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The use of electronic calculators and computer algebra software is allowed.

Exercise 1 Convergence in R

(i) What is the least upper bound of the set {r € R | 2* — 3z + 2 < 0}7?

(ii) What is the greatest lower bound of the set {sin(z) 4 cos(z) | 0 < z <
37

(iti) Define a sequence {x, = > ;_;#}- Is this monotonic? Bounded?
Convergent?

(iv) Determine the limit (or argue that no such limit exists) of
2n -2
Tp =" 7.
37+ 37
Exercise 2 Practice with norms

(i) Show that, for Z, § € R™,
20121° + 20|711* = 17+ 91> + [|£ — g]1*.
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(ii) Given 7} # ¥ € R™ and 0 < ¢ < 1, prove that there exists ¥ € R™
and r € R such that the sets

{TeR™ [ |7 =2 = |7 — Z2[|}

and
{ZeR™ | |7 -4l =r}

are equal.

Exercise 3 Fun with Cauchy-Schwarz
1. Show that for any x,..., 2, € R,
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(1 + a2+ 4 xn) <m(a] +--+2)

2. Show that, for any x,y € R

(z+y)* < (2 +1)(y* +1).

Exercise 4 Sequences in R™

Determine the limit, or argue that it does not exist, of the following sequences
(i) {(.13,171, xn,2> = (11_+2727 n%)}
(i) {(zp1,2n2) = (1 —27" nsin(n™"))}
(i) {(zn1,Tn2) = ((1 —n1) COS(%Tn), (1+n1 sin(%T”))}

In the above questions, you may compute one variable limits using any tech-
nique you like. A formal e — N proof is not required.




