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A sketch of Lie’s second theorem

For anyone who is interested, the following are the solutions to the series
of exercises intended to lead you to a proof that every Lie algebra homo-
morphism induces a Lie group homomorphism, under the assumption that
the domain is connected and simply connected. We will also impose the
additional assumption that we work with linear groups.

Let G be a linear group with Lie algebra g, and let exp : ¢ — G be the
standard exponential. We know there is an open neighbourhood U C g of 0
and an open neighbourhood V' C G of I such that exp : U — V is a local
homeomorphism.

i) Suppose that G is (path) connected and let g € G. Suppose 7 : [0,1] :—
GG is a continuous path between I and g. Show that there exists a
sequence

O=th<ti<ta< ---<t,1<t,=1

such that
Yt)y(te) eV
forall 1 <k <n.
ii) Hence conclude there exists z1,...,x, € U C g such that
o Tl

g =¢"retrt. L eM2e

As such, conclude that G is the subgroup of GL, (R) generated by exp(g).
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iii)

iv)

Given a Lie algebra homomorphism f : g — b, where b is the Lie algebra
of a linear group H, we can define a map F : V — H by

F(e®) = /@
Show that if e*e¥ = e*, with x,y, z € U, then

F(e")F(e¥) = F(e7)

Hint: Assume that the Baker-Campbell-Hausdorff formula holds on U.

We would like to extend this to a homomorphism on all of G' by
F(e™ .- e™) = F(e™)F(e™ ). F(e™)

however, we do not have that there is a unique way to write

g = e etnl. .. eP2em

as so this could be poorly defined.

Show that, if we fix a path 7, defining F(g) this way is independent of
choice our partition

O=th<ti<to< - <t,1<t,=1
satisfying the conditions of part (i).

Finally show that, given two paths ~; and v, between I and g, and
associated partitions, defining F(g) in this way is independent of our
choice of path

Hint: As G is simply connected, we have a continuous set of paths H (s, t)
such that H(0,t) = v (t) and H(1,t) = v,(t). As such, we can partition
this set of paths into paths that are “close enough”. By taking an appro-
priately small partition of each path, write each e* in the form e*ie¥: for
y, € U.



Sketchy details of the argument

i)

ii)

iii)

Since the set [0, 1] is compact, the continuous map 7 : [0,1] — G is
uniformly continuous. Hence, for all ¢ > 0, there exists 0 > 0 such that
|s — t| < ¢ implies [|v(s) — ()| < e.

Furthermore, as t — |[|y(t)7!]| is continuous, it is bounded by some
C' > 0. Thus, for any € > 0, we can find § > 0 such that |s —t| <
implies

Iy(s)y(®) ™" = 11l < llv(s) =y lv@®) 7 < %C =

From the existence of the local homeomorphism, we have an open set
V' containing I such that every element of V' is an exponential of an
element of g. In particular, we can find an open ball Bg(I,n) such that
every element in the open ball is an exponential.

Taking this 7 as our ¢, we therefore have a § > 0 such that |s —¢| < §
implies that v(s)v(¢t)™' € Bg(I,n) and hence v(s)y(t) = e for some
Zst € g. Then, taking any sequence

O=to<ti <---<t,=1
such that ¢;,1 — t; < ¢ gives the desired result.

Taking ¢1,...,t,_1 as in the first part, we can find x; such that v(t;) =
e™t, y(ta) = e™v(t1) = e*e”, and iterate this to find
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g=7(1) =e"y(tpr) = eet oo

Since every product of exponentials will be an element of G and every
element of G' can be expressed as a product of exponentials in this way,
we have that G is the subgroup of GL,(R) generated by exp(g).

Assume the Baker-Campbell-Hausdorff formula hold and let BCH (z,y)
be the element defined by the series. Then, as f is a Lie algebra homo-
morphism, and BC'H (z,y) is a series in Lie brackets, we must have

BCH(f(x), f(y)) = f(BCH(z,y))
Thus
F(e*)F(e¥) = el @) f ) — BCH(f(2)f(y) — f(BCH(zy)) — F(e*) = F(e®eY)
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iv)

The assumptions for this part aren’t quite right. We actually need to
restrict to a small enough set such that BCH series converges on both
sides. We can do this as f is continuous, so this isn’t too onerous.

Suppose we have two partitions of [0, 1]
O<ti<---<t,1<1, 0<sy<cdots < S,,_1 <1

with corresponding elements of g z1, ..., 2, and vy, ..., y,. We can take
a common refinement of these partitions

O<g<@p<---<gva <1

with corresponding elements 21, ..., zy. We have

e .. e"t =N et =YY,

As we have refined our partitions, we must be able to factorise this and
write each e* and e¥ as a product of e*:

e’ = el et e¥ = efetdt L e,

From the previous part, we will have that
F(e® = F(e®)...F(e™), F(e%)=F(e*)...F(e*)
and hence
F(e™)...F(e") = F(e®™)...F(e*) = F(e'™)... F(e")

Thus defining F(g) = F(e™)... F(e*') is independent of our choice of
partition.

Analogously to earlier, continuity of H and compacteness of [0, 1] im-
plies we can find a partition

O=s9<s1<--<s,=1, 0<t;<---<t,=1
of [0,1] x [0, 1] such that
H(si t))H(si tj—1)"" =€, H(s;t;)H(si1,t;)"" = ¥
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where y;,, = yi0 = 0.

We can furthermore assume the partition is fine enough that
F(e¥)F(e"~17) = F(e")F(e¥-1)

Hence

F(eFin) F(ef-in1) . F(en11)
(e F(ehn 1) F(0 ) F (em 1) F(ebin2) . F(evn) ™ F(e)
=F(e"n)F(e%n1) . F(e"™)

Hence, defining F(g) via H(0,t) or H(1,t) produces the same result.
Thus F(g) is well defined.



