tions. Distributions have Fourier transforms in the space of distributions. The
integration by parts formula lets us define a notion of the derivative of a distri-
bution. These facts let us extend many results about Fourier transforms to a
larger space of functions by allowing the output to be a distribution.

The most important examples of distributions are the Dirac delta distribu-
tions §(x — a) which are defined by

| s appe)ds = 1@
The Fourier transform of §(x — a) is
/ O(x — a)e_%ig’”dac = e~ 2mita,

Using this, we can write each of the terms in 4(&,t) as the Fourier transform

o4



of a function with the a Dirac delta and we find that

(

u(z,t) =

—~

fxo(z+0) (@) + (Gxd(z+1))(x)+ (fx0(z—t))(x) — (G*5(z—t))(x))

(oo}

N = N = N =

FW)o( +t—y) + Cy)oa+t—y) + F)o(x—t — ) — Cly)dla—t - y)dy)

-00

(flx+t)+Gx+t)+ fx—1t) — Gz —1)).

as expected!

12.0.3 The damped wave equation in one space dimension

Consider the initial value problem

3t2u + Ou = 6§u

u(z,0) = f(x)
Oyu(x,0) = g(x)

for absolutely integrable f,g: R — C with absolutely integrable Fourier trans-
forms. Taking the Fourier transform, we see that we want to solve

D20(E,t) 4 0u(€,t) + 4n?E2a(E,t) = 0

(&, 0) = f(¢)
9yti(€,0) = (&)
For each &, the characteristic polynomial of the ordinary differential equation

we get is

224z +4n%? = 0.
Denote the roots of this polynomial by «(&), 5(£). We have that a(§) = S(§)
if and only if 1 — 167%€* = 0, or € = £ for k € {0,1,2,3}. Away from these
points, only two of which are real, the characteristic polynomial has distinct
roots and so the general solution is of the form

a(€) = A(€)e*©t 4 B(£)eP O,

Our initial conditions allow us to uniquely determine A(¢) and B(§) in terms
of f(¢) and §(¢). As the (inverse) Fourier transform only depends on almost-
everywhere behaviour of the function, we can take the inverse Fourier transform
of 4 without worrying about what happens at £ = 4(27)~! to get that

u(x,t) :/ A(E)ea(g)t+2ﬂ'iﬁm+B(§)eﬁ(§)t+2ﬂ'i§md§

which is the best we can do unless a and [ are particularly well behaved.
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12.0.4 The wave equation in two space dimensions

The wave equation in two dimensions can be thought of as describing the vibra-
tions of an infinite drum, or of a light wave, with an initial position and velocity.
We will assume that the functions f, g : R? — R describing the initial position
and velocity are absolutely integrable. Let the amplitude of our wave at a point
z € R? and time ¢ € R>q be described by a function

u:R*x Rsg — R.
The function « must satisfy (up to scaling one side by a constant)
Ofu(z,t) = 02 u(z,t)+ 02, forallz € R* t >0,

’LL(:K, O) = f(a:),
Oru(z,0) = g(x).

We can take the Fourier transform with respect to the x variables to find that
the function 4(&, t) satisfies

61?’&’(57 t) = _47725%’&(67 t) - 47T2£§ﬂ’(€7 t) = _477’2“5”2&(57 t)

For each fixed ¢ € R?, this gives us an ordinary differential equation in ¢ that
we can solve to find

a(§,t) = A(E) cos(2m|[€][t) + B(E) sin(2|¢]]t).
Taking the Fourier transform of our initial conditions, we must have that

a(€,0) = f(9),
i€, 0) = g(&).

Thus, we must have that

A(©) = f(©)
)
B = 2nlel

and so |
a6, t) = € cos(2rlele) + 6(6) i

Taking the inverse Fourier transform, we find that

uwnt) = [ (€ costzmllel) + o) i ) e g
R? 2ri€l
is a solution to our differential equation. As in the case of the heat equation,
this is the unique solution.
Unlike in the case of the heat equation, we cannot easily rewrite this in
terms of a convolution of functions. Even determining an expression in terms
of distributions is challenging.
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Week 6

13 The Laplace transform

While the Fourier transform is an extremely powerful tool, working in the space
of functions for which it is defined can be quite restrictive, particularly if we
want the Fourier inversion theorem to hold. If, however, we extend the domain
of definition of the Fourier transform to the complex plane, then the integral

f?(%ﬂ) = /: f(z)e™**dx seR

makes sense for a much wider class of functions: functions that grow at most
exponentially as x — oo and that decay rapidly as x — oo. This integral is
class the bilateral Laplace transform. If f(z) = 0 for all z < 0 (or all z < A
for some A € R), then we don’t have to worry about the decay condition, just
about the growth condition. This will be the set up for the (one sided) Laplace
transform.

Definition 15. A function f : R — C is called right-sided if f(x) = 0 for allz <
0. A right sided function is called a-exponentially bounded if sup,~q | f(x)]e ™" <
oo for some a € R. We say f is a-exponentially integrable if f is b-exponentially
bounded for all b > a.

Lemma 11. Let f : R — C be a piecewise continuous, right sided, and a-
exponentially integrable function. Then

/000 f(x)e *dx

exists for all s € C with R(s) > a.

—ST

Proof. Since f is piecewise continuous, f(z)e
suffices to show that

is piecewise continuous and it

/00 |f(x)e™**|dx < o0
0

for all b = R(s) > a. As f is a-exponentially integrable, there exists C' > 0 such
that |f(z)| < Ce®® for all x > 0. Hence

/ |f(z)e % |dx < C/ ela=Vz g = ¢
0 0 b

—a
when b = R(s) > a. O

Definition 16. For f : R — C a piecewise continuous, right sided, and a-
exponentially integrable function, the (one sided) Laplace transform of f is Lf :
Csq — C,

£ie)= [ swe s
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where
Cso={s€C|R(s) >a}.

As noted earlier, the Laplace transform may be related to the Fourier trans-
form when a € R. More broadly, for f a piecewise continuous, right sided and
a-exponentially integrable function, define f; : R — C for every real b > a by

fol@) = f(x)e™®
Then
O = [ pa)e = [ plage b medn = £(0+ 2mit)
00 0
for all b > a and every £ € R. As such, we can transfer a number of results from
the Fourier transform to the setting of the Laplace transform.

Theorem 10. Let f : R — C be a piecewise continuous, right sided, a-
exponentially integrable function and suppose that Lf(b+ 2wi€) is an absolutely
integrable function of & for some fired b > a. Then

f(z) = / Lf(b+ 2mif)eT2m0z g¢
for all points of continuity v € R.

Proof. By (a slightly more general version of) the Fourier inversion theorem,
if Lf(b+ 2mi€) = fp(§) is absolutely integrable as a function of £, then as all
points of continuity z € R of f,(x),

f(x)e_bw — fb(ﬁ) _ /°° fb(g)ezmga:dg _ /°° ﬁf(b N 271_7;5)627”‘516%

and so N
flz)= / Lf(b+ 2m5)e(b+2m£)zd§

at all points of continuity of f,(x). However, as e~*® is continuous and non-zero,

f(z) is continuous wherever f,(x) is continuous. O

Remark 13. In order to simplify notation, the inverse Laplace transform given
in the above theorem is often written as

b+2mioco

f(z) :/ Lf(s)e*ds
b—27ico

Example 18. Let u: R — C denote the Heaviside step function

u(zx) :== {1 z20,

0 x<0.
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This is right sided, piecewise continuous, and a-exponentially integrable for all
a > 0. The Laplace transform is given by

Lu(s) = / e Tdx = 1
0

S

which is defined for all s with R(s) >0

Note that if any f : R — C can be made right sided by multiplication by
u(z). As such, we may often drop the right sided requirement from discussions
of the Laplace transform.

Example 19. Let f(x) = e®u(x). This is right sided, piecewise continuous
and a-exponentially integrable. The Laplace transform is given by

1

s —a

£f(s):/ el dy =
0

For right sided functions continuous everywhere except maybe at 0, the
Laplace inversion theorem tells us that Laplace transforms are invertible. As
such, we occasionally determine the inverse Laplace tranform of a rational func-
tion using the above example.

Example 20. Let f: R — C be a right sided, piecewise continuous, exponen-
tially integrable function with Laplace transform

1

L ==\
1(s) s2—3s5+2
By determining the partial fraction decomposition of Lf(s)

1 1
s2—-35+2 s—2 s-—1

we can conclude that

almost everywhere.

As with the Fourier transform, the Laplace transform has a number of useful
properties to keep in mind.

Lemma 12. Let g : R — C be right sided, (twice) continuously differentiable
on [0,00) and exponentially integrable. Then

fl@) = zg(x) = Lf(s) = — (Lg)' (5),

f(@) = g'(x) = Lf(s) = sLg(s) = 9(0),

flx) = g"(z) = Lf(s) = s?Lyg(s) — 59(0) — ¢'(0),
f(@)=glx—t) fort >0, = Lf(s) =e Lyg(s).
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Proof. If f(z) = zg(z),
£i(s) = [ agtore e = 5 [ gtare oo = (2) (9

If f(x) = o/ (a),
cre) = [ " @ dr = [gla)e ] + s / " glaye = de = —g(0) + Lg(s)

The third claim follows similarly by integrating by parts twice. The final claim
then follows easily from the definition

Lf(s) = /OOO glx—t)e *Tdx = /00 g(x)e Sty = e~ 5 /000 g(@)e * dx = e " Lg(s).

—t

O

Example 21. A useful example is if f(x) = xe®, then Lf(s) = (S_la)2, A
more complicated example would be something like

f(z) = ze** cos(3x)u(z — 2).
Letting g(x) = €** cos(3x)u(z — 2), we find that
Lf(s) = = (£Lg)' (s),

by the first point of the previous lemma. By the translation rule, we see that
mathcal Lg(s) = e=2°Lh(s) for h(z) = e*e*® cos(3z + 6)u(z) so that g(x) =
h(z —2). Then

Lf(s) = e (2Lh(s) — (Lh)' (s)).

Thus it suffices to compute Lh(s). We have that

pA+6i 4 oA—6i ‘
h(CL’) _ 5 621-—&-31;5”(1,) + 5 €2x—3za:u(x)
the Laplace transform of which is
oA+6i 1 oA—6i 1
Lh(s) =
R T T e
and so
pA+6i—2s pd—6i—s 1 pA+6i—2s pA—6i—2s
L - - .
S e, S T <(s—2—3z’)2 * (s—2+3i)2)

Definition 17. Let f,g : R — C be piecewise continuous, right sided, ex-
ponentially integrable functions. The convolution of f with g is the function

(f*g): R— C is defined by

(re9)e)s= [ " Hw)gle - y)dy = / " fw)gle - y)dy.
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Lemma 13. Let f,g : R — C be piecewise continuous, right sided, exponentially
continuous functions. Then

L(f*g)(s) = Lf(s)Lg(s)
for all R(s) sufficiently large.

Proof. Computing the Laplace transform of the convolution, we see that
L)) = [ (e wdo
0
[ee] x
=/ / fW)g(x —y)e " dy dx
o Jo
— [ [ twste - pewdzay
0 y

_ /OOO /OOQ F)g(2)e™*Vdzdy = Lf(s)Lg(s).

13.1 Solving differential equations with convolution

As with the Fourier transform, we can transform differential equations into
algebraic equations using the Laplace transform, but with substantially fewer
restrictions on the possible space of solutions.

Example 22. Suppose y : [0,00) — C is exponentially integrable and satisfies
y' () = 3y'(z) +2y(z) = 1

for all z > 0, with initial conditions y(0) = A, y'(0) = B. Now, as y(z) =  is

a particular solution to the differential equation, we can use the characteristic
equation to obtain a general solution. The initial conditions would then uniquely
specify the genuine solution. Instead, we can take the Laplace transform:

s2Ly(s) — sy(0) — ' (0) — 3sLy(s) + 3y(0) + 2Ly(s) = év

which reduces to
1
(s> —3s+2) Ly(s) = S+As+34-B

and so

1 . As 4 3A-B
s(s—=1)(s—2) (s=1)(s—2) (s—=1)(s—2)

Computing the partial fraction decomposition of the right hand side, we see that

Ly(s) =

11 1 1 1
Ey(s):25+<B_1_4A)51<5A_B+2)52
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and so we conclude
1 x 1 2x
y(x):§+(B—1—4A)e + 5A—B+§ e

We can also solve differential equations involving convolutions.
Example 23. Suppose y : [0,00) — C is exponentially integrable and satisfies
y'(z) + (g *y) (@) = g(x)

forx >0 and g(z) = e®u(x). Suppose further that y(0) = 0. Then, taking the
Laplace transform we get

sLy(s) + Lg(s)Ly(s) = Lyg(s).

As Lg(s) = =, we can solve this for Ly(s) to get

s—17

s—1

d
w|
N————

PRUINE S S S 1 1
ys_sfls—&— L7 2541 /=3 5 — _@ s— 14

(@) = —— (cth+ Y0 — (b= 4500e)

V=3

13.2 Linear system theory

Many physical processes, such as the result of inputting an electrical impulse
through a processor chip of choice, can be described using system theory. As
many of the basic results in signal theory rely on complex analytic methods, we
shall omit most of the proofs.

Definition 18. A signal is a function f : R — C, assumed to be piecewise
continuous.

A system S is a function from the space of signals to itself: it takes input
signal f and produces output signal Sf. A system is called

e Linear if S is a linear operator,
o Time invariant if STy = T3S for all t € R, where (Tif)(x) := f(x —t),
o Causal if Sf is right sided for every right sided signal f.

Fact 3. Linear, time invariant, causal signals can always be expressed as a con-
volution with a generalised function, called a distribution. We will only consider
the case where

Sf=hxf

for right sided function h, called the impulse response. (In general, h is given
by the output SO of the system when given the Dirac delta function as input.)
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Definition 19. A linear, time invariant, casual system S is called exponentially
integrable if h is exponentially integrable. We call S stable if Sf is bounded for
every bounded f.

Fact 4. A system S is stable if and only if the impulse response is absolutely
integrable.

Fact 5. Suppose a system S is represented by a right sided, exponentially inte-
grable function h : R — C with Laplace transform

P(s)
Q(s)

for polynomials P,Q with no common factors and deg P < deg@. Then S is
stable if and only if the roots of Q(s) have negative real part.

H(s) = Lh(s) =

Example 24. Let S be the system given by Sf = hx f for

s
s2—1°

h(z) = %cosh(m)u(m) = H(s)=

As the denominator has a root at s = 1, the system S is not stable.
In contrast, the system with impulse response

1

h(x) =ze™® = H(s)=———7—

(z) = ze "u(z) (s) o5 1
is stable, as s®> + 25+ 1 has only roots at s = —1.

Some systems can be stabilised by upgrading them to systems with feedback

Definition 20. A system S with constant feedback K is a system T such that

T(f)=S(f+KT(f))

for all signals f.

The constant K is often called the amplifier of the system 7" and S is the
base system. Given a pair (S, K) we can always find a system with constant
feedback associated to it: suppose S has impulse response h and denote by ¥y
the desired output T'(f). We will denote by F, H,Y the Laplace transforms of
f, h,y respectively. Then we want to determine y such that

y=hx*(f+Ky)

which, assuming we are in a situation where we can invert the Laplace transform,
is equivalent to finding Y such that

Y = H(F + KY).

Hence I
- Y=—"_F =1
Ly T KH sy=L <

H(s)
1KH@J*f
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and the system T is given by convolution with the inverse Laplace transform of
._ H(s)
i = (=Kt )
In the case where H(s) =

careful choice of K is is often possible to shift the zeros of Hg(s) to the left
and obtain a stable system. Such a modification is could be used in, say for
example, a water heating system in order to maintain a stable temperature.

szg discussed above, Hk (s) = ﬁ. By

Example 25. Suppose we have a linear, time invariant, causal system with
impulse response

s+3
s24s5—2

1
h(zr) = <3em - 3629:) = H(s) =
This is not stable - h(x) is not absolutely integrable, and H(s) has a root at
s =1 > 0. Let us introduce feedback into the system with amplifier K. The
Laplace transform of the modified impulse response has denominator

Q(s) — KP(s) = s+ (1 - K)s — (2+ 3K)

K—-1 [/K—-1\?
s+ =—% \/< 5 )+3K+2.

The square root is imaginary or zero for K € [-9,—1], and % <0 K <1,
so any K € [-9, —1] the modified denominator has roots with negative real part
and we get a stable modified system. If s € R, then s_ < sy, and so it suffices
to check that sy < 0. This is true for K < —%.

which has roots

In all of the systems we have considered so far, we have been given the
impulse response, so we can usually check stability directly, without this fact.
However, in the wild, we often don’t have quite so much information about the
precise calculation of the output of a system. We might, however, know that the
output of a system satisfied some differential equation. By taking the Laplace
transform, we can often determine the Laplace transform H(s) of the impulse
response, and can therefore deduce facts about the stability of a system even
when we cannot compute the inverse Laplace transform explicitly.

Example 26. Suppose S\ is a linear, time invariant, casual system such that,
for every signal f, the output y = Sxf satisfies

v+ Maxy)=f.

where a(z) = e *u(z), A > 0 and we assume y(0) = 0. Taking the Laplace
transform of this equation, we obtain that

sY (s) —y(0) + MA(s)Y (s) = F(s).
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As Sy is obtained by convolution with some right sided, exponentially integrable
h, we have that Y = HF and so

sH(s)F(s) + MA(s)H(s)F(s) = F(s)

and so 1
H(s) = ———.
() s+ AA(s)
Note that A(s) = ﬁ, so we have
s+1
H(s)= -~
(s) s2+s+ A

While we could compute the inverse Laplace transform of this via partial frac-
tions, we can also just note that the roots of s> + s+ X\ are

SR I S
=TTy 1

which have negative real part for all A > 0. Thus Sy is stable.

13.3 Solving PDEs via the Laplace transform
Very similarly to the case of the Fourier transform, we can use the Laplace
transform to solve certain partial differential equations, up to determining an
inverse Laplace transform.
13.3.1 The transport equation
Suppose we have a function 7 : RQZO — R satisfying
Or(x,t) = —adyr(x,t) for all x,t >0
T(Oat) = 07 T(I, O) = 07

where « and C' are positive real constants. If we assume that r(x,t) is expo-
nentially integrable as a function of ¢ for every fixed x, we can take the Laplace
transform, and our problem becomes

sR(z,s) —r(z,0) = —ad, R(z, s)
R(0,s) = %, r(z,0) = 0.
Treating the first equality as an ODE for each fixed x, we find that
R(z,s) = A(s)e™a®
for some A(s) depending on s. The boundary condition gives us that

R(z,s) = ge_‘

ol
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Computing the inverse Laplace transform directly, while not impossible, is chal-
lenging. In order to determine r, we instead recall that the Laplace transform
of the Heaviside step function u(z) is equal to % Using the properties of the

Laplace transform, or by direct computation, we find that

—as

e
L(ult - a))(s) = =
Thus, we conclude that
r(z,t) = Cu(t — =)
@

should solve our differential equation. That is to say

0ift < 2,
r@t) = cift>=2

13.3.2 The heat equation

Consider the heat equation on an infinite rod
oyr(z,t) = 02r(x,t)
with a boundary condition and an initial condition

8$7“(0,t) - f(t)
r(xz,0) =0

Here, we only wish to find a solution. As such, we can freely impose addi-
tional restrictions to help us determine the solution. Let us suppose there exists
a solution such that r(z,t) is bounded for each fixed x. This implies both that
r(z,t) is exponentially integrable as a function of ¢ for every fixed x, and that

o0 oo

C
lim |R(z,s)| < lim |r(z,t)|e”*'dt < lim C, e *'dt = lim — = 0.

S§—00 §—00 0 S5—» 00 0 Lo o}

As such, the Laplace transform must decay for each fixed x. Taking the Laplace
transform of the heat equation, we find that R(x,s) must satisfy

sR(z,s) — r(x,0) = 9>R(x, s)

and hence
R(z,s) = A(s)eV* + B(s)e™ V"2,

Since we must have limg_, o R(x,s) = 0, we need A(s) to decay faster that
e~ V5% for every = € R. As such, we might as well take A(s) = 0, and so we can
take
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Thus
R(z,s) = f@e*ﬁx.
NG
Embracing our inner engineers and searching through a table of transforms, we
find that L\/? is the Laplace transform of

——e Tu(t)

Ey

and thus we can use the convolution property of the Laplace transform to con-
clude that

> 1 ey
r(x’t) = f(y)me 1(t—y) Y dy.

Since f is assumed to be right sided, this reduces to the finite integral

—Lu(t— )
e W= "V dy.

t 1
T(xat):/o f(y)\/ﬁ
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Week 7

14 The Radon transform and tomography

Suppose we have a two dimensional body O of “density” p (this will be called
the attenuation or absorption constant). If we fire an x-ray from the origin
through O with intensity Iy, and then measure the intensity I on the far side,
physics tells us these intensities are related by

I=1Iye %

where d is the distance the ray travels through O.
If we have 2 regions of different attenuation constants p;, p2, we can iterate
this rule to determine that the measured intensity will be

I = Ioefd1plfdzﬂ2

where dj, is the distance traveled through the region with attenuation constant
Pk, For general object with attenuation p: O — R, we can imagine chopping O
up into infinitesimally thin layers to conclude

I = Iyelorie

where L is the line along which our x-ray travels, and we extend p to a function
on R? be defining p(z) = 0 for all x ¢ O.

In order to “see” inside O, we can measure I along various lines L to deter-
mine a function

L+~ /p(x)dx

called the Radon transform of p. If we can determine p from this, we can see
the guts of O - this is possible, but it is easier to work in three dimensions.

14.1 The three dimensional Radon transform

Now consider a function p : R?* — C a function (with compact support). Instead
of measuring p by firing a single x-ray through O, we will look at the what
happens across a plane.
A plane is R? is (not uniquely) determined by a unit vector v € R? and a
real number ¢
H,,:={z e R®| (2,7) =t}.

We define the Radon transform of p as the function

(Bp)0t)i= [ plade
Hy
By extending v to an orthonormal basis (v, e, es), we can write the Radon
transform as
(Rp)(~,t) = / p(ty + z1e1 + xoe0)dr1das.
R2
Given this, can we recover p?
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14.2 The Radon transform of radial functions

Consider first the case where
p(x) = ¢(||z]*)
for some ¢ : R>¢g — C. Then, as (v, e1, e2) are orthonormal
ty + z1ea + zoea|*t? + 27 + 23

and so, switiching to polar coordinates
(Ro)ot) = [ (8 +at + ad)dosda,
=2 /Ooo Y(t* + r*)rdr
= W/OOO Y(t? + u)du.

Note that this depends only on t2, so we can find ¢ : R — C such that

o(t*) = (Rp)(7, 1)

and so
6(1) = = /OOO D(t + w)du
ﬂ/too P(v)dv..

Taking the derivative of this, we get that

pz) = (z|*) = *%sb’(l\xllz)-

But what about non-radial functions?

14.3 The Fourier slice theorem

Note that the Fourier transform of p is given by

pr) = / pla)e 27 dp
]Rii

[/

—

= (Rp)(v,n)

where we take the Fourier transform with respect to t. If we have two bodies

—

with attenuations pi, p2, such that Rp; = Rpo, this implies (Rp1) = (Rp2) and

p(x)dxy d:zr2> e~ 2mint g

vt
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so p1 = po. Thus, if p1, po satisfy the conditions for Fourier inversion, this
implies p; = po! Thus, p is uniquely determined by its Radon transform.

In order to truly recover p, we need to introduce the dual Radon transform.
Given

F:$2?xR={zecR®||z| =1} xR—=>C
we define

(R*F)(x) := o F(y, (z,7))do(7)

or in spherical coordinates
27
(R*F)(x) = / / F ((cos O sin ¢, sin 0 sin ¢, cos @), x1 cos 0 sin ¢ + x5 sin Osin ¢ + x5 cos @) sin ¢ dfde.
0

We also introduce the Laplace operator

*f Lo é’Qf 62f
Oxy 022 0z3 6
In 1917, Radon showed the following result.

Af =

Theorem 11. For p : R® — C with piecewise continuous with absolutely inte-
grable Fourier transform

- L (AR Rp)(@)

p(z) = 52

Proof. We know that
(Bp)(v,n) = plmy)-

Taking the (one dimensional) inverse Fourier transform with respect to 7, we
find

oo

(Rp)(1.1) = / rho(iry) 2T di.

-0

The dual Radon transform of this is

R*R,O / / n,y 277177 z,7) dO’( )d
S2

Note that
Ae2min{zy) — _472772(7% + ,yg + ,yg)e%in(zﬁ) — —47r277262””7< z,7)

and hence

(AR*Rp)(x ——47r/ /Sanm > ) do () dn

which is the spherical coordinate form of the integral

(AR Rp)(e) = —87° [ pe)e* = =~ (o)

R3
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Example 27. This is a tough example. but let us consider the Radon transform
of p(x) = xp(x) of the indicator function of the unit ball. Then
(Rp)(v,t) = / XB(ty + z1e1 + xoe2)dr dry
RQ
=m(1—t*)x-1,1(t)

is given by the area of the intersection of H, ; with the unit ball. We will now
show that we recover the constant function 1 as the inverse Radon transform for
llz|| < 1.

(R*Rp)(z) = / (1= (2.72) Xor (s )do (7).

S2
One can check that this is rotationally invariant, so we can freely choose our
spherical coordinate system so that (x,~y) = ||z|| cos ¢. Thus, for ||z| <1

T 2m
* _ . 2 2 .
(R*Rp)(x) —7r/0 /0 (1 — [|z[|* cos® ¢) sin ¢ dOd¢
= 27r2/ (1 — ||z||* cos® ¢) sin ¢ d¢p
0
2
=22 2Jal?).

Taking the Laplacian we find

1 N 1 _

For ||z|| > 1, we need to compute

(R*Rp)(x) :27r2/0 (1 - ||91c||2 cos? ng) X[_Ll](||x|| cos ¢) sin ¢ d¢

w3

=2t [ (1 ol cos® 8) v (el cos ) sins

[ME]

+ 27 / (1 — ||z||* sin® ¢) X[=1,1([|z| sin ¢) cos ¢ d¢p
0
1
:4”2/0 (1= fl2l*u®)x 1,0 (|2 w)du
flll~* )
:47r2/ (1 - Hx||2u2)du — S%Hx‘l—l
0

This is annihilated by the Laplacian. Thus, we recover the indicator function
for all non-unit vectors x.
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15 The Mellin transform

Given a sufficiently “nice” function f : R — C, we can define the Mellin trans-
form of f as

Mf(s) = /000 flz)zs .

When this converges, it usually only converges in a strip a < Re(s) < b for some
real a,b. Nevertheless, we still can obtain a lot of information from the Mellin
transform, and it is often used in order to extend the domain of definition of
number theoretic functions.

By making the substitution x = e~ u, we find that

00 . s
= — - 7S7J,d = F _—
MEs) == [ flewe = ()

where F(z) = —f(e™"). As such, we can deduce a number of Fourier theoretic

results for the Mellin transform. In particular, we obtain a formula for the
inverse Mellin transform: for any a < ¢ < b

1 c+io00
= — M ds.
f@) =50 [ o MAs)ds
Example 28. Lets consider I'(s) := [~ e~*t*"'ds. This converges for Re(s) >
1, and defines a special function we cannot compute in general. However, by
integration by parts, we can show that

F(n+1)=n!

for all integers n > 1. The recursive property of the factorial holds more gener-
ally
oo o0
I(s+1) = / e 'tidt = s/ e~ dt = sT(s).
0

0
We can use this to extend the definition of I'(s) to a function on C\{0,—1,-2,...}

ir(s), Re(s),> 1.

S

I(s) = { o et dt,  Re(s)>1

This is a fairly common approach to extend sufficiently nice functions on
a strip to almost the entire complex plane — we find some sort of functional
equation that holds on the domain of definition, and use this equation to define
the values everywhere.

Example 29. Let f.(t) = e *t. The Mellin transform of f.(t) is

mro) = [ etetar= [Tttt =0
0 0

zs
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Recall that we defined the Riemann zeta function for Re(s) > 1 by

()=

n>1

Assuming we can swap the order of summation and integration, this implies that

L(s)¢(s) = /OOO e M5 dt

n>1

= /OO > e ldt
0

n>1

1
= / - 1ts’1dt
o € —

This integral doesn’t converge everywhere, but it does converge close to every-
where, allowing us to define ((s) close to everywhere in C\ {1,0,—1,-2,...}.
This isn’t the best integral representation though - we can find an integral rep-
resentation that lets us define ((s) for all s # 0,1/

Example 30. Recall that we used Poisson summation to show the following
functional equation

1
ST et = ot) = f%e(g), t>0.

ne”Z

Let ¥(t) =, 54 e=™"* | 50 that O(t) = 20(t) + 1. The functional equation then
implies that

1

11 1,1
Y(t) =t W;)‘F? -
Consider the Mellin transform of ¥ (t):

v = [T e

N =

n>1
o0 2 s
=Y [ e
n>1 0
1 ] s 8
ZZ 5 SF(§)=7T 2F(§C(5)
simen

for Re(s) > 1. But

[e'e) 1
§-1gt = i1 2.
A B0yt ttéwmt t+/wm '
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The second of these integrals converges for all s € C. Using the functional
equation, the first of these integrals becomes

! . Vool e 1es 1.
/ Pt~ dt:/ tTE(S)tT T ot — 3t
1
1, s s 1 1
= )tz 2dt -
0 ¢(t> +571 s

Thus

_s,S 1 1 1 s_1
T AD(S)C(s) = — - +/1 (t Ll )w(t)dt
which converges everywhere except for s =0 and s = 1.

AsT(s) # 0 for all s, this implies that we can use this formula to define {(s)
for all s #0,1. As I'(s) is infinite for s =0,—1,—2,..., we can in fact extend
C(s) to all s # 1, and can conclude that ((—2n) =0 for alln > 0.

Furthermore, the right hand side is invariant under s — 1 — s, so we can
deduce the functional equation for the Riemann zeta function

T3D(5)((s) =7 I

)= 5).

15.1 Writing sums as integrals

The Mellin transform can be quite useful for summing certain series, via the
inverse Mellin transform, both finite and infinite series. Let us first consider the
infinite case.

Suppose S = > -, f(n) for a “nice” function f : R — C, with Mellin
transform F'(s), so that

1 c+ioco
T)=— F(s)z™%ds
f@) =55 [ PG
Assuming F' is also well behaved, we can sum this and swap the order of sum-
mation and integration to get that

-1 n>1 2mi c-ioco

1 c+ioco 1 ctioco
S = 5 /Cloo Z F(s)n™%ds = — F(s)¢(s)

which we can often evaluate using contour integration methods from complex
analysis.

Example 31. Consider f(x) = %, with Mellin transform F(s) = —y*>~*T'(s—
2) cos() for 2 < Re(s) < 3. Then for 2 < c <3, we have that

1 ctioco 1 c+ioco 1—
Sy)=—5= y* 5T (s—2) cos(?)((s)ds - Y2595 s ¢(1—s)

omi 2 Joine GoDis-2)%

c-ioco
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where we have used a functional equation for both T' and (. Viewing this as a
contour integral, we conclude
2 2
Y Ty ™
Sly)==—-——=—+—.
W="7T-5"1%

For finite sums, we have Perron’s formula.

Theorem 12. Let g(s) = >, -, aT(L:L) be a function convergent in some strip
a < Re(s) <b. Then, for all x € R\ Z, we have that

c+ioco $)s
A(z) = Za(n) L/ 9(s) ds.

271 Jesioo s

n<z

Proof. Consider the Mellin transform of A(x):

MA(-s) = /OOO A(x)z™* "t = /100 A(x)z™* " tdx

n+1 1 e 1 n+1 e
=Z/n A(n+§)m dszA(n—l—i)/n x dz

n>1 n>1
= sAn+ %) (n™° = (n+1)7°)
:sz (A(n—i—;) —A(n — ;)) n’=s af:z) = sg(s).

Taking the inverse Mellin transform, we get that

—c+i00 . s c+ioo s
A(z) = ! / 79( 5)z ds = L/ 9(s)z ds.

211 s 211 s

—Cc—1i00 -ico

Example 32. Fora(n) =1, g(s) = ((s) and A(zx) = |x|. Thus

C(s) = 8/000 stx+J1dx

c+ico )z’
lz] = %/ &ds

-ioco S

and

for some ¢ > 1 and all x # Z.
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