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Answers are due for Friday, April 4", 17:00.
The use of electronic calculators and computer algebra software is allowed.

Exercise 1 A biquadratic (100pt)

The goal of this exercise to compute the Galois group of the splitting field of

the polynomial
rt —22% -5

over Q. You may freely use the following:

e The polynomial z* — 222 — 5 is irreducible over Q, with two real roots
a and —a, and two imaginary roots [ and —f.

e The minimal polynomial of an imaginary number over a subfield of R
is of degree at least 2.

e If ~ is algebraic over K, then [K(v) : K] is equal to the degree of the
minimal polynomial of v over K.

e Groups of order 8 can be distinguished using the properties described
below the exercise.


https://www.maths.tcd.ie/~keilthya/teaching/2025/GT/gt.html

. (10pts) Determine the minimal polynomial of 5 over Q(«).
Hint: Consider writing the coefficients of the polynomial in terms of

the roots

. (10pts) Hence, or otherwise, determine the degree of the splitting field
Q(a, B)/Q.

. (30pts) Explain why the G = Gal(Q(«, 8)/Q) is of order 8. By ex-
plicitly describing their action on « and [, write down all elements of

G.

Hint: Recall that o € G must permute the roots of x* — 22?> — 5. In
particular, o(a) and o(f) must be distinct roots of the polynomial

. (20pts) Hence identify G with one of the five groups of order 8.

. (30pts) Apply the Galois correspondence: identify the fixed subfield of
a subgroup of order 4 and a subgroup of order 2.

. (Optional, but good practice!) Using the Galois correspondence, iden-
tify all intermediate fields Q C F' C Q(a, 5). Which F/Q are Galois

extensions?

These are the only exercises that you must submit before the

deadline

Further exercises on this topic can be found on the course webpage, and,

I strongly encourage you to give them a try, as the best way to learn maths
is through practice.

They are arranged by theme, and roughly in order of difficulty within

each theme, with the first few working as good warm-ups, and the remainder
being of similar difficulty to the main exercise. You are welcome to email me
if you have any questions about them. The solutions will be made available
alongside the problems

Groups of order 8

There are 5 groups of order 8

7,/87., T.JAZ x 7.)27., (Z./27.)%, Di, Qs
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More details about these groups can be found here. These can be distin-
guished by checking whether they are abelian, and how many elements of
each order there are:

e 7/8Z is an abelian group with 4 elements of order 8, 2 of order 4, 1 of
order 2, and the identity.

o Z/AZ x 7/2Z is abelian, with 4 elements of order 4, 3 elements of order
2, and the identity.

e (Z/27)? is abelian, with 7 elements of order 2, and the identity.

e D, is non-abelian, with 2 elements of order 4, 5 elements of order 2,
and the identity.

e (Jg is non-abelian, with 6 elements of order 4, 1 of order 2, and the

identity.

Solution 1

1. As $ is imaginary, and Q(«) is a subfield of the reals, we know that [
is algebraic of degree at least 2. Looking at the 22 coefficient of

o' = 20" =5 = (z - a)(z+a)(z - f)(z +B)
we see that o + 3% = 2, and so f3 is a root of
2?4+ a? — 2 € Q(a)[z].

Since the minimal polynomial of 5 must have degree at least 2 and must
divide this quadratic, we must have that 22 + o? + 2 is the minimal
polynomial of 5 over Q(«).

Alternatively, we can note that a?3% = —5, and so 8% + 2% = 0. Thus,
by the same reasoning

5
B+ = =2"+a"+2
(0%

is another presentation of the minimal polynomial of (3.


https://groupprops.subwiki.org/wiki/Groups_of_order_8

. We know that the degree [Q(«, ) : Q(a)] is equal to the degree of the
minimal polynomial of 5 over Q(«), and so is equal to 2. Similarly, as
xt — 222 — 5 is irreducible over Q, [Q(a) : Q] = 4. Thus, by Tower Law

[Q(a, 8): Q] = [Q(a, B) : Q(a)][Qe) : Q] =2 x 4 =8.

. As Q(a, B) is the splitting field of 2% — 222 — 5 over the characteristic 0
field Q, it is both a normal and separable extension and hence Galois.
The order of a Galois group is equal to the degree of the extension, so

Gl = [Q(«, 5) - Q] =8

As «, 8 generate Q(«, 3), the action of G is completely determined by
its action on « and . Furthermore, G must map the set

{av —Q, 57 _5}

bijectively to itself. Thus, there are 12 possible set maps, but the only
possible field maps are

a e a, a— —a,
o1 - 09 .
BB, BB,
aa, a— —a,
o3 04
B =B B= =B,
a— f3, a— —f,
o5 06
B a, B— a,
a = f, a— —f,
o7 . osg .
B— —a, B— —a,
as we must exclude any maps for which o( —o(a). We know the

Galois group contains 8 elements, so these must be exactly the elements
of G.

. We can easily check that

o | Order | o | Order
01 1 02 2
03 2 (o) 2
05 2 O¢ 4
(%2 4 (oF] 2




and so we must have G = D,.

. D4 has 10 subgroups. For the question, we just need to pick one of order
4 and one of order 2, but here we will give every possible subgroup’s
fixed field. To determine the fixed subfields, we write a generic element

of Q(«, f) in the form
T = 4 coa 4 c30® + c4a® + 58 + B+ crBa’ + cgBa’.

i) H = {01}, which has fixed subfield Q(«, #), which is a Galois
extension of Q.

i) H = {o1,02}: Anelement x is fixed by H if z = o3(x), or explicitly
T = c; + e+ c3a? + 40’ + 58 + cgfa + crBa’ + cgfa’
is equal to
02(2) = c1 — e + 307 — cya® + 58 — cgBa + e’ — cgPfa’.
Comparing coeflicients, we find that the fixed subfield is
{c1 + c3a® +csB + crfa’ | c1, 3,05, ¢7 € Q}

which we can also write as Q(a?, 8). This is not a Galois extension
of Q, as H is not normal: ogop05" = 03 & H.

iii) H = {o1,03}: An element z is fixed by H if
T = c1 + et + c30” + c40® + 58 + B+ erfa’ + cgfa’
is equal to
03(z) = a1 + a4 c30° + cua® — 58 — cefa — ez’ — csBa’.

Comparing coefficients, we see that we must have c5 = ¢g = ¢7 =
cg = 0. Hence, the fixed subfield is

{c1 + coa + c30® + c40°} = Q(a).

This is not a Galois extension of Q, as H is not normal: oy ‘o305 03 ¢

H.



iv)

vi)

H ={01,04}: An element x is fixed by H if
T = c1 + ca + c30” + c40® + 58 + e+ erfa’ + cgfa’
is equal to
_ 2 3 2 3
o4(x) = 1 — o + cz0” — ey’ — 58 + cgfa — erfa” + cgfa’.

Comparing coefficients, we see that we must have c; = ¢4 = ¢5 =
c¢7 = 0. Hence, the fixed subfield is

{e1 + c3a® + cgfa + cg B’}

This is a Galois extension of Q as H is a normal subgroup.
H = {01,05}: An element x is fixed by H if

T = c1 + e+ c30® + 103 + 58 + cgfa + ez’ + cgfad
is equal to
05(x) = 1 + 2B + 38 + a8’ + s+ cgBa + a8 + csaf.
Using that 82 = 2 — o2, we find that

o5(z) =(c1 + 2¢3) + (2¢7 + ¢5)a — c3a® — ¢z

+ (cg + 2¢4) B + (c6 + 2c8) B — cyfa® — cgBa’.

Comparing coefficients, we see that we must have c3 = ¢z = 0,
¢y = —c7 and ¢5 = ¢ 4+ 2¢4. Hence, the fixed subfield is

{e1 + ea(a + B) + cu(a® — Ba® + 2B) + cgBa}.

This is not a Galois extension of Q as H is not normal: 09050, " =

(oF] g H.
H = {0y,08}: An element x is fixed by H if

T = c1 + et + c30% + c40® + 58 + coBa+ erfa’ + cgfa’
is equal to

os(x) =c1 — S + csf% — cuff? — csar + coBa — craf? + s 3.

6



Using that 3% = 2 — o2, we write this in terms of the basis, and
compare coefficients to find that we must have c3 =g =0, ¢4 = ¢7
and ¢ = —cy — 2¢4. Hence, the fixed subfield is

{e1 + ea(a — B) + ea(a® + Ba® — 28) + csBa}.

This is not a Galois extension of Q as H is not normal: o030, "' =
05 g H.

vil) H = {01,06,02 = 04,08 = 07}: An element z is fixed by H if
T = c1 + e+ c30® + 103 + 56 + cgfa + ez’ + cgfad
is equal to
o6(x) = c1 — 28 4 ¢36° — a3’ + cso0 — cofa + craf? — csaf.

Using that 3% = 2 — o2, we write this in terms of the basis, and
compare coefficients to find that we must have

Cy — C5+207, Cy = —C7 = —C4, C5 = —02—204, Ce — _66_2087 C3 = 0

which implies that ¢y = ¢3 = ¢4 = ¢5 and ¢g = —cg. Hence, the
fixed subfield is
{e1 4 c6(Ba — Ba’)}.

This is a Galois extension of Q as H is a normal subgroup.

viii) H = {01,09,03,04} An element z is fixed by H if
T = c1 + ea + 30’ + ca0® + 58 + e+ erfa’ + cgfa’
is equal to
02(x) = c1 — caa + 307 — cya® + 58 — cgBa + erffa’ — cgBa’
and equal to
o3(z) = a1 + a4 c30° + cua® — 58 — cofa — ez’ — csfa’

Comparing coefficients to find that we must have c; = ¢4 = ¢5 =
ce = ¢y = cg = 0. Hence, the fixed subfield is

{e1 + c30®} = Q(a?).

This is a Galois extension of Q as H is a normal subgroup.
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ix) H ={01,04,05,08}: An element z is fixed by H if
T = c1 + e+ c30® + c10° + 58 + cgfa + ez’ + cgfad
is equal to
04(z) = 1 — coa + c30® — c40® — 58 + cgBa — c;Ba* + ey’
and equal to
05(x) = 1 + 28 + 382 + cuB% + csa + cgBa + craf? + csafP

Comparing coefficients to find that we must have ¢y = ¢3 = ¢4 =
c5 = ¢ = cg = 0. Hence, the fixed subfield is

{c1 + cﬁﬁaz}.

This is a Galois extension of Q as H is a normal subgroup.
x) H = D,. The fixed subfield is Q.



