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Introduction

This thesis aims to discuss and expand upon a collection of interelated problems in
number theory, all tying to the theory of multiple zeta values and Drinfel’d associators.
Multiple zeta values provide a generalisation of the Riemann zeta function to multiple
variables. Where questions of algebraic independence of values of the Riemann zeta
function at integer values seem intractable, multiple zeta values have a rich algebraic
structure. One interesting question in modern number theory is to describe explicitly
this structure, giving all relations among multiple zeta values and describing their Hilbert
Poincaré series.

There are several equations describing relations among multiple zeta values, con-
jecturally describing all relations. The most general of these are Drinfel’d’s associator
equations: functional equations among power series in two non-commuting variables,
with solution given by the generating series for multiple zeta values [13]. This adds an
extra layer of interest to the study of multiple zeta values: it is known that there is a
solution to the associator equations with rational coefficients. Knowing such an object
explicitly would be an extremely powerful computational tool: it has applications in the
theory of knot invariants [2], the construction of quasitriangular quasi-Hopf algebras,
along with providing a tool for decomposition of multiple zeta values into a given basis
[4]. As this would give a tool to describe all relations among multiple zeta values explic-
itly, we make this our end goal: finding a rational associator, using multiple zeta values
as a model for the coefficients.

However, solving the associator equations directly proves quite challenging, so we
turn to the second set of equations describing relations among multiple zeta values: the
double shuffle equations. Arising naturally from the definition of multiple zeta values,
these equations are much simpler, and are implied by the associator equations [16].
Conjecturally, they describe all relations among multiple zeta values, and are equivalent
to the associator equations. Furthermore, they can easily be considered modulo products,
or certain filtrations, allowing us to find relations among “graded” multiple zeta values,
which can hopefully be lifted to true relations, reducing the problem of finding rational
solutions to the double shuffie equations to that of finding rational solutions modulo
products, or a filtration. Indeed, one can reduce many problems about the dimension
of the vector space spanned by multiple zeta values to problems about these simplified
spaces [5].

In solving these problems, we gain an additional geometric structure: multiple zeta
values and the associator equations can by found in the geometry of P!\ {0,1,00}. By
exploiting this geometric origin, we can produce a motivic Galois group with an action
on multiple zeta values, preserving relations. Thus, this Galois group has an action on
solutions to the associator and double shuffle equations, which we can exploit in order
to attempt to find rational solutions, or to bound the dimension of certain spaces.

This is an incredibly rich and multifaceted problem, and as such, we must summarise
it as best we can. The structure of this thesis will be as follows: In section one, we will
condense the necessary background material. We first introduce multiple zeta values



and their combinatorics, as these play a vital role in describing the object of interest:
Drinfel’d associators. These formal power series satisfy certain equations and are used
in the construction of quasitriangular quasi-Hopf algebras. However, they are quite
mysterious: only 3 examples are known explicitly, and all arise from other areas of
mathematics, such as conformal field theory and knot theory. Thus, instead of studying
associators directly, we study the Lie group DMRg of solutions to the double shuffle
equations, allowing us to use the machinery of the motivic Galois group and its ties to
P\ {0,1,00}.

In section two, we consider the Lie algebra dmvy associated to DMRyg, and the equa-
tions describing it: the double shuffle equations modulo products. This Lie algebra con-
tains a Lie algebra called the motivic Lie algebra, which contains Lie algebraic analogues
of associators. It is a free Lie algebra with generators in every odd degree greater than
1, which act on the space of associators, allowing us to produce infinitely many rational
associators given one. However, these generators do not have canonical representations,
so we discuss methods used to make them canonical: a Gram-Schmidt procedure using
inner products, an approach using “polar” solutions, etc. We also consider the linearised
double shuffle equations, which describe elements of the associated graded of the motivic
Lie algebra, with respect to the depth filtration.

In section three, we introduce some of Brown’s motivic machinery: defining motivic
multiple zeta values and the motivic coaction. This coaction preserves a filtration - the
block filtration - of multiple zeta values, arising from a decomposition due to Charlton,
so we expect calculation of the coaction to be simplified in the associated graded. With
this in mind, we introduce block graded multiple zeta values, discuss some low weight
relations among them and extend the definitions to divergent multiple zeta values. We
also compute the coproduct on block graded multiple zeta values modulo (™(2), and
consider the block graded dual product.

Finally, in section four, we present a slightly eclectic selection of material. We con-
sider possible approaches to deriving the duality relation among multiple zeta values,
which arises naturally from the geometry of P!\ {0, 1,00}, from the double shuffle equa-
tions. We also consider the double shuffle equations modulo primes, showing that an
integer associator cannot exist and giving hints as to the complexity of coefficients of
a rational associator. We expand on a recurring connection between the double shuffle
equations and modular forms, before finally briefly acknowledging the analytic struc-
tures of multiple zeta functions and how we might exploit this to solve the problem of
finding a rational associator.



1 Drinfel’d Associators and the Geometry of P!\ {0, 1,00}

1.1 Multiple zeta values and iterated integrals

The field of study surrounding multiple zeta values is deep, wide and sprawling. One
cannot hope to give a comprehensive survey of the current state of affairs within the
confines of this thesis, and thus we limit ourselves to a brief overview of the bare ne-
cessities. For further details, the author recommends [20] or [31] for a more expository
recap.

Definition 1.1. For a sequence of integers (s1,...,s,) with s; > 1 and s, > 2, we define
the corresponding multiple zeta value by

¢( ) = E S —
815.+-458r) 1= 81,,52 S
Ny No“ ...Ny"

0<ni<no<..<n, 1 72 T

To a multiple zeta value (often abbreviated MZV), we can associate two quantities:
weight and depth. The weight of ((s1,...,s,) is defined to be s1 + s3+ - - -+ s;, and the
depth is defined to be r

Let Z be the Q-vector space spanned by multiple zeta values. We can endow this
with the structure of an algebra using the stuffle relations among MZVs, arising from
splitting the summation obtained in the product.

Example 1.2.

(B =33

m>1n>1
- m2n3 m2n3 nd
m<n<l n<m<l1 n>1

=¢(2,3) +¢(3,2) +¢(5)

Generalising this example, we see that any product of multiple zeta values lies in Z.
We make this precise as follows

Definition 1.3. Denote a sequence of positive integers (i1,...,i;) by the product
Ziy Ziy - - - %, in noncommuting formal variables 21, 2z2,.... Denote the empty sequence
by 1. Given two sequences of integers, z;, ...z, and zj ...z;,, we recursively define
their stuffle product as the formal sum obtained from

1*2’1'1...2:2'7”:Zil...zir*lzzil...zi

r

Ziy o Zip Kk Zjy 2y = Ziy (Big - Zip K 2y e Zjg) F 250 (Ziy e Zip K Zgy - Z0) F Zig gy (Zig - Zip K 2y e Zy)

Then, define ((z;, ...z, ) := (i1, ...,4,) and extend ¢ by linearity to find:

Proposition 1.4.

Clziy -2, )C(2jy - 25,) = C(2iy -+ 24, X 25y -2 - 25,)



Thus we obtain one algebra structure on MZVs. However, it is not the only such
structure. We obtain another product on Z by considering the iterated integral repre-
sentation of MZVs, an idea going back to Chen [9].

Definition 1.5. Let M be a connected differentiable manifold, and let P(M) be the set
of all paths in M. To be precise, define

«P(M)y :={v:[0,1] = M|y piecewise continuous with v(0) =z, v(1) =y}

and
P(M) = Ux,yEM xP(M)y
Then, given smooth k-valued 1-forms w1, wo, ... ,w, on M, we define the iterated integral
of wi,wa,...,w, to be the function
/wl,a)g,...,wr :P(M) = k
v = /W1WQ,...wT
¥
given by

/wl,wg,...,wr:/ fi(ty) ... fr(ty)dty ... dt,
5 0<t1 <. <t <1

where f;(t)dt :== v*w;. We view the constant function 1 as an empty iterated integral.

Remark 1.6. In this thesis, we perform iterated integrals from left to right. It is equally
valid, and quite common to work from right to left. Indeed, it is down to the author’s
personal preference. Similar differences may be found in the definitions of multiple zeta
values. Thus, the reader should not worry if another discussion seems at odds with this
one

Multiple zeta values may be obtained as iterated integrals on P! \ {0, 1, 00} as follows

Definition 1.7. Define the 1-form
dz

zZ—1

W; ‘=

for i = 0, 1 Then for any binary sequence of the form w = 10%17110%2711...10° 1,
define the differential form

Wy = wlwglfl cowiwy

Remark 1.8. Similarly to order of integration in iterated integrals, and order of sum-
mation in MZVs, the is no standard convention for these w;. It is quite common to have
this defined as

dz
Wi ‘= =
i—z
However, the definition given should be consistent with all notions introduced later
in this thesis.



Proposition 1.9. For a binary sequence of the form w = 10°17110%2711...10 !, we
obtain upon evaluation of the iterated integral of wy, along the straight line path between
0 and 1

R

Remark 1.10. The reader should note that it is common here to introduce the idea of
tangential basepoints. Roughly speaking, this moves integration to integration over the
blowup of our manifold at ”problem” points. While this does not particularly alter the
analysis, use of tangential basepoints preserves algebraic information that is necessary
in the motivic setting. For more detail, we refer the reader to the work of Deligne [11],
as a full discussion would fill a thesis.

Example 1.11. Let w := 100, then the iterated integral of w,, is given by
/ /1 /"’C /y dz dydx
Wiwiwg = —_—
oJo Jo 21y x
1 T
dy d:L‘
S
LI
B / /w SN )dx
N z + 1
/ Z z+1

= —Zm —((3)

1=0

Now, by considering the product of two multiple zeta values as iterated integrals,
and splitting the domain of integration, we obtain another algebra structure on Z.

Example 1.12.

dz dydz dt ds
(2(6) = / i =2
0<z<y<z<1 1 =2 Y T Jo<i<s<i 1-ts

+

dz dydz dt ds

0<t<s<2<y<e<1 l-zy xzl-ts

=3((2,3) +((3,2) +6¢(1,4)

+




To make this precise, we consider ¢ as a function on e;Q(eg, e1)eg, a sub-vector space
of the polynomial algebra in two non-commuting variables as follows:

C(eleglilel -€ eér 1) C(Slv"',ST)

and extending by linearity. We call monomials in this vector space convergent words,
and monomials not in this subspace divergent.

Definition 1.13. Given two elements of Q(ep, e1), define their shuffle product recursively
by
lWwu=vwl=u
zuWyv = z(u W yv) + y(zu Wv)

where u, v are monomials in eg, e1, and z,y € {ep, e1}.

Proposition 1.14. For any monomials u,v in e1Q(ep, e1)ep, we have

((uwv) = ((u)¢(v)

Thus we gain a double algebra structure on Z, in which we additionally obtain the
following relation, arising from the involution of P\ {0, 1,00} that interchanges 0 and
1.

Proposition 1.15. Let D : Q(eg,e1) — Qleqg,e1) be the anithomomorphism mapping
ei — eit1, where indices are considered modulo 2. Then we have ((w) = ((Dw) for all

w € e1Q(eo, e1)eo-

One might feel that restricting ourselves to the sub-vector space e1Q(eg,e1)eq is
quite limiting, and this is to some extent true. Fortunately, there exist regularisation
procedures, one compatible with the shuffle algebra structure and one compatible with
the stuffle algebra structure, which allow us to extend ¢ to a function on all of Q(eq, e1)
[22]. Indeed, these regularised MZVs prove critical in providing sufficient relations for
conjectured dimensions of the various weight spaces of Z to hold.

We now mention a few standard conjectures in the theory of MZVs.

Conjecture 1.16. Z is weight graded: defining Z,, := ({(s1,...,$,)|s1+ -+ s = n)g,

we have -
z=pz.
n=0

where we take (@) = 1.

Conjecture 1.17. The weight graded pieces of Z have dimensions given by the gener-
ating series

n 1
ZdlmZt R —



Conjecture 1.18. All relations among multiple zeta values can be obtained from the
(regularised) shuffle and stuffle relations, alongside the Hoffman relation:

Clerwu—epxu)=0

for all convergent u.

1.2 Drinfel’d associators and the KZ equations

In his 1990 work [13] Drinfel’d introduced the idea of an associator, a power series in
two non-commuting variables.

Definition 1.19. Let k£ be a field of characteristic 0. A A-associator over a k is an
element ® € k((eg, e1)) that is grouplike for the continuous coproduct

A(61)261®1+1®61
and satisfies the pentagon and hexagon equations

O (t12,ta3 + toa) P(t13 + tos, taa) = D(tas, t3a) P(t12 + t13, toa + t34) P(t12, t23)

+)e Ae Ae
exp( 5 O)Q(em,eo)exp(i%)@(el,em)exp(if)é(eo,el) =1
where e, = —ep — e1 and the t;; are the infinitesimal braid variables, satisfying the
following:
ti; =0
tij = tji

[tij, te] = 0 if i, j, k, 1 distinct
[tij, tir + tji] = 0 if i, j, k distinct

Together, we refer to these equations as the associator equations.

Interestingly, the hexagon equations are, to some extent, unnecessary, as shown by
Furusho [15].

Theorem 1.20 (Furusho). Let ® be a grouplike power series in two non commuting
variables, satisfying Drinfel’d’s pentagon equation. Then there is a unique X\, depending
only on the coefficient of the degree 2 terms, such that the pair (A, ®) satisfy the hexagon
equations.

While arising originally from the study of quasi-Hopf algebras and braided monoidal
categories, associators have since sparked interest in many areas of mathematics, includ-
ing knot invariants [2], quantum field theory [25], and number theory. In particular,
the ties between associators and the Grothendieck-Teichmiiller group has drawn much
interest.



The Grothendieck-Teichmiiller group is quite an important object in algebra, acting
on a range of objects in various fields. It exists in three versions: a profinite version, a
pro-1 version and a pro-unipotent version. The first two are of interest, as the action of
the absolute Galois group factors through them, while the latter arises in homological
algebra and motivic contexts. It is this last version that appears in the discussion of
associators.

Definition 1.21. Define the Grothendieck-Teichmiiller group GT to be the affine group
scheme over Q, whose k points are given by pairs (A, f) in k% x k({eg, e1)) such that

Af=faf
fler,e0) = fleo,e1) ™

A1 A1 A-1
f(eooa€0>6002 f(€17600)612 f(€07€1>602 =1

f(ti2,tas + toa) f(t13 + tos, t34) = f(ta3, tza) f(t12 + t13, toa + t34) f(t12, t23)

where e, and t;; are defined as above. We endow this with a group structure as follows

A ) - N ) y) = O e y) £/ F )

Remark 1.22. The coefficient of ege; in f nearly determines A. To be precise, the
2
coefficient is %.

GT acts on the space of associators on the left. We get a similar action on the right
by the space of 0-associators,which we call the graded Grothendieck-Teichmiiller group
GRT, which has product defined by

P - q)/(e(), e1) = (I)/(e(), e1)®(ep, (13/7161(1)1)

One can show [13] that the space of associators is a GT-GRT torsor, and hence
GTZGRT. Thus, by studying associators, in particular 0-associators, we can gain infor-
mation about GT.

One of the first questions one might have about the space of associators is whether
it is empty? It is far from obvious that a solution to the associator equations exists for
any A. Drinfeld in fact showed a solution existed and constructed it explicity [13] from
the monodromy of the Knizhnik Zamolodchikov equations.

Theorem 1.23 (Drinfel’d). There exists a solution to the associator equations whose
coefficients are given by multiple zeta values

Dleg,er) = > (~)Ic(whw

weE(eg,e1)

This adds a further layer of number theoretical interest to the problem of associators,
as multiple zeta values are now constrained by the associator equations, giving relations
between them. It is in fact conjectured that they describe all non trivial relations between
multiple zeta values. However, the associator equations are notoriously challenging, and
so the following corollary becomes tremendously useful in describing potential relations
among multiple zeta values.

10



Corollary 1.24. There exists an associator with coefficients in Q.

We will not present a proof of this corollary. Should the reader be interested, we
recommend either Drinfel’d original work [13], or, if the reader is comfortable with braid
theoretic language, Bar-Natan’s constructive proof [2].

We will, however, sketch the proof of the theorem, based on the discussion of [29].

Definition 1.25. The Knizhnik Zamolodchikov equations are a system of differential

equations
oY tij
ox; Z z; - mw
j#i J

where ¢;; are defined as above.
Sketch. The connection on My 4 arising from the KZ equations is given by

Vzd—tw%—tz:a dz
z

z—1

Define ®(t19,t23) to be the holonomy of this connection from z = 0 to z = 1. We again
should consider tangential basepoints here, but we shall gloss over this technicality.
Using standard techniques, we compute the holonomy to be

1
_ dtl dtl
B(tio,t13) = lim ¢t *23(1 tio— +t
(t12,t13) Jm (+/0 12t1+23t1—1+
dty dty dt dt
+/ (t1o— + to3 )(-")(tlzfn + to3 n )+...)tt12
0<t1<...<tn <1 i1 t1—1 tn t, —1

To see that this solves the associator equations, we sim-
un ply consider the holonomy along various paths. For ex-
ample, the hexagon equations follows from computing the
holonomy along the illustrated cycle.

The pentagon equation follows similarly, by integration
along a closed curve in Mg 5. Then explicitly calculating
the integrals gives our result.

We can now discuss the optimistic goals of this project:
to find a canonical rational associator. We know that they exist, but none are known
explicitly. We even have iterative constructions for rational solutions to the associator
equations up to a given weight. However, these constructions involves many choices, and
are unlikely to give an explicit formula for the coefficients. Thus begins our problem.

11



1.3 The double shuffle equations

The first obstruction to finding a rational associator is the difficulty in finding any
associator. Thus we will instead attempt to solve a simpler problem: solving the double
shuffle equations. We know multiple zeta values satsify a set of shuffle relations, and we
expect the associator equations to imply all relations among multiple zeta values. Thus
it makes sense to model our easer equations on known MZV relations. In the following
definitions, due to Racinet [27], let k be a field. It need not be of characteristic zero,
but is normally taken to be.

Definition 1.26. We say a power series ® € k((a,b)) solves the shuffle equations if it
is grouplike for the completed coproduct for which a, b are primitive. That is

AP=dx P
where
Alz)=2®1+1®@z for z =a,b

Definition 1.27. Let Y = y1,¥y2,¥s,... be a collection of formal variables. We say a
power series ® € k((Y)) solves the stuffle equations if it is grouplike for the completed
coproduct, defined on generators by

n
Ayn) =D yi @ Y
=0

where we define gy := 1.

Definition 1.28. Define the projection map 7y : k{({(a,b)) — k({(Y)) to be the linear
map given by
Ty (ba™ T ba™ 1 L ba™ ) = Yy Yy - - - Yny,

and 7y (aw) = 0 for any word w € k(a,b). Define also, for any element ® € k({(a,b)),
Peorr € k<<Y>> by

(71)n n— n
Diorr 1= Z n ((P‘ba 1)y1

n>1

where (®|w) denotes the coefficient of w in ®.

Definition 1.29. We say a power series ® € k((a, b)) solves the (regularised) double
shuffle equations if ® solves the shuffle equations and ®* := ®,,., 7y (P) solves the stuffle
equations.

While still challenging to solve, the double shuffle equations are much more tractable,
and allow us to make use of additional structures coming from MZVs, such as the depth
and weight filtrations. The double shuffle equations are naturally weight graded, for
example. Furthermore, it is commonly conjectured that the double shuffle equations
describe all possible relations among MZVs, and are hence equivalent to the associator
equations. However, little is known about this beyond the work of Furusho [16].

12



Theorem 1.30. Let @ be a grouplike power series in two noncommuting variable. Sup-
pose also that it satisfies the pentagon equation. Then ® solves the double shuffle equa-
tions.

The space of solutions to the double shuffle equations, denoted DMR, contains a
subspace of solutions, DMRy, such that (®leg) = (®|e;) = (P|eper) = 0. This subspace
forms a pro-unipotent group [27] with multiplication given by

D - P'(eg, e1) := P'(eq, €1) (e, P er @)

which the reader will note is identical to that of GRT. Thus we get the following

Corollary 1.31. GRT is a subgroup of DMRy

It is a standard conjecture that they are in fact equal to the unipotent part of the
motivic Galois group, which we shall later discuss in greater depth.

Looking to the shuffle equations has proven quite fruitful, as they also lend themselves
well to a rewriting in terms of commutative power series. a technique due to Brown,
and very similar to Ecalle’s theory of moulds [14], this technique has allowed Brown to
define a canonical rational associator up to depth 4.

Remark 1.32. From this point in the text, we are interested only in DMRg, and so we
shall assume (®leg) = (Ple) = (Pleger) = 0 for all potential solutions to the shuffle or
stuffle equations.

Definition 1.33. Denote by D,, the vector space spanned by words of depth n in k(a, b)
and let p, : Dy, — klyo, y1, - .-, Yn] be the isomorphism of vector spaces given by

pn(a™ba™tb. . ba™") = yu "yt Ly

The map p := > -2, pn, then defines an isomorphism

p:k{a,b) — @k[yo,...yn]
n=1

Q- {Cb(n) (y07 cee 7yn)}$zo:1

We can then define the double shuffle equations in this new formulation as polynomial
equations.
First we note the following lemma.

Lemma 1.34. If ® = 1 4+ &1 + ®5 + ... solves the shuffle equations, where ®, is the
depth n component of ®, then p,(®,) € klyo, ..., yn] is translation invariant.

Proof. Define § : k{a,b) — k{a,b) to be the derivation given on generators by

1
=0



Note that

k
d(a™ba™ b . ..ba"*) = Z m;a™ba™b. .. ba™ " b . . ba™*
=0

and that this agrees with the derivation given by (7o ® id) o A, where mo(®) := (P|e).
Thus, if A = & ® ¢, we get
00 = (Pleg)® =0

But since 0 preserves depth, this clearly implies 6®,, = 0. Translating into the
language of commutative power series, we get

znjaa@("):o

im0 7Y

O]

In light of this, we lose no information about solutions to the double shuffle equations
by setting yo = 0. Indeed, this is how we shall proceed. In a slight abuse of notation,
we shall still refer to the resulting polynomial as ®™. In order to make our discussion
unambiguous, we shall adopt the following notational distinction.

™ (yo,y1, -, Yn) 1= Pu(®n) Yoy - - -, Yn)
q)(”)(xl, cos @) = pu(Pp) (0,21, ..., xp)

That is, we will use y; as variables for the image of p, and x; as variables for the
polynomial obtained by setting yg = 0. We can now define the double shuffle equations
in the language of commutative power series.

Definition 1.35. Given a polynomial f € k[z1,...,x,)], define f# € k[x1,...,z,] by

f#(xl,...ja:n) = f(z1,21 + 22,21 + X2+ X3, ..., X1 + T2+ -+ Tp)

We also define recursively the polynomial

f(ar:l...ar:j |—|—|$j+1---37n) =

f($1(m2 ey Wy mn) + f($j($1 N MR N, R $n)
where f(x1...xy) == f(z1,...,2p).

Definition 1.36. We say a family of polynomials {f (”)} solves the shuffle equations if

f(”)#(azl <oy W zcj+1a:n) = f(j)(azl, e ,1‘j)f(n7j)(xj+1, ceeyTp)

forall 1 <j < n.

14



Defining the stuffle equations is slightly more challenging and requires a few extra
definitions

Definition 1.37. For any family of polynomials {f(™}, define the operators

sif(r)(xl, cey ) = f(TH)(xi,:L‘l, e L1, T, .-, xy) for 1 <@ < r
Definition 1.38. Define recursively
A%y .. .x)=f @y e x1) = fO(21,...,3,)
f(r) (331 Ly KL ] wT) = Slf(r_l) ($2 SRR 7 ARl 7 I mr)

+ 8i+1f(r_1) (331 X KT wr)

S1 — Si+1 _
+ () f(r 2)(332 c XK Ty ... L)
T1 — Ti41

where 1 < <.

Definition 1.39. We say a family of polynomials { (™} solves the stuffle equations if

f(n)(:lﬁl B PR :Bj+1wn) = f(j) (z1,..., .rj)f(nij) (IL’j+1, ey Ty)

forall 1 <j <n.

Remark 1.40. Note that in this formulation, there is no mention of an analogue to
®.orr. While it is true that we must add a corresponding correction term, we shall
ignore this for sake of this discussion. However, we will ask the reader to observe that
this arises naturally for multiple zeta values, by considering shuffle regularisation versus
stuffle regularisation.

Example 1.41. In depth 2, the double shuffle equations are
FO (@1, 1+ o) + [P (@, 21 4 22) = fU (1) f V) (2)

FO (1) = fO () _ FO () £D (29)

f(Z)(an, x9) + f(2)(:L‘1, x2) +
r1 — T2

while in depth 3, they become
FO (@1, 21 + 2,21 + 22 + 23) + FO (22,21 + 22, 21 + 22 + 23) + O (22, 22 + 23, 71 + 2 + 23)

= fW(21) fP (22, 23)
f(z)($17$3) - f(Q)(%,fL‘s) + f(Q)(%,ﬂUl) - f(Q)(9027903>

f(g)($17$27$3) + f(3)(1"271"171"3) + f(3)(w2a xs3, Zlfl) +

= fW(21) fP (22, 23)

Tl — X2 xr1 — I3

Remark 1.42. From this point onward, we shall often neglect the superscript f™,
instead writing only f, as it should be obvious from the number of variables to which
depth we refer.
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1.4 The motivic Galois group and the geometry of P'\ {0,1, oo}

With such impressive symmetries amongst MZVs, one might hope for some sort of
transcendental Galois theory. This is to some extent found in the motivic Galois group
associated to a certain Tannakian category associated to P!\ {0,1,00}. As general
references, the works of Ayoub [1], Deligne [10] and Brown [4],[3] can be useful.

Let MT(Z) denote the category of mixed Tate motives unramified over Z. THis is
a Tannakian category, and hence is equivalent to the category of representations of a
group scheme, called its Galois group and denoted by G y(7(z)- MT (Z) contains as a full
Tannakian subcategory MT'(Z), the Tannakian subcategory generated by the motivic
fundamental group of P!\ {0,1,00}. We hence obtain a map

Gmrz) = GmT(2)
We now define the motivic fundemental group of X = P!\ {0, 1,00}, or rather, the
motivic fundemental groupoid, of which the motivic fundemental group is a special case.

Definition 1.43. Let x,y be points of X (C). The motivic fundemental groupoid of X
consists of the following

e (Betti) A collection of schemes 7 (X, z,y) defined over Q and equipped with the
structure of a groupoid

ﬂlB(X,a:,y) X ﬂlB(X,y,z) — FlB(X,l',Z)

for any x,y,z € X(C). There is a natural homomorphism

TP (X, 2,y) = 7P (X, 2,9)(Q)

where the fundamental groupoid on the left is given by the homotopy classes of
paths relative to their endpoints.

e (de Rham) An affine group scheme over Q, denoted by 7¢f(X).

e (Comparison) A canonical isomorphism of schemes over C

comp : 72(X, z,y) xg C — 7if(X) xg C

Remark 1.44. We once again gloss over the technicalities of tangential basepoints. For
sake of precision, the reader should read 7}(X,0,1) as 7} (X, To, —Tl) where 1, denotes
the unit vector parallel to the real line, based at z. Thus, all paths v : (0,1) — C\ {0, 1}
with (0) =0, y(1) = 1 in the following discussion have 7/(0) = —+/(1) = 1.

Theorem 1.45. There is an ind-object

O (X,0,1)) € Ind(MT(Z))

whose Betti and de Rham realisations are the affine rings O(72(X,0,1)) and O(nd%(X))
respectively.
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Define oII; := Spec(O(7{#(X))). This is the affine scheme over Q to which associates
to any commutative unitary Q-algebra R the set of grouplike formal power series

(S € R{(eg, e1))*|AS = S @ S}

where A is the completed coproduct for which e; are primitive.
This carries an action of the motivic Galois group G%?T(Z)’ which depends on our

choice of basepoints, even though ﬂilR(X ) does not contain an explicit dependence on
these points.

Remark 1.46. Among all paths in P!\ {0,1,00} from 0 to 1 satisfying our veloc-
ity constraints, there is a distinguished straight line path ~(¢) = ¢, referred to as the
droit chemin and denoted dch. The natural homomorphism mentioned in Definitions
1.43 maps with onto an element 17 € 78(X,0,1)(Q). The image of this map under the
comparison isomorphism is precisely the Drinfel’d associator

comp(p17) ZC Jw € oII; (C)
The action of G rq7(z) is made more transparent via the decomposition

Gmtz) = Umr@) X Gm

into a semidirect product of a pro-unipotent U7 (z) and the multiplicative group.
The action of G yq7(z) restricts to an action

Umrz) X olli = oll4

which factors through a map
o*: 0H1 X 0H1 — 0H1
called the Thara action, computed explicitly first by Y. Thara, but described in [10].

Remark 1.47. We later introduce the linearised, or infinitesimal Ihara action, in the
context of the Lie algebras of DMRg and Up7(z). The reader must take care to avoid
confusing the two.
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2 Double Shuffle Modulo Products and Canonical Gener-
ators

2.1 The double shuffle Lie algebra

In order to further simplify the equations, we can move from DMRy to its Lie algebra
omrg, and consider solutions to the double shuffle equations mod products.

Definition 2.1. We say o € k(a, b) solves the double shuffle equations mod products if
the following hold

Ac=0cQ®1+1R0c
A(o")=0"®14+1®c"
(ola) = (a]b) = (o]ab) = 0

—1)n _
where o* := Ty o + Ocorr, Where oeopr := Zn21 ( n) (o]ba™ 1)yl

Note that the double shuffle equations mod products are homogeneous for weight,
and thus we will often assume all monomials in ¢ to be of the same weight, allowing us
to refer to solutions of a particular weight.

Once again, we can rephrase this in terms of commutative variables. We first note
the following lemma

Lemma 2.2 (Brown). If o solves the shuffle equations, i.e. o is primitive, then p(o) is
translation invariant, where p is as defined previously.

Definition 2.3. We say {f; € k[z1,...,2;]}]_; solves the shuffle equations mod prod-
ucts up to depth n + 1 if

fj#(xl...xiLu:pi+1...xj):0

forall 1 <i <j <n. Wesay {fj € k[z1,...,2;]}]_; solves the stuffle equations mod
products up to depth n + 1 if

fj($1...$i*$i+1...a?j):0
foralll1 <i:<j<n.

We once again should consider correction terms in the stuffle equations in order to
say f solves the double shuffle equations mod products. However, as we may assume f
is homogeneous in weight, the correction terms arise only in the depth-equal-to-weight
equations, and are easily accounted for. Thus, we say a family of polynomials {f; €
klz1,...,z;]}7 is a solution of weight n+1 to the double shuffle equations mod products
if it solves the shuffle and stuffle equations mod products up to depth n + 1.

We now define the Lie algebra structure, which arises via derivations [27] or from
the anti-symmetrisation of the Ihara action [5].
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Definition 2.4. Given 1 € k(a,b), define the derivation dy, : k(a,b) — k{a,b) by
dy(a) =0
dy (b) = [b, ]
We define the Thara bracket {-,-} A? k{a,b) — k{a,b) by
{01,092} == dy,01 — dy,09 — [071,09]
Alternatively, we can define:

Definition 2.5. Define the linearised Thara action o : k{a,b) ® k{a,b) — k{a,b) by
woa"bv := a"ubv + a"buv + a"b(u o v)

where, if u = ujug ... up, v* = (=1)"u, ... u; and uwoa™ = a"u, for all u, v monomials in
k{a,b), and extend linearly. Define the Thara bracket by

{o1,00} = 01002 — 0200,
We then obtain the following from Racinet’s thesis.

Proposition 2.6 (Racinet). dmvg equipped with the Ihara bracket is a Lie algebra. Fur-
thermore, the function

1 1
exp, (o) ::1+0+§aoa+gooaoo+...

defines a map exp, : dmrg — DMRy.

The Thara action, and hence the Thara bracket are motivic: they arise naturally as
from the group structure of Uy 7(z). In fact, one can show g := Lie(Uprsr(z)) C dmrg
[16], thus the study of dmry gives us information about both associators and the motivic
Galois group. This inclusion is conjecturally an isomorphism of Lie algebras, which
gives us a method of generating solutions to the double shuffle equations: we have the
non-canonical isomorphism

g = ]L(0-370-5a . )

to the free Lie algebra with a generator in every odd degree greater than 1. Thus,
given the 09,11, we can produce solutions to the double shuffle equations in any weight.
However, the 02,11 are not canonical: we have that

oon+1 = ad(a)(b) + terms of higher depth

where the adjoint action is with respect to the Lie bracket [X,Y] = XY —Y X. However,
the double shuffle equations give us no power to distinguish between og,41 and gop+1+ @
where ¢ € dmrg is 0 in depth 1. Thus the 09,41 are ambiguous up to brackets of lower
weight elements of g, limiting their computational use.
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2.2 Canonical elements and polar solutions

The first thing one might desire is to make the o-elements canonical, to have a canonical
generating set. There seem to be three main approachs to doing so: using inner products
and a Gram-Schmidt-like procedure, using a basis of multiple zeta values, or Brown’s
anatomical decomposition. The first approach has not been seen in the literature to this
point, and so we focus on this, finding several new results.

Theorem 2.7 (Keilthy, Hain). The generators o3, 05,07, ... of the motivic Lie algebra
can be made canonical.

Proof. Suppose that we have canonical o3, ..., 091 and consider the space L(o3, ..., 02k+1)2k+1,
where the subscript denotes the sub-vector space spanned by elements of weight 2k + 1.
This contains L(o3 . ..,09,_1)2k+1 as a codimension 1 subspace, and thus, given a non-
degenerate inner product, we can fix o951 up to a scalar multiple by imposing orthog-
onality of O02k+1 to L(Ug, Ce ,GQk_1)2k+1. ]

There are two natural candidates for our inner product (-,-) : Q(a, b) x Q(a,b) — Q.
Define for monic monomials u, v

1 fu=w
<u77}>triv L= {

0, otherwise

1 if u = wovw or v = wuw for some w € Q(a, b)
(u,v)s : =

0, otherwise

and extend by linearity. It is easy to check that these satisfy the requirements of inner
products.

Example 2.8. By considering the trivial inner product of the depth 3 components of
o11 and {03, {03,05}}, and demanding that these be orthogonal, we find the following
canonical decomposition of o1:

1 241
o1 = Y11 — ﬁ{lb—b {b—1,713}} — m{wg, {13, 9p_1}}
479 2053 2620903
+opa W s -1} — oo s {Un ¥1b)} = 0o 1030 {03,083 + -0

where we have omitted terms of depth 5 (that are uniquely determined), and where
Yon41 is given by Definition 2.14.

Remark 2.9. One should note that the denominators of coefficients fixed by this method
tend to be quite large, with few prime factors. It remains unclear as to whether there is
a meaningful reason for this. We suspect it to merely be an artifact of the calculation,
as the numbers involves grow quite rapidly.
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The first has the advantage of being easy to calculate, with monomials of different
weights and depths being orthogonal, while the second is, in some sense, “compatible”
with the obvious Lie algebra structure on Q(a,b).

Lemma 2.10 (K.).
(lw, u],v)s + (u, [w,v])2 =0 for all u,v,w € Q{a,b)

Proof. Follows simply by considering cases. We shall do an example case, to illustrate
the method. We have that the LHS is

(wu, v) — (uw, v) + (u, wv) — (u, vw)

For the first term to be non-zero, we must have wu = svs for some word s. Then either
s = wu' or w = sv’ where v = v'v” and v = vv”. In the first case, we must have

v = vs. Thus
u = ulu//
=u'vs

= u'vwi/
In the second case, we must then have u = v”s. Thus

vw = ’U,’UNS’U/

/ /
= v uv

Hence the fourth term is non-zero and cancels out the first. Similarly, if either of the
middle brackets are non-zero, so is the other and they cancel each other out. Thus the
sum is constantly 0. a

Remark 2.11. While this ”symmetric” inner product (-,-)s is compatible with the
obvious Lie algebra structure on Q(a,b), it is not compatible with the Ihara bracket.
Indeed, it would be particularly interesting to find such an inner product. Evidence
coming from the work of Pollack [26] suggests the existence of one, but gives no hints as
to how to construct it

Remark 2.12. One should note that, while the trivial inner product seems rather
unnatural, it actually has Hodge theoretic orgins. It arises from morphism of Lie algebras

i: g — Der®L(a,b)

where Der® denotes the set of derivations d such that &([a,b]) = 0. This morphism, due
to the work of Hain [19] and Brown [7], is known to be injective, and creates further ties
to the work of Pollack [26]. To be precise, i(02,41) = €3,,, 9 modulo W_g,_3, where W
is the geometric weight filtration associated to the mixed Hodge structure of the first

order Tate curve E’% . Here €, € Der®L(a,b) is the derivation defined by
2q
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ey (a) = ad(a)®(b) for n > 1

and the fact that it is homogeneous of degree 2n in a,b. Defining

e (a) =bej(b) =0

and denoting by u9¢™ the Lie subalgebra generated by the ey, , n > 1, we obtain the
object of study in the work of Pollack. While i(g) ¢ u9°®™ in low depth, the epsilons
give “coordinates” with which to describe the o9,+1. Furthermore, the relations between
elements of u9¢°™ give relations between the elements of g modulo higher depths, and
create ties with the theory of modular forms. This shall be discussed in greater depth
later in this thesis.

Another approach to defining canonical generators involves allowing polar solutions
to the double shuffle equations [6]:

1 1.1 1
= _— and s? =

1) - =
211 12 x129  wo(x1 — 2)

S(

is a solution to the double shuffle equations mod products in depths one and two. By
taking the Thara bracket of s with various solutions, we can define an “anatomical”
decomposition for gop_1.

Definition 2.13. For any sets of indices A, B C {0,...,d}, write

TAB = H (xa — xp)

a€AbeEB
If A or B is the empty set, define x4 g = 1. Define also 29 = 0
Definition 2.14. For every n,d > 1, define wéi)ﬂ € Q(x1,...xq) by

d

1 (zi — @im1)™ 7
il 2 Z-Z;(m{O,...,i—2},{i—1}x{i+1,...,d},{i} LL1,...i-1},{0} X {4,ldots,d—1},{d}
d—1

1 (21 —2q)*" ad"
+5 20 +

i1 U2 {13 i+, d=1,0){d}  T{d,1,...,i—1},{0} T {i,ldots,d—2},{d—1}

Let ¥o,+1 be the element whose depth d component is wéi) 1

Proposition 2.15 (Brown). 2,11 are solutions to the double shuffle equations mod
products.

It is possible to write o3, . . . 09 uniquely as Ihara brackets of s and the 9, +1. Defining
1_1 := s, we can similarly decompose o1;.
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Example 2.16.

o1 =11 — ﬁ&ﬁ—la {¥—1, 4¢3t} — %{@bg, {psiz,_1}}
479 2053
+ m{@b?y {¢57¢—1}} - %{¢57 {1/}77 w—l}} + {depth > 5}

A priori 011 is only defined up to multiples of {03, {03, 05}}. However, by demanding
that, in depth three, 011 be written as a sum of brackets {tq,, {%a,, ¥as }} With at least
one of {ay,as,a3} equal to —1, we obtain a canonical generator in weight 11, modulo
high depths.

However this approach has only been examined on a case by case basis, with no
general theory. Polar solutions still make an appearence in the existence of canonical
generators: Brown [7] defines canonical 09,11 up to depth 3 using polar solutions. To
be precise, he defines them as follows.

Definition 2.17. For all n > —1, define rational functions by

é:z)ﬂ = x%n

S = {s,21"}

6.0 = 15,28 + (s, (s, 23
Note that we can extend &2,11 to all depths by £2,11 = exp(ad(s))z?" if we extend s to
a solution in all depths.

Definition 2.18. Define canonical generators up to depth three by

2n B2 ng
050i1 = Eont1 + 4%: (2a> 12(13% {&a+1, {&2p+1,6-1}}
a =N

where B, is the 2nt" Bernoulli number.
In [7], Brown shows the following

Proposition 2.19 (Brown). o5, solve the double shuffle equations mod products up
to depth three, and have no poles, thus defining genuine elements of dmry.

These generators give interesting ties to sl and period polynomials, that also arise
in the work of Pollack [26]. Specifically, the coefficients appearing in the expression are
proportional to those of the odd part of the period polynomial for the Eisenstein series
of weight 2n, which is proportional to:

2n
> <2a>32a32bx2aly2“ € QX,Y]
a+b=n, a,b>1

One thing of note would be if an inner product produced the same canonical genera-
tors as one of the other methods. We have checked that the “anatomical” decomposition,
and the trivial inner product give distinct generators, but it has yet to be checked in
other cases.
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2.3 The duality phenomenon

One phenomenon amongst elements of 0mrg is that of duality.

Definition 2.20. Define the following linear maps on Q(a, b)
o R(ujug...Up) := Uplp_1 ..U
e S is the homomorphism defined by Sa := b and Sb:=a
e D:=RS=SR

We say o satisfies duality if 0 = Do

We have ((w) = ((Dw), which we expect: this is just swapping the roles of 0 and 1
in P1\ {0,1,00}. What is unexpected is that we seem to have o = Do for all o € dmuy.
It is not currently known if duality is a consequence of the double shuffle relations, but
numerical evidence seems to suggest it must be.

Remark 2.21. The map S defined here is, up to a sign, the antipode map in the shuffle
Hopf algebra Q(a, b).

We do, however, know that duality plays nicely with many of the structures on dmry:
D passes through the motivic coaction [4] and duality is preserved by the Thara bracket.
While this latter fact follows from Brown’s proof that the Ihara action is motivic [5],
and Racinet’s thesis [27], we present a direct proof of it.

Lemma 2.22 (K.). If ¢(a,b) € Q(a,b) satisfies the shuffle equations mod products, then
ng(aa b) = —¢(—b, _a)

Proof. 1f ¢(a,b) satisfies the shuffle equations mod products, we must have
¢(a,b) + Rp(—a,—b) =0
Applying D to this proves our result. O
Theorem 2.23 (K.). Duality is preserved in dmvg by the Ihara bracket
Proof. The Ihara bracket of two elements is defined by
{01, 92} = dy, 01 — dg, @2 — 1, P2]
where dy is the derivation defined on generators by
dy(a) =0

dy(b) = [b, ¢]

Now suppose ¢1, ¢2 € dmry satisfy duality, and consider {¢1, ¢2}(—b, —a) We have the
following:

(@1, p2](—b, —a) = [¢1, ¢
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Next define a derivation dj by
dy(a) = [a, ]
ds(b) =0
We can easily show by induction on the length of ¢ that dy(X)(—b, —a) = dj(X(—b, —a))
and hence

One can then check easily that dj(X) = dg¢(X) — [X, 4], by induction, and hence

(dgy (1) — dpy (01)) (b, —a) = —dy, (¢1) + dg, (d1) + 2[¢1, ¢2]
and so D{¢1, g2} = —{¢1, p2}(—b, —a) = {¢1, ¢} O

We can also make steps towards a proof that duality holds for all elements of dmry.
To be precise, we can show that it holds for elements of g, with minor assumptions.
It in fact follows from the definition. However, we once again provide a more direct
proof, as the proof, with some further assumptions, extend to 0mrg. We first note that
D preserves solutions to the shuffle equations.

Lemma 2.24 (K.). If ¢(a,b) € Q(a,b) satisfies the shuffle equations mod products, then
so does Dg.

Proof. One can easily check that

(R®R)oA=AoR

and
(S®@S)ocA=AoS
Thus
(D®D)ocA=AoD
proving our result. O

We can now show the following.

Proposition 2.25 (K.). Suppose 03, ..., 09,1 satisfy duality. Suppose also that Doy 1 €
g. Then o9py1 satisfies duality.

Proof. By our assumption, Dogg1 must be in the span of o9;41 and brackets of lower
weight generators. Thus, there exists o € Q such that o9x11 — aDoggy1 is a linear
combination of brackets of lower weight generators. By the previous theorem, oog+1 —
aDaogg11 must satisfy duality and thus

(Oé + 1)02k+1 = (CM + 1)D02k+1
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Then, as g C dmry, we obtain from the stuffle equation and translation invariance of
O9k+1, evaluated at x1 =1, ; =011 = 2,3, ..., 2k, that

(02k11]ab®) = — (0211 [bab® 1) — (o941 [b%ab* 72) — - — (o9p11[0*"a)
2k—1
— Z (02k+1|bia2b2k717i)
=1

= (=1)*(o2k+1[b*a) = (o2k41]|a®*b)
and so
(Dogkr1|a**b) = (o2p11|ab™) = (02k11]a**b)

Thus, we must have o = 1 and so o9i+1 = Doagy1 ]

One could alter the assumptions made about Doog1, however, it is not clear that
the altered assumptions would be weaker. For example, if we simply take Dogr1 € dmrg
[30] we have to make certain assumptions about the nature of dmry in order to follow the
same proof method. Note also that we cannot replace og9;+1 by an arbirtrary element,
as we rely on having non-zero depth one components, and in this, o-elements are near
unique in dmug.

We also get an interesting interplay between duality and the proposed symmetric
inner product.We first note the following trivial fact.

Lemma 2.26 (K.).
<Du7 DU>S = <’LL, U)S
Definition 2.27. Given an inner product (-, -)s, define

(u,v)s  if u,v are both of odd depth
(U, V)m = —(u,v)s if u,v are both of even depth
0 otherwise
Definition 2.28. Define Q°(a, b) to be the subspace of Q(a, b) consisting of polynomials
with monomials only of odd weight.
Let QP (a,b) be the subspace of Q°(a,b) consisting of polynomials equal to their duals.

Let Q% (a,b) be the subspace of Q°(a,b) consisting of polynomials with monomials only
of odd depth. Note that we have a surjection 7 : Q(a, b) — Q°(a, b).

Lemma 2.29 (K.). (0, p), = 0 for all o, p € QP (a,b).
Proof. We have
(0, P)m = (Oodd> Podd) S — (Teven, Peven) s
As duality swaps the parity of depth of elements of Q°(a,b), we get that
(0, 0)m = (Todds Podd)s — (D0odd Dpodd)s
= (Oodds Podd)S — (Todds Podd)s =0
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Lemma 2.30 (K.). If (0, p)sm = 0 for all p € QP{a,b), then o € QP {(a,b).
Proof.
<07 P)m =0V pE QD<aa b> = <Uodd7podd>8 = <Ueven7peven>8 v pE @D<a7 b>
= (Codd: Podd)s = (DTecven, Poda)s ¥ p € QP (a,b)
= (0odd — DOodd, Podd)s = 0 ¥ poda € Q°(a,b)
Then, as (-,-)s is a nondegenerate inner product on Q°(a,b), we must have

Oodd = D0even

which implies
o= Do
as D? = D. O
Theorem 2.31 (K.).
QD<aa b) = mpGQDm,b) ker(-, p)S

So the symmetric inner product in some sense ”cuts out” polynomials satisfying
duality. Unfortunately, this fact is computationally ineffective, but still interesting.

2.4 Linearised double shuffle equations

While the double shuffle equations are homogeneous for weight, they are not homoge-
neous for depth. Rather, the shuffle equations are, but the stuffle equations are not.
As such, we can further simplify our equations by taking the associated graded of dmtg
with respect to the depth filtration, to obtain 0g. This is no longer a free Lie algebra, as
we now obtain relations among G911, the images of 09,11, identical to those of Pollack
[26]. However, the equations describing elements of g become much simpler. Indeed,
we have 0g C [s, the space of solutions to the linearised double shuffle equations [5].

Definition 2.32. We say o € k(a,b) satisfies the linearised double shuffle equations if
the following conditions hold:

Ac=0®1+1®0c
Abryo = Tyo @1 +1Q@nmyo
(ola) = (o]b) = (ofab) = 0

where A% : k(Y) — k(Y) ® k(Y) is defined on generators by
Af(yi) =y 014+1®y;
We denote the space of solutions to the linearised double shuffle equations by [s.

Proposition 2.33 (Brown). Is equipped with the Ihara bracket forms a Lie algebra.
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We can once again translate this into the language of commutative variables.

Definition 2.34. We say f € k[x1,...,x,] solves the linearised double shuffle equations
if
f#(:vl...wil_l_la:iﬂ...wn) =0
fler...x;Wxiyy...x,) =0
Remark 2.35. Note that we have L in both the linearised shuffle and linearised stuffle

equations. The primary distinction between L and x is the lower depth terms, which
disappear in the linearisation.

Remark 2.36. Note that we can now assume o € Is to be homogeneous in weight and
depth, as our equations are now homogeneous in both.

While it is not immediately obvious that moving to the linearised double shuffle
equations achieves anything of note, one can translate several important conjectures
into conjectures about the nature of dg and Is. For example, Brown [5] defines an
explicit injective linear map

e: Sgn — s
where So,, C Q[X, Y] is the vector space of even period polynomials.

Definition 2.37. Define Sy, C Q[X,Y] to be the vector space of antisymmetric homo-
geneous polynomials P(X,Y") of degree 2n — 2 satisfying
P(X,0)=0
P(£X,+Y) = P(X,Y)
PX,)Y)+ P(X-Y,X)+P(-Y,X-Y)=0
This map provides a reformulation of the (depth graded) Broadhurst-Kreimer con-

jecture on the dimensions of 0g:

Conjecture 2.38. The image of e lies in 0g and
Hy(0g;Q) = @021+1Q@@(6 (S2n)

i>1 n>1

ag Q @ SZn

n>1

H;(0g;Q)=0for alli >3
This can be made into a much stronger conjecture about the homology of [s.

Conjecture 2.39. Denoting by Is; the depth 1 component of [s, and by S := @n21 Son,
it is conjectured that the following holds:

Hy(Is; Q) = Is; & e(S)

Ho(1s; Q) = S

Hi(ls;Q)=0foralli >3
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Conjecturally, these are equivalent: it is believed that d0g =2 [s. Both would imply
the following conjecture on the dimensions of 0g.

Conjecture 2.40. Denoting by D the depth filtration, we have

: 1+ E(s)t
dimg (gr? Zy)sNt? =
N%;O alerd 1 — O(s)t + S(s)t2 — S(s)t
where ) 5 .
s s s'2
E(S) - 1 o 82 9 ©(S)1 _ 82 ) S(S) (1 _ 84)(1 _ 86)

Here E(s) and Q(s) are the generating series of the dimensions of spaces of even and odd
single zeta values respectively. S(s) has an interpretation as the generating series for the
graded dimensions of the space of cusp forms for the full modular group PSLs(Z).

This conjecture makes the connection with period polynomials and modular forms
slightly more explicit. However, it is not clear precisely why the connection exists.

Still, the study of solutions to the linearised double shuffle equations gives powerful
machinery, such as the depth-parity theorem [5].

Proposition 2.41. Suppose o € ls is of weight N and depth d. Then, if N and d are
of opposite parity, o = 0. That is, there are no non-trivial solutions to the linearised
double shuffle equations with weight and depth of opposite parity.

This in turn gives use a method for tackling so called “totally odd” multiple zeta
values [5],[12]. Multiple lower bounds for the dimensions of the space of totally odd mul-
tiple zeta values have been given. However, as the notation involved is quite particular,
we mention this only as an aside.

Another useful corollary of the depth parity theorem is the following.

Corollary 2.42. For a solution to the double shuffle equations mod products ¢ € dmrg,
of weight N, the depth d +1 # N (mod 2) components are uniquely determined by the
lower depths. In particular, oo,+1 15 uniquely determined in depths 1 and 2.

Proof. Suppose ¢1 and ¢ are of weight N and agree up to depth d = N (mod 2).
Then the depth d + 1 component of ¢1 — ¢5 is a solution to the linearised double shuffle
equations and hence, by the depth parity theorem, is 0. Thus ¢; and ¢2 agree up to
depth d 4+ 1 and the depth d 4+ 1 compenent is uniquely determined. ]

Remark 2.43. It would be interesting if this corollary could be “dualised”: if we assume
that the duality operator preserves 0mrtg, then we must have that the depth d — 1 #
N (mod 2) component of a weight N element of dmrj is uniquely determined by the
higher depths, suggesting that a top down approach may be a viable option in solving
the double shuffle equations mod products.
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3 Motivic Multiple Zeta Values and Additional Structures

3.1 Goncherov and Brown’s motivic iterated integrals

Similar our earlier notation for iterated integrals, we introduce the following definition.

Definition 3.1. Define I(ag; a1, as, ..., an; ant+1 to be the iterated integral of wy, .. .wq
along the straight line path from ag to a1, where we define

n

dz

zZ—a

Wy 1=

Also define the weight of such an iterated integral to be n.

Remark 3.2. Note that, taking ag = 0, ap+1 = 1, we recover our definition of multiple
zeta values by iterated integrals. Once again, we gloss over the technicalities of tangential
basepoints.

These satisfy the following, easily verified properties.

e I(ap;ai,...,an;a0) =0
e (Reversal of Paths)I(ag;aq,...,an;an+1) = (—=1)"I(any1;an, ..., a1;a0)
e (Functoriality)I(ag;a1,...,an;an+1) = I(1 —ag;1 —aq,...,1 —an;1 — any1)

(Shuffle regularisation)
(=1)*1(0;{0}*, 1, {0yt ... 1, {0} L:1) =
Z <n1 —.1 + Zl) o <nr —.1 + ZT)I(O; 1’ {O}nl-i-il—l’ . 17 {O}nT—H’T—l; 1)
)

]
e ! r

Goncharov [18] defines a motivic analogue of these iterated integrals, denoted I%(ag; a1, ..., an; ant1),
as elements of a Q-algebra, satisfing the above mentioned properties of iterated integrals
and with the following coproduct.

Definition 3.3. Let Z denote the Q-algebra generated by Goncharov’s motivic iterated
integrals, and define the map

AN:T—-TITRT
by
Al%(ag; a1, .- -, anjang1) =
k
Z H I(ai,; Gipr1y e oo @iy —1; @iy ) @ 1005 Gy - oo Q45 A1)

0=10<1<...<1<ip41=n+1p=0

where 0 < k < n.
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The terms in the above formula are in one-to-one correspondence with the subse-
quences

{aily"‘yaik} C {al,...,an}
To be more precise, every term corresponds to a polygon with verticles at the points

a; inscribed into a semicircle.

Example 3.4. The polygon

corresponds to the term
I%(ao; a1, az; az)1*(as; as; as)1*(as; as; a7)[*(a7; as, ag; a10) ® 1%(ao; as, as, azr; aio)

The additional algebraic structure arising from this coproduct proves to be an in-
credibly powerful tool, as we shall soon see.

By restricting the a; to {0,1}, we obtain Goncharov’s motivic multiple zeta val-
ues, ¢*(n1,...,ng), with the two notations related as for standard MZVs. Noting that
I%(0;1,0;1) = ¢*(2) = 0, we obtain a “period map”, from the space of Goncharov motivic
MZVs A to Z/((2):

per® : A — Z/((2)
Ca(nla ) 7nk) = C(nla v 7nk) + C(Q)Z
Brown [4] similarly defines a motivic iterated integral I™(ag; a1, ..., an; Gn41), which
we shall not discuss in any great detail, that extends Goncharov’s definition to one in
which (™(2) is non zero. They still satisfy all aforementioned properties and, denoting

the space of Brown’s motivic multiple zeta values by H, we obtain an extension of
Goncharov’s period map:

per: H — Z

C™(nyy...,ng) — C(n1,...,nk)

Furthermore, we can also lift Goncharov’s coproduct to a coaction on the space H
of Brown’s motivic iterated integrals

A:H—-AQH
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using precisely Goncharov’s formula. This coaction filters through certain infinitesimal
coactions.

Definition 3.5. Let H be the subspace of H consisting of elements of weight N, and
let £, be the weight r component of £ := Asg/As9Asg. We then define, for 1 <r < N

D, :Hn — L QHN_»
N-—r
m . . a . . m .
I™(ag; a1, ...,an;an41) — Z I%(ap; apit, -y Gpirs Gpyry1) @ I™(ags ax, . . . Gp, Gpgryt,
p=0

where 1% is taken to be its projection into L.

This can similarly be represented by considering segments between points on a semi-
circle.

Example 3.6. The picture

corresponds to the term

a . . a . .
I%(as; aq, a5, ap; a7) ® I*(ao; a1, az, as, ar, as, ag; aio)
in D3(I%(ao; a1, az, as, a4, as, as, ar, as, ag; 10))-
We then have the following theorem, due to Brown [4].

Theorem 3.7 (Brown). The kernel of Dey := ®3<art1<NDart1 is ("(N)Q in weight
N.

Example 3.8. We will compute D3 of 4¢™(2,3) + 6¢™(3,2).

Ds(¢™(2,3) = D3(I™(0;1,0,1,0,0;1))
=1%(1;0,1,0;0) ® I™(0;1,0;1) + 1*(0;1,0,0;1) ® I™(0;1,0;1)
Ds(¢™(3,2) = D3(I™(0;1,0,0,1,0;1))
=1%0;1,0,0;1) ® I™(0;1,0;1) + I*(1;0,0,1;0) ® I"™(0;1,0; 1)
+71%(0;0,1,0;1) ® I™(0;1,0; 1)
Ds(¢™(2)¢™(3) — ¢™(2,3) = ¢™(3,2)) =0

using shuffle renormalisation and reversal of paths. Thus, we must have that 4¢™(2,3) +
6¢™(3,2) = a¢™(5) for some a € Q.

(1)
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Using this machinery, Brown goes on to show the following theorem.
Theorem 3.9 (Brown). In weight N, Hy has basis (™(ay,...,ay,) where a; € {2,3}.

This basis is called the Hoffman basis, and the corresponding zeta values are called
Hoffman zeta values. Partially confirming a conjecture due to Hoffman, this theorem
has the following immediate corollaries.

Corollary 3.10. In weight N, Zy is spanned by (a1, ...,ay), where a; € {2,3}.

Corollary 3.11.

o 1

. N _
g dim Hyt =1 g B
N=0

As motivic multiple zeta values, and the motivic coproduct are such powerful tools,
demanding that any algebraic structure we impose on MZVs be compatible with the
motivic theory is not an unreasonable starting point. For example, the weight filtration
is motivic, and from earlier discussion, we can see that it is a grading for motivic MZVs,
and weight is preserved in all known relations. The depth filtration is motivic, but not
a grading. However, it seems that depth graded motivic multiple zeta values may not
be the most natural objects to study. A more natural option is a filtration arising from
a decomposition due to Charlton [8]: the block filtration.

3.2 The block decomposition of MZVs
Call a word in eq, e1 alternating if it is non-empty and has no subsequences of the form
epeg or ere;. There are exactly two alternating words of a given length:

A = {eg, e1, epe1, €169, ege1€p, €1€0€1, - - - }

Note that every non-empty word w in eg, e; can be written as a product of alternating
words, and, from the work of Charlton [8], this can be done uniquely, giving a block
decomposition of and a degree function on words in eg, eg.

Definition 3.12. Given a word w in eg, e, define its block degree degg(w) to be the
number of alternating words in its block decomposition minus one. Equivalently

degg(w) = number of subsequences of w of the form e;e;
Define the block degree of the empty word to be deggz(()) = 0.

Remark 3.13. Note that, unlike depth, the block degree of a word is preserved under
the action of the duality operator D = RS, suggesting it may be a more natural degree
to assign to the corresponding MZVs.
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This induces a filtration on words and hence on multiple zeta values. Note that, for
convergent words w, degg(w) = degg(epwe;), and hence considering endpoints in the
corresponding iterated integral is irrelevant. Thus, our definitions are best restricted
to convergent words. However, as divergent words will on occasion appear in our cal-
cualations, we must choose a convention for such words. We shall initially choose to
simply take the ”"true” block degree of w to be degz(w), regardless of the convergence
or divergence of w.

Definition 3.14. Define the block filtration on H, and hence Z, by

By H = (("(w)|w convergent with degg(w) < n)g

Remark 3.15. Demanding that w be convergent is vital in this definition, or else we have
issues such as (™(3) = 0 in the associated graded: as we have (™(egereg) = —2¢™(e1e),
we find that (5(eje?) = ¢5(3) = 0 in the block grading if we take deggepeieg = 0. In
order to avoid this issue, we must either take the above definition, or define block degree
at the level of iterated integrals and account for endpoints.

For example, BoH = €P,,5(¢"({2}")Q. Then, as ("({2}") € (™(2)"Q, we have
ByZ = Q[r 2].

The block filtration is particularly nice for two main reasons: it is easy to determine
for the Hoffman basis, and it is preserved by the motivic coaction.

Lemma 3.16 (Brown). The block filtration induces the level filtration on the subspace
spanned by the Hoffman motivic multiple zeta values (™(ni,...,n,), with n; € {2,3},
where the level is the number of indices equal to 3.

Proof. The word corresponding to (ni,...,n,), with n; € {2,3} of level m has exactly
m occurences of the subsequence egeg and none of eje;. Therefore, it’s block degree is
exactly m + 1. O

As level is motivic, this motivates the following proposition, due to Brown.

Proposition 3.17 (Brown). Let G‘/i\fT(Z) denote the de Rham motivic Galois group of
the category MT(Z), and let Uj\lffT(Z) denote its unipotent radical. Then B, is stable
under the action of G?\?T(Z)’ and Uj\lffr(z) acts trivially on gr?Z™. Equivalently

A(ByH C OU e zy) ® ByaH
Proof. The motivic coaction factors through Ds,1, and thus it suffices to show that

Do 1 ByH C O(UX/](%T(Z)) ® Br—1H

Suppose a9 = 0, ay+1 = 1, and ajas...an is convergent of B-degree k. It a can
then be written unqgiuely as
w =102 ...0U,
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of k alternating words v; € A. Note that, in the formula for Dg, 1, all terms with
ap = apt2r42 vanish. Thus, we can assume a, # a,42,42, and so every non-zero term on
the right hand side is convergent and of total B-degree at most k.Here, we have invoked
the following obvious lemma:

Lemma 3.18. A word w is convergent if and only if it begins in e1 and
degg(w) — |w| =0 (mod 2)

where |w| denotes the length of w.

We can furthermore conclude that

apap+1 e Clp+27«+2 g A

as any alternating word of odd length must begin and end with the same letter. Thus
ap and apyor42 are not letters in the same word v;, implying that the right hand tensor
factor of each term in the coproduct have B-degree strictly less than k. O

We get the following neat corollary, further emphasizing the block filtration as the
natural, filtration on H.

Corollary 3.19 (Brown). The block filtration on H is precisely the coradical filtration.

3.3 Block graded relations

As the block filtration is motivic, we would expect that, upon taking the associated
graded, we obtain fairly simple relations. Indeed, by simply doing the calculations, we
find that, up to weight 5, there are no non trivial relations other than duality among
convergent block graded multiple zeta values.

In light of lemma 3.16 and the main theorem of [4], one has the following theorem:

Theorem 3.20 (Brown). Every element in B, H of weight N can be written uniquely as
a Q-linear combination of motivic Hoffman elements of weight N and level at most n.

This would lead us to expect that we get the following dimensions in the associated
graded:

: mayn __
7;)dlm grpHns"t" = 1 7
Precisely, in the associated graded, we have exactly the following relations among
nonzero MZVs and we would like these to be the only relations. Any convergent zeta
values not appearing in the table become zero in the block grading.

Weight | 1 2 3 4 5
o (52 | FB)=¢"(1,2) [ ¢P(2,2) | (B(2,3) =
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Remark 3.21. We denote by ¢Z(w) the projection of (™(w) into grBH.

Remark 3.22. Note the (3(N) = 0 for all N > 3, as degg((™(N)) = n— 1, but, writing
(™(N) in the Hoffman basis, we have (™(N) € B%H.

However, if we were to have allowed divergent words in our definition, we would
obtain more relations and in fact lose linear independence of the Hoffman basis.

Example 3.23. As 2¢™(2,3) + 2¢™(3,2) = ¢(™(2,2,1), in the block graded we get
¢B(2,3) + ¢5(3,2) = 0. Thus they cannot be linearly independent. Indeed, we will
always find that the Hoffman elements are not linearly independent in odd weight in the
associated graded, as we can always write (™(2,...,2,1) as a Q-linear combination of
Hoffman elements, and degg(eieg...e1) =0, for all N > 3.

Thus, in our calculations, we no longer have that the Hoffman basis for motivic
multiple zeta values is a basis. While this doesn’t severely impact our ability to perform
calculations using the double shuffle relations, we are hampered in our use of the motivic
coaction due to the reliance on renormalisation. This is something we hope to overcome,
as (V) = 0 in the block grading, for all N > 3. This means that Brown’s algorithm for
decomposition of MZVs into a basis [5] becomes exact in the block grading.

Using that the Hoffman basis for motivic multiple zeta values is a spanning set, we
can explicitly compute the parts of the infinitesimal motivic coaction.

Lemma 3.24 (K.). If we define the block filtration without change for divergent words
w, D3 acts trivially on grPH.

Proof. 1t suffices to show this holds for the Hoffman basis for motivic multiple zeta
values. Suppose I™(0;1010...1010; 1) represents an element of the Hoffman basis. The
binary sequence then consists of alternating Os and 1s, with the occasional 00. Thus,
D3I™(0;1010...1010; 1) consists of a sum over terms whose left tensor factor is of weight
3. If we allow divergent words, all weight three elements vanish. O

3.4 Block grading with divergent words

If, instead of taking the block degree as we have defined it, we took degg®(w) :=
degp(egwer), it is possible that the issues associated with divergent words could be re-
solved. For example degz*(epe1eg) = 1 = degg®(e1€3), and so we could allow (™ (egeiep),
without (™(3) = 0 in the associated graded. This is a possibility not yet fully explored.

It does seem to resolve many of our issues though: for example degg*((™(2,...,2,1) =
1, and we have

¢™2,...,2,1) = I(0;1,0,1,...,0,1;1)
= —1"(0;0,1,0,...,1,0; 1) (Apply reversal of paths and functoriality)

i 4 A .
_ Z <11 + ) <ZT + )[‘“(0; 1, {0}t ... 1,{0}"" "1 1) (Shuffle regularisation)
i

11++74'r 7’1 "

r—1 ' '

=23 ("({2),3.{21""7)
=0
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When taking the block graded version of this, ¢? (2,...,2,1) does not get quotiented
out, preserving linear independence of these Hoffman elements. Thus we believe this to
be the correct formulation. Indeed, expression of divergent MZVs in terms of convergent
MZVs via shuffle regularisation preserves this definition of block degree.

Proposition 3.25 (K.). degg*(w) = N implies (™(w) € B, H

Proof. As degg*(w) = degg(w) for convergent words w, we need only consider divergent
words. Furthermore, duality allows us to reduce our analysis to the case were w = egu
for some word u. We first consider the case where w = egveg for some v.

Suppose w = 6861681 ...e1ey". Shuffle regularisation of the corresponding iterated

integral gives

(=1)F™(0; {0}k, 1,{0}™, ..., 1,{0}";1) =
3 (”1 + il) . <” - “>1m(0; 1 {0yt 1, {0yt )

7 1
i1+ +ir=k ! "

Fach term on the right hand side arises from inserting one of the first £ 0’s into the
sequence at some point after the first 1. Each inserted 0 either increases the number of
repetitions of 0 in the sequence by 1, or decreases the number of repetitions of 1 by 1. So
for any given insertion of 0’s, we can increase the block degree of (1,{0}™,...,1,{0}")
by at most k. Thus, the adjusted B-degree of every term on the right hand side is at
most degp(1, {0}, ...,1,{0}") + k = degg*(w). Thus the result is shown for words
starting and ending with eq.

For words w = egve;, we have degg*(w) = degg(w) + 2. Applying shuffle regularisa-
tion to the corresponding iterated integral, we can split the sum into two parts:

(=1)F™(0; {0}k, 1,{0}™,... 1;1) =
Z (nl + il) o (nr + ir) Im(o; 17 {O}nﬁ_ilv e 17 {O}nrl—i_”_l? 17 {O}ir; 1)+

1 1
i1t tir=k,ir>1 1 r

2. (nl N ll) B <m_i ’ ZT_1>I‘“(0; LAOY™H LT {0y 1)

i1+ tip—1=k " r=t
As argued before, all terms in the first line have adjusted B-degree at most
degg(1, {0} . 1,{0}"1 T 1) + k — 1 < degg*(w)

Terms in the second line are still divergent, with adjusted B-degree at most degg®(w).
Applying duality and shuffle regularisation once more, we see that degg*(w) is an upper
bound for the B-degree of all convergent terms on the right hand side, proving the
claim. O

This proof also highlights a few interesting facts about shuffle regularisation in the
associated graded.
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Corollary 3.26 (K.). For a word w beginning with eg, all terms ¢B(n1,...,n,) ap-
pearing on the right hand side of the equality (B(w) = ... have that #{iln; = 1} =
number of e1e1 subsequences in w as a common constant.

Proof. 1f we have a term on the right hand side corresponding the iterated integral arising
from insertion of 0’s between two adjacent 1’s, it will have strictly lower block degree, as
degg(eb™erer) =i+ 1, but degg(egereher) =i — 1, so we “lose” two repetitions. Thus,
terms where adjacent 1’s are separated drop out in the associated graded. O

Corollary 3.27 (K.). In the shuffle regularisation of (B(ny,...,n._1,1), all terms
¢B(my,...,my) have #{ilm; = 1} as a common constant, which is equal to ny + --- +
Ny_1+1—2r.

Extending our table of relations from the previous section to include relations fea-
turing divergent zeta values, we find the following, where we again omit any elements
equal to O:

Weight | 1 2 3 4

7 | (Pleger) = —CP(2) | (Pleperen) = —2¢5(3) | ¢B(e + 0%ereq) = 3¢5 (4)

¢5(2,1) = 2¢5(3) (B (eoereq) = —3¢P(4)

¢Beoeier) = —2¢5(1,3)
CB(?’? 1) = _2CB(173)

¢Bleoereer) = 4¢5(1,3)
CB(L 2, 1) = _348(4)
CB(Qv L, 1) = 366(4)

We have omitted the weight 5 relations for sake of brevity. We find simply that every
value is 0, or a linear combination of ¢%(2,3) and ¢5(3,2).

Note that, in this formulation, we have (B(egeieg) = —2¢5(3) is non-zero, so our
proof that Djs is trivial on all elements of gr3H no longer holds, as weight three is now
non-zero. We will instead move from #H to A = #/¢{™(2), in which A is a true coproduct
rather than a coaction. Much work is needed to be done here, but a successful theory of
block graded renormalised MZVs has the potential to be quite powerful. And it appears
that this is the correct choice of extension of the block filtration to divergent MZVs, as
it is motivic. We first show the following.

Proposition 3.28 (K.). Defining B,H = ((™(w)|degg*(w) < n)q, this extended block

filtration is motivic:
n—1

ABH C Y ByH @ By i H
k=1
Proof. Consider I™(0;w; 1), w a word in {0, 1} such that degg™(w) < n. We wish to show
that every term of AI™(0;w;1) is in ByH @ B,_pH, for some 1 < k < n. Proposition
3.17 shows this for w convergent, so we need only consider the case of divergent w.
Furthermore, as duality preserves block degree, we may assume
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I™(0;w31) = I™(0; {0} vr, ., i 1)

where v; are alternating.
We once again consider the infinitesimal actions Do,11. All non-zero terms in
Dog1(I™(0;{0}™v1,...,v,; 1) will be of the form

I°(0; {0}°u; 1) @ I™(0; {0} 1v; 1) for s+t =m s > 1
or

I%(0;y;1) @ I™(0; {0}, w2; 1)

where w = {0} ulv in the first case and w = {0} zyz in the latter. In the second case,
one can see that the result holds by following the arguments of Proposition 3.17. In the
first case, we must do slightly more work.
Note that
degg* (w) = degg({0}"ulvl) = m + degy(ulvl)

and that

degi"({0}°u) = 5 + deg(w1)
degg*({0}'1v) =t + degg(1v1)

Thus deg*({0}5u) + degg* ({0} 1v) = m + degg(wl) + degg(lvl). We see that
degg(ua) + degg(av) = degg(uav)

for u,v words in {0,1}, and a € {0,1}, as this overlapped concatenation can neither
create nor destroy subsequences of the form #i. Finally, we note that, if degg*({0}*u)=
0, we must have s = 0, which puts us into the second case. Thus, the extended block
filtration is motivic. O

We can in fact show the following, stronger, statement quite easily.

Theorem 3.29 (K.). The motivic coproduct is graded for the extended block filtration:

AgiBACEP-1gfA® gf A
k=1

Proof. Consider I%(0;w;1), w a word in {0, 1} such that degg*(w) = n. Then we can
decompose Owl = b1by ... b, into alternating blocks, and consider the action of Doyt
on I%(by...bpy1). All terms in Doy y11%(by ... bpt1) will be of the form

]a(:l,‘; b;;/bi_;,_l e b§+j; y) & Ia(bl N bi—lbgmyb;;jbi—i-j—&-l . bn+1)
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for some 1 <i < n+ 1, where b; = bjab!, b ; = b’-+jyb;’+j. For the left hand term to be

7
non-zero, we must have x # y, and so we see

degp(zbibit1 ... by y) =

//

degg(by ... Uiyl ;.. .bpp1 =n—j

by counting the blocks. Then, as we included the endpoints in our calculations, we get
that the total extended block degree of any term in the coproduct is n. ]

Knowing that the motivic coproduct is block graded, we can then use it to describe
relations among block graded MZVs. Define

AB = @ arf A
n=1

and let £ := A5/ AB A8 be the Lie coalgebra of indecomposables. Its dual, which we
shall denote by bg, encodes all relations among block graded MZVs modulo (™(2) and
products. We expect it to be Lie algebra with a unique generator in every odd weight,
similar to Is, however we expect here that it will be a free Lie algebra.

As the coproduct on AP is precisely the motivic coproduct, the dual product on Ubg
will be the block-graded Thara product.

Lemma 3.30 (K.). The block graded IThara product is given by

k
B _no neg __ 7o n; s
wo” eyler...erey = E (1 = duwy e00n;,0)€0%€1 - - - €4 wey . .. e1eg

=0
k—1

n g 41 n

+ E (1 = Ouwy,e00niii,0)e0%€1 - - eg erwey ™ .. ereg”
—

(2

*

where w = wy ... wp, w* = (=1)"w, ... w1, and d,p =1 if a = b and 0 otherwise.

Proof. Expanding the recursive definition of the Thara product we get
k k—1
woeller...erept = E egler...eqiwer ... e1ept + g egler ... eqierwey L erep”
i=0 i=0

. . . no n; nE 0o ng MNi41 Nk
in which every term is of the form ej%eq ... ey weq ... e1ep* orepler ... eglerwey ™ .. erey”.
Considering the first form, and assuming n; # 0, we have

Nk

degp(ep - eper ... eqiwer ... ere* - er) = deggleq - epler . ..ef) + degg(eower) + degg(er ... erep* - e1)

= degg(eqwer) + degp(ep - eper ... ejter...ere* - e1)
using degg(uxv) = degg(ux) + degg(xv) for a letter x. Thus

degp®(eg - ep’er ... eqiwer ... ere* - e1) = degg®(w) + degg™(efer ... epler ... e1ep)
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Now, if n; = 0, we instead get

degg(ep - eper ... etwey ... erep” - e1) = degg(eg - eger ... e1) + degg(ejwer) + degg(er ... erep* - e1)
= degg(e1wer) + degg(eo - egler ... ere1...e1ep* - e1) — 1

Then

degp(eower) +1 if wy = e

degg(ejwe;) = 5( ) ]

degg(epwer) — 1 if wy = e
Thus the extended degree of such terms is degg*(w) + degg*(ef%e1...ep'er ... e1ep*)
unless w1 = eg and n; = 0. Hence, we can block grade by introducing these (1 —
Ow; e00n;,0) factors. Similar analysis gives the  factors in the second sum.

O

As generators of bg, we choose generating series of weight 2k + 1, block degree 1
Hoffman elements.

Definition 3.31. Define poi11 as the block grading of one of the following, after rescaling
by 1/¢™(2k + 1):

k-1

P2k+1 = Z C™M({2).3, {2} 1) (ere) ereg (ereg)
i=0

k
Pok1 = o1 ({23, {21 ) mi

i=1
k—1 ‘ A
DPok41 = Z Cm({2}z’ 3, {2}k—1—z)x21+2y2k—2@—1
i=0

Note that the first two definitions are equivalent by our standard transition between
commutative and noncommutative polynomials. The third is more like the work of
Zagier [33]. Indeed, we can use his work to express the third definition more concisely.

Lemma 3.32 (K.).

pass = (D [yl + )% 4 (0= )% = 22 — (1= et 9 — (o= )

Proof. From theorem 1 of [33], we have that, modulo (™(2)

(21,3, (2)1) = 2x (-t (B o (M

- ™(2a-+2b
2a+2 22a+2b+2 Qb—|— 1 >:|C ( at +3)

Filling this into our definition of pox11 and simplifying, we get the desired polynomial.
O
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4 Further Work and Conjectures

4.1 Some partial results on duality

As it is conjectured that the double shuffle equations describe all non-trivial relations
among multiple zeta values, in particular the duality arising from symmetry of P! \ {0,1, oo},
we considered various methods of deriving duality as a consequence of the double shuffle
relations. Some progress has been made towards this [23][24], but is restricted to sums of
zeta values or low depths, or invokes the so-called ‘derivation’ relations [22] as a stepping
stone.

Our approach, while ultimately incomplete, instead considers elements of dmvg, and
attempts to show duality holds here. We first observe that

Q<a> b> = QD<a7 b> @ Q_D<a7 b>

where

Q{a,b) := {¢ € Q(a,b)|D¢ = ¢}
Q(a,b) := {¢ € Q(a,b)|D¢ = —¢}

If we assume Domry C dmrg, then 0mrg splits similarly. Indeed, as the double shuffle
equations are motivic, one expects this to be the case [30]. Hence, it would suffice to
show that no non-zero ¢ € omry satisfied D¢ = —¢. Suppose such a ¢ exists: we may
suppose, without loss of generality, that it is homogeneous of weight N.

If N = 2k, the depth k& component of ¢ must be 0. We can similarly show that, for
N = 2k + 1, the depth k& component of ¢ must be zero. Hence the problem of duality
is reduced to the existence of solutions to the linearised double shuffle equations of high
depth relative to weight.

Here, by applying techniques similar to those of [21], we found limited success, with
certain parity constraints being necessary, invoking the depth-parity theorem as an initial
step. We will loosely sketch the idea, but will not fill in the details, as much of the proof
is dependent on choice of n.

Sketch. Start by defining a right action of GL,(Q) on Q[z1,...,z,] by

(fls)(x) = fzS™)

Next define R := J — (n — 1)I, where J is the matrix with 1 in each entry. Letting
g := f|r, we note that f solving the linearised double shuffle equations is equivalent to
g solving slightly modified versions. In particular, the equations solved by g imply that
g is invariant under the action of two subgroups W, W’ < GL,(Q). If we can show that
(W, W') contains a subgroup I of finite index in GL,(Q), we can apply [21] Proposition
8 to conclude that g, and hence f is constant. From here, it is easy to conclude that f
is 0.

There is also potential to utilise the motivic coaction, and possibly Brown’s algorithm
for decomposition of motivic MZVs into a given basis [4], to prove the duality relation.

42



Lemma 4.1 (K.). The duality operator D commutes with the infinitesimal coaction
operators Doy 1.

Proof.

D,DI™(0;aq,...,ap;1) = Dp.(=1)"I™(0; 1 — ap,...,1 —ag;1)

n—r
= Z(—l)”la(l —ap—p;l—ap—p-1,...;. 1 —ap_pr;l —an_p_r_1)

~os

=0
@I™(0;1—ap,...,1 —ap—p, 1 —apn—pr_1,...,1 —ag;1)

n—r

=D®D Z I"(1 = ap—p;an—pr,--s@np-1;1 —an—p_rp_1) @I™(0;a1,...,0n—p—r—1,0n—p, - - -

p=0
n—r

=D ®DZIG(1 = Aptr 413 Apt1s -5 Oppri L — ap) @ I(05 a1, ..o, Gpy Qprtts -, A3 1)
p=0

Then noting that a, = apyry1 & 1 —ap = 1 — apir41, the only non-zero terms in
D, I™(0;a1,...,an;1) or D,DI™(0;ay,...,an;1) are those with a, = 1 — apyr41. Thus
we have

D, DI™(0;a1,...,an;1) =D DD, I™(0;a1,...,an;1)

Corollary 4.2. D{™(N) = c(™(N) for some c € Q.

Proof. Suppose we have some o € Hy such that D.yo = 0. Such a ¢ always exists as

a consequence of the double shuffle relations. Thus o = a(™(N).Furthermore, we can

choose o so that o # 0. D commutes with Dy and so D-yDo = 0. Hence we have
aD(™(N) = Do = S¢™(N)

for some 8 € Q. The result follows. O

However, this method only serves to restrict the dimension of the vector spaces of
weight N. Fixing the coefficient requires more machinery.

4.2 On the coefficients of a rational associator

As the double shuffle equations are defined over the integers, we can consider their
reduction modulo primes to gain some information about the complexity of its coeffi-
cients.Continuing our slight abuse of notation, we shall refer to every depth of a solution
as ®, as the depth can be inferred from the number of variables.

Theorem 4.3 (K.). There are no non-trivial solutions to the shuffle equation modulo
p, p prime.
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Proof. Suppose ® sovles the shuffle equations. Then, for any k£ > 1, we have

q)(ml,lv 1131727 ey xl,k)®(£2,l7 .%'2’2, s 71:2,]6) T q)(a:.p,la xp,27 s 7xp,k)

= <I>u(:c171 T WL T W WXy X )

where ® is as defined previously.
The right hand side will split as a sum as follows

p
Z(I)h(wi’l(le...kaLLl-"LLle'g...:lZg’kLLI---LLprJ...CCp’k))
=1
so upon setting x1; = w2 = --- = 1, ; = x; for each 1 < j < k, we find
p
@(xl,,wk)pzztﬁh(wl(wlwkl_uI_Llccgackl_l_lLl.l:z:la:k))
=1

= p® (@) (Ty.. . xp W@y .. oy X ... xy))
as the shuffle product is commutative. Thus, we have
O(x1,...,2,)” =0 mod p

and hence
®(x1,...,2,) =0 mod p

for every k > 1. O
Corollary 4.4. There are no non-trivial integer solutions to the shuffle equation.

Proof. By the above theorem, if an integer solution exists, the coefficients of all terms
of positive degree must be divisible by p, for every prime p. Clearly this is impossible
unless all terms of positive degree vanish. O

Corollary 4.5. In any ® coming from a rational A-associator, A # 0, every prime must
appear in the denominator of a coefficient of ®(x1,...,xy) for some k > 1. That is to
say, the denominators of coefficients are, in some sense, arbitrarily complicated.

Proof. Suppose otherwise: that for some prime p, every coefficient in ® is an element
of Z,. As the associator equations imply the shuffle equation, the above argument still
holds, and so we get that ® is trivial mod p. But, it is known that the coefficient of x
in ®(z) must be % [13]. Thus, ® cannot be trivial mod p for any p > 2, and since 2|24,
the result follows. ]

We believe these ideas could be further refined to give more precise results on the
growth of coefficients, however, as this is not in line with our current goals, it shall
remain an interesting observation.
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4.3 Relations and obstructions from period polynomials

One of the challenges in defining canonical o elements, and in working with [s is the
existence of relations between o elements in low depth, such as Ihara’s relation

3{05,07} = {03, 09} modulo depths >4

However, we can explicitly describe all quadratic relations, as they all arise from
period polynomials [17], [26].
Our map p: Q(a,b) — @2, Qyo, - - -, Yn] descends to a map

p:ls — @Q[yo,...,yn] — @Q[ml,...,xn]
n=1 n=1
The Thara bracket gives a map

{-, } i ls1 Alsy — lsg
which on application of p gives a map

Dy ANDy — Dy

where D; is the Q-vector space of even polynomials in ¢ variables. We find that D1 A Dy
is isomorphic to the space of antisymmetric even polynomials p(x1,x2). The image of
p(x1, 2) under the induced map is

p(x1, x2) + p(r2 — 21, —21) + p(—22, 1 — T2)

Recalling Definition 2.37, we conclude that the kernel of this map is isomorphic to
S. In fact, one can show relatively easily that the following sequence is exact:

0—+S—>Di1ADy — Dy —0

Example 4.6. The smallest non-trivial period polynomial, arising from the cusp form
of weight 12, is given by s12 = X8Y? — 3X6Y* 4+ 3X4Y% — X2Y®. From the short exact
sequence, and the isomorphism p, we can immediately see Thara’s relation:

3{55,5’7} - {5’3, 5’9} =0

Using the map [s — Der®L(a,b) that sends Go,41 to €342, We can apply Pollack’s
work to describe all such quadratic relations and their connection to modular forms.

Definition 4.7. For f a cusp form of weight n, define the period polynomial of f to be

re(X,Y) =) ap(k) X" RYR = /om FO)(X = 7Y)"2dr
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In [32], Zagier extends this definition to all modular forms. Denote by

1
rf = S rp(XY) 4 (X, -Y)

the even degree part of ry. This is an element of S. In his thesis, Pollack shows the
following, as a special case of his main theorem.

Theorem 4.8. For n a fixed positive even integer
> Bale. el =0
p+q=n+2
if and only if there exists a modular form f of weight n such that
rHX,Y) =Y ptg=n+28(p,q)(XP2YI7 - X1 2yP2)
This gives us a way of generating relations, in fact all quadratic relations, among the
O2n+1-

Example 4.9. The relation
2{03,013} — 7{05,011} + 11{d7,09} =0
arises from the cusp form of weight 16, with even period polynomial
2(X%Y"? — XPY?) — 7(X Y0 - X0V 4 11(X %Y — XPYO)
Modular forms and period polynomials also play a role in defining exceptional gen-
erators. The map

e:S—1Is

defines elements ey € [s that in some sense describe the failure of relations in [s to hold
in omvy. For example

3{os,07} — {03,009} € Qes

for f the cusp form of weight 12. Thus, these exceptional elements become vital in
computation of the dimension of solution spaces to the double shuffle equations. In fact,
we have that the Conjecture 2.38 is equivalent to showing that e(S) C 0g, which was
verified by Brown up to weight 20, and that the Lie subalgebra of dg generated by the
elements ad®"(a)(b) and e; has the homology described in Conjecture 2.38.
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4.4 Analytic continuation methods

While not truly featuring in this work, it would be unsatisfactory to discuss the possibility
of a rational associator without briefly commenting on some wholly analytic techniques
that may be attempted. Single zeta values have, in some sense, an additional ”structure”,
in that they arise as special points of the Riemann (-function. But by considering the
¢ function at negative integers, we get rational numbers, satisfying the same (known)
relations. Thus, {(—n) makes an excellent candidate for the coefficient of z1z0 ! in a
rational associator ®. If one could extend multiple zeta values to the negative integers,
in such a way as to satisfy both shuffle and stuffle relations, this would define a rational
associator. However, current analytic continuations seem to only satisfy stuffle [28], but
not shuffle. Thus, we cannot currently exploit this technique.

One possible method we believe to have potential is to invoke Hurwitz multiple zeta
functions

1
C(817327"'7S/€;G) = Z S1,.82 Sk

1 Sk
oo =0 M1 2" (nk +a)

By considering derivatives with respect to a, one can renormalise a divergent value of
the Hurwitz zeta function as a convergent sum of convergent values, and hence continue,
analytically, the zeta function to the negative integers.

Example 4.10. We have g—g(s; a) = —s((s+ 1;a) and in general

"¢

Sar —(s;a) = (=1)"(s)nl(s + n;a)

where (s)y, := s(s+1)(s+2)(---)(s+n—1) is a rising Pochhammer symbol. Thus, upon
Taylor expanding ((s;a) around a = 1, we get

(s:a) _a—s+z ()a(s +m)

and hence

_1+Z C(s+mn)

allowing us to push convergence into the left half-plane.

To the best of the author’s knowledge, this has not been examined thoroughly, bar
by [28], and may merit further study.
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