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Answers are due for September 28", 2pm.
The use of electronic calculators and computer algebra software is allowed.

Exercise 1 Power sum polynomials (100pt)

Let K be a field of characteristic 0. In class, we sketched an argument
that every symmetric polynomial could be written in terms of elementary
symmetric polynomials. It is also true that every symmetric polynomial can
be written in terms of the power sums

for 1 < k < n. The goal of this problem is to prove this for n =4

1. (10pts) Write down ey (x1, o, T3, T4), €2(T1, T2, T3, T4), €3(T1, To, T3, T4),
and eq(xy, T9, x3,24)

2. (10pts) Clearly hy = e;. By considering all products of degree 2 (or
otherwise), express hy as a polynomial in ey, ey, €3, €y4.

3. (30pts) By considering all products of degrees 3 and 4 (or otherwise),
express hz and hy as polynomials in eq, es, €3, €4.

4. (20pts) Solve these polynomial equations to write eq, e, e3 and ey as
polynomials in hy, ho, hs, hy.


https://www.maths.tcd.ie/~keilthya/teaching/2025/GT/gt.html

5. (30pts) Hence or otherwise, find a polynomial
f(z)=a*+az® + bz’ + cx +d
whose roots aq, as, ag, g satisfy

o t+agtazt+ay =1
2 2 2 2 _
oy +a; +az+oay =2
3 3 3 3 _
o] +ay +az+ay =3

4 4 4 4

Be careful with signs!

These are the only exercises that you must submit before the
deadline

Further exercises on this topic can be found on the course webpage, and,
I strongly encourage you to give them a try, as the best way to learn maths
is through practice.

They are arranged by theme, and roughly in order of difficulty within
each theme, with the first few working as good warm-ups, and the remainder
being of similar difficulty to the main exercise. You are welcome to email me
if you have any questions about them. The solutions will be made available
alongside the problems

Solution 1

In these solutions, we will suppress the dependency on x1, xs, 3, x4 where it
is clear from context

1.

€1 =1 +To+ T3+ Ty
€y = T1T9 + T1X3 + T1T4 + ToX3 + ToXg + T3Xy
€3 = T1T9x3 + T1T2T4 + T1X3%4 + T2T37T4

€4 = T1X2T3X4
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2. There are two possible products of elementary symmetric polynomials
of degree 2: e? and ey. We have that

2 2, .2, .2, 2
e] = o] + x5+ x5 + x5 + 2(x130 + 123 + 11T + ToXg + ToTy + T3Ty)

5o €2 = hy + 2e5 and therefore

hQ = 6% — 262

3. There are three possible products of elementary symmetric polynomials
of degree 3: €3, ejey and e3. We find that

ei’ :x?—l—x%%—xg—l—xz
+ 3(xiwy + 2wz + viwy + 1573 + X574 + T5T4)
+ 3(2105 + 105 + 3105 + Toxh + Toxh + 1377)
+ 6(x12273 + T1X9T4 + T1T3T4 + T2T3Ty)
16y =T3Tg + T3T3 + T3T4 + T3T3 + T3T4 + T3T4
+ :161:173 + :)31:173 + :)slav?1 + xgxg + l‘gﬂ?i + l‘gﬂ?i
+ 3(z12923 + 12T + T1T3T4 + T2X3Ty)

€3 = T1X2x3 + T1X2T4 + T1X3T4 + T2X3T4.
Comparing coefficients in
hs = ae‘i’ + bejes + ces

we find that
hs = ei’ — 3eres + 3eg

Similarly, we compute

4 4 4 4 4
61 :x1+$2+3§3+$4

+4adzy + -+ 62225 4 - -
+ 12x§x2x3 + 24x1 297374
eleg =xdwy + - 4 22725 4 - -
+ 5x1x2x§ + -+ 1221201324
e =3T3 + -+ + 2012903 + - - - + 621797374

2
€163 =T1T9T5 + - -+ + 41227374



where we have only include one monomial in each symmetry class, for
sake of trees. Writing

hy = oze‘ll + 6%62 + ce% + dejes + qey

and comparing coefficients, we find

a=1
da+b=0
6a+2b+c=0

12a +5b+2c+d =10
24a + 120+ 6¢c+4d + q = 0.

Hence
a=1,b=—-4,c=2,d=4, ¢q=—4

and so hy = e] — 4eley + 2e3 + dejes — dey.
. Clearly e; = hy. Thus
hQZG%—QGQZh%—QGQ

and 1
62:—(h%—h2).
2
Filling this into our expression for hg, we get

3
hs = h? — 5hl(h% — ha) + 3e3

and hence 1 1 1
€3 = gh? — Ehlhg + ghg
Finally
4 2/1.2 1 3 1 1 1 2 2
and so 1 1 1 1 1
€4 = ﬂh% — Zh%hz + ghlh;g + gh% — Zh‘l



5. Recall that if f(z) has roots aq, as, as, ay, then

a=—e(a,...,ay),
b=ex(a,...,a),
c=—es3(ay,...,q),
d=es(aq,...,a4).

From the question, we know that

hk(al,...,a4) =k
for k=1,...,4. Hence

61(0[1,...,O[4> = hl = 1,

1

62_—(}1%—}12):5(1—2):—

13 1><2+3 1

eg = — — I

T 6 2 3 6
1 2+3+4 4 1
€y = — — — — - — = = —
T4 47378 4 24

Hence a4, ..., a4 are the roots of

1 1 1

4.3 Lo 1 4

fley=2"—x 5% 6ZB+24



