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Introduction

This thesis aims to discuss and expand upon a collection of interelated problems in number
theory, all tying to the theory of multiple zeta values and Drinfel’d associators. Multiple zeta
values provide a generalisation of the Riemann zeta function to multiple variables. Where
questions of algebraic independence of values of the Riemann zeta function at integer values
seem intractable, multiple zeta values have a rich algebraic structure. One interesting question
in modern number theory is to describe explicitly this structure, giving all relations among
multiple zeta values and describing the Hilbert Poincaré series of their graded Q-span.

There are several equations describing relations among multiple zeta values, conjecturally
describing all relations. The most interesting of these are Drinfel’d’s associator equations: func-
tional equations among power series in two non-commuting variables, with solution given by
the generating series for multiple zeta values [15]. This adds an extra layer of interest to the
study of multiple zeta values: it is known that there is a solution to the associator equations
with rational coefficients. Knowing such an object explicitly would be an extremely powerful
computational tool: it has applications in the theory of knot invariants [2], the construction of
quasitriangular quasi-Hopf algebras, along with providing a tool for decomposition of multiple
zeta values into a given basis [6].This is where this thesis begins: can we find a rational asso-
ciator, using multiple zeta values as a model for the coefficients? While we do not answer this
question, it provides a start point for fruitful research.

Solving the associator equations directly proves quite challenging, so we turn to the second
set of equations describing relations among multiple zeta values: the double shuffle equations.
Arising naturally from the definition of multiple zeta values, these equations are much simpler,
and are implied by the associator equations [19]. Conjecturally, they describe all relations among
multiple zeta values, and are thus equivalent to the associator equations. Furthermore, they can
easily be considered modulo products, or certain filtrations, allowing us to find relations among
“graded” multiple zeta values, which can hopefully be lifted to true relations, reducing the
problem of finding rational solutions to the double shuffle equations to that of finding rational
solutions modulo products, or a filtration. Indeed, one can reduce many problems about the
dimension of the vector space spanned by multiple zeta values to problems about these simplified
spaces [7].

In solving these problems, we gain an additional geometric structure: multiple zeta values
and the associator equations can by found in the geometry of P!\ {0,1,00}. By exploiting this
geometric origin, we can produce a motivic Galois group with an action on (motivic) multiple
zeta values, preserving relations. Thus, this Galois group has an action on (motivic) solutions
to the associator and double shuffle equations, which we can exploit in order to attempt to find
rational solutions, or to bound the dimension of certain spaces.

This is an incredibly rich and multifaceted problem, and as such, we must summarise it as
best we can. The structure of this thesis will be as follows: In section one, we will condense the
necessary background material. We first introduce multiple zeta values and their combinatorics,
as these play a vital role in describing the object of interest: Drinfel’d associators. These formal
power series satisfy certain equations and are used in the construction of quasitriangular quasi-
Hopf algebras. However, they are quite mysterious: only a few examples are known explicitly,
and all arise from other areas of mathematics, such as conformal field theory and knot theory.
Thus, instead of studying associators directly, we study the Lie group DMRg of solutions to the
double shuffle equations, allowing us to use the machinery of the motivic Galois group and its
ties to P\ {0,1, 00}.

In section two, we consider the Lie algebra dmry associated to DMRg, and the equations
describing it: the double shuffle equations modulo products. This Lie algebra contains a Lie
algebra called the motivic Lie algebra, which contains Lie algebraic analogues of associators. It
is a free Lie algebra with generators in every odd degree greater than 1, which act on the space



of associators, allowing us to produce infinitely many rational associators given one. However,
these generators do not have canonical representations, so we discuss methods used to make
them canonical: a Gram-Schmidt procedure using inner products, an approach using “polar”
solutions, etc. We also briefly consider the linearised double shuffle equations, which describe
elements of the associated graded of the motivic Lie algebra, with respect to the depth filtration.

In section three, we introduce some of Brown’s motivic machinery: defining motivic multiple
zeta values and the motivic coaction. This coaction preserves a filtration - the block filtration
- of multiple zeta values, arising from a decomposition due to Charlton. This filtration can
be shown to agree with the coradical filtration. We consider the associated graded algebra
with respect to this filtration, and attempt to describe all relations in this algebra. The dual
Lie algebra is shown to be isomorphic to the motivic Lie algebra, however this block graded
Lie algebra has a canonical presentation as a subalgebra of Q(eg, e1), suggesting that many of
these graded relations should lift to families of relations in among motivic multiple zeta values.
In section four, we consider the relationship between the relations satisfied by block graded
multiple zeta values, and block graded double shuffle relations.

In section five, we consider the lift of a particular family of block graded relations, soon
to appear in work due to Hirose and Sato. We reformulate this in terms of primitivity with
respect to a coproduct, and use an explicit isomorphism between the shuffle algebra and the
block shuffle algebra to establish yet another family of relations.

Finally, in section six, we consider solutions to the double shuffle equations over fields of
finite characteristic, and use this to establish the non-existence of integer and p-adically integral
solutions to the shuffle equations. We can then use this to obtain lower bounds on the p-adic
valuation of any p-adic or rational solution.



1 Drinfel’d Associators and the Geometry of P!\ {0, 1,00}

1.1 Multiple zeta values and iterated integrals

The field of study surrounding multiple zeta values is deep, wide and sprawling. One cannot
hope to give a comprehensive survey of the current state of affairs within the confines of this
thesis, and thus we limit ourselves to a brief overview of the bare necessities. For further details,
the author recommends [25] or [33] for a more expository recap.

Definition 1.1. For a sequence of integers (s1,...,s,) with s; > 1 and s, > 2, we define the
corresponding multiple zeta value by
. 1

0<ni<na<...<np

To a multiple zeta value (often abbreviated MZV), we can associate two quantities: weight and
depth. The weight of ((s1,...,s,) is defined to be s1 + s + -+ - + s,, and the depth is defined
to be r

Let Z be the Q-vector space Q & (((s1,...,S,))g spanned by multiple zeta values. We can
endow this with the structure of an algebra using the stuffle relations among MZVs, arising
from splitting the summation obtained in the product.

Example 1.2.

(@) =3

m>1n>1

PO o
- m2n3 m2n3 nd
m<n<1 n<m<1 >1

— ((2,3) +C(3,2) +((5)

Generalising this example, we see that any product of multiple zeta values lies in Z. We
make this precise as follows

Definition 1.3. Denote a sequence of positive integers (i1, ...,ix) by the product i, yi, - . . ¥i,
in noncommuting formal variables yi,%2,.... Denote the empty sequence by 1. Given two
sequences of integers, y;, ...y;, and yj, ...y;,, we recursively define their stuffle product as the
formal sum obtained from

1*yi1 Y = Yig ---yir*l =Yy -+ - Yi,
Yiy - Yir * Yjy - Yjg = Yir Wi - Yir % Yjr -+ Yig)
+ yj1(yi1 s Yin X Yjg - 'yjq)
+ Yir+5 (yiz - Yie X Yja - 'yjq)
Then, define ((yi, ...y, ) := ((i1,...,ir) and extend ¢ by linearity to find:

Proposition 1.4.

CWir -+ Yi )SWigy -+ Yig) = C(Wiy -+ Yir * Yy -+ Yjy)

Thus we obtain one algebra structure on MZVs. However, it is not the only such structure.
We obtain another product on Z by considering the iterated integral representation of MZVs,
an idea going back to Chen [11].



Definition 1.5. Let M be a connected differentiable manifold, and let P(M) be the set of all
paths in M. To be precise, define

«P(M)y :={v:[0,1] = M|y piecewise continuous with y(0) =z, v(1) =y}

and
P(M) = Ux’yeM IP(M)y
Then, given smooth k-valued 1-forms wi,ws,...,w, on M, we define the iterated integral of
w1,ws,...,w, to be the function
/wl,wg,...,wr :P(M) =k
Y = /w1w2,...wr
¥
given by

/w17w27"'5w’r:/ fl(t]_)fr(tr)dt]_dtr
¥ 0<t1 <...<ty<1

where f;(t)dt := v*w;. We view the constant function 1 as an empty iterated integral.

Remark 1.6. In this thesis, we perform iterated integrals from left to right. It is equally
valid, and quite common to work from right to left. Indeed, it is down to the author’s personal
preference. Similar differences may be found in the definitions of multiple zeta values. Thus,
the reader should not worry if another discussion seems at odds with this one

Multiple zeta values may be obtained as iterated integrals on P!\ {0, 1, 00} as follows

Definition 1.7. Define the 1-form p
z

zZ—1

Wy =

for i = 0, 1 Then for any binary sequence of the form w = 10%17110%2711...10% !, define the

differential form

Wy = wlwgl_l .. .wlwg’“_l

Remark 1.8. Similarly to order of integration in iterated integrals, and order of summation in
MZVs, the is no standard convention for these w;. It is quite common to have this defined as

dz

1 — 2

Wy ‘=

However, the definition given should be consistent with all notions introduced later in this
thesis.

Proposition 1.9. For a binary sequence of the form w = 1017110%2711...10° !, we obtain
upon evaluation of the iterated integral of wy, along the straight line path between 0 and 1

R

Remark 1.10. The reader should note that it is common here to introduce the idea of tangential
basepoints. While this does not particularly alter the analysis, use of tangential basepoints
preserves algebraic information that is necessary in the motivic setting. For more detail, we
refer the reader to the work of Deligne [13].



Example 1.11. Let w := 100, then the iterated integral of w,, is given by
/ /1 /z/ dz dydx
wWiwowop =
oJo Jo z=1ly =z
Lo dy dx
= — Zd
WA
_ / /m Y )dﬁ
N z+ 1 dy T
- / Z (i+1)2
=— — = —((3
; (i + 1)3 B

Now, by considering the product of two multiple zeta values as iterated integrals, and
splitting the domain of integration, we obtain another algebra structure on Z.

Example 1.12.

dz dydz dt ds
2@ = [ A
0<z<y<z<1 L =2 ¥ T Jo<i<s<i 1-ts

/ dz dydz dt ds

O<t<s<e<y<a<1 1 —2 Yy = 1—1s

=3((2,3) 4+ ((3,2) +6¢(1,4)

To make this precise, we consider ¢ as a function on e;Q(eg, e1)eq, a sub-vector space of the
polynomial algebra in two non-commuting variables as follows:

C(elegl_lel . eleSTfl) =((81,---,8r)

and extending by linearity. We call monomials in this vector space convergent words, and
monomials not in this subspace divergent.

Definition 1.13. Given two elements of Q(eq, e1), define their shuffle product recursively by

1wy =uil =u

rulllyy = z(ullyv) + y(zullv)
where u, v are monomials in eg, e1, and z,y € {eg, e1}.

Proposition 1.14. For any monomials u,v in e1Q{ep, e1)ep, we have

¢(utb) = ¢(u)¢(v)

Thus we gain a double algebra structure on Z, in which we additionally obtain the following
relation, arising from the involution of P!\ {0, 1,00} that interchanges 0 and 1.



Proposition 1.15. Let D : Q(ep, e1) — Q(ep, e1) be the anithomomorphism mapping e; — e1_;.
Then we have ((w) = {(Dw) for all w € e1Q{eq, e1)eq.

One might feel that restricting ourselves to the sub-vector space e;Q(eq, e1)eq is quite lim-
iting, and this is to some extent true. Fortunately, there exist regularisation procedures, one
compatible with the shuffle algebra structure and one compatible with the stuffle algebra struc-
ture, which allow us to extend ¢ to a function on all of Q(eg, e1) [27]. Indeed, these regularised
MZVs prove critical in providing sufficient relations for conjectured dimensions of the various
weight spaces of Z to hold.

We now mention a few standard conjectures in the theory of MZVs.

Conjecture 1.16. Z is weight graded: defining Z,, := (((s1,...,sr)[s1 + -+ + s, = n)g, we

have
o0
z=(Pz,
n=0

where we take (@) = 1.

Conjecture 1.17. The weight graded pieces of Z have dimensions given by the generating
series

1
ZdlmZt 12 i

Conjecture 1.18. All relations among multiple zeta values can be obtained from the shuffle
and stuffle relations, alongside the Hoffman relation:

Cle1wu —ep xu) =0

for all convergent u.

1.2 Drinfel’d associators and the KZ equations

In his 1990 work [15] Drinfel’d introduced the idea of an associator, a power series in two
non-commuting variables.

Definition 1.19. Let k£ be a field of characteristic 0 and A # 0 € k. A A-associator over a k is
an element ® € k((ep, e1)) that is grouplike for the continuous coproduct

Ale))=e,R1+1®e;
and satisfies the pentagon and hexagon equations

O (t12, ta3 + toa)P(t13 + tos, t3a) = D(tas, t34)P(t12 + t13, t2a + t34) P (t12, t23)

+Xe Ae Ae
xp( 0)<I>(eoo,eo)exp(:I:Too)q)(el,eoo)exp(i71)<1>(eo,el) =1
where eo, = —eg — e1 and the t;; are the infinitesimal braid variables, satisfying the following:
ti =
tij = tji

[tij, tw] = 0 if i, j, k, 1 distinct
[tij tix + tjx] = 0if i, j, k distinct

Together, we refer to these equations as the associator equations.



Interestingly, the hexagon equations are, to some extent, unnecessary, as shown by Furusho
[18].

Theorem 1.20 (Furusho). Let ® be a grouplike power series in two non commuting variables,
satisfying Drinfel’d’s pentagon equation. Then there is a unique X\, depending only on the
coefficient of the degree 2 terms, such that the pair (A, ®) satisfy the hexagon equations.

While arising originally from the study of quasi-Hopf algebras and braided monoidal cat-
egories, associators have since sparked interest in many areas of mathematics, including knot
invariants [2], quantum field theory and deformation-quantisation[28], and number theory. In
particular, the ties between associators and the Grothendieck-Teichmiiller group has drawn
much interest.

The Grothendieck-Teichmiiller group is quite an important object in algebra, acting on a
range of objects in various fields. It exists in three versions: a profinite version, a pro-l version
and a pro-unipotent version. The first two are of interest, as the action of the absolute Galois
group factors through them, while the latter arises in homological algebra and motivic contexts.
It is this last version that appears in the discussion of associators.

Definition 1.21. Define the Grothendieck-Teichmiiller group GT to be the affine group scheme
over QQ, whose k points are given by pairs (A, f) in k% x k((x,y)) such that

Af = fof
f(y7m) = f(xvy)il
f(z’x)z%f(y,z)y%f(x,y)m% =1
f(@12, w23w04) f (213223, T34) = [ (w23, ¥34) f (212713, T24w34) f (212, T23)

where xyz = 1 and x;; are elements of the pure braid group, and A is the completed coproduct
for which x,y are primitive. We endow this with a group structure as follows

) - X )@ y) = O flay) /@ F )

Remark 1.22. The coefficient of ege; in f nearly determines A. To be precise, the coefficient
is g‘—z.

GT acts on the space of associators on the left. We get a similar action on the right by the
space of ‘O-associators’,which we call the graded Grothendieck-Teichmiiller group GRT. To be
precise GRT is the space of power series ® € k{(eq, e1)) solving the equations of Definition 1.19
with A = 0, and GRT := £* x GRT; with p - ®(eg, 1) := ®(ueo, per), with product defined by

P - (I),(e(), e1) = (I),(eo, 61)‘1’(60, (13/7161(1)/)

One can show [15] that the space of associators is a GT-GRT torsor, and hence GT=GRT.
Thus, by studying associators, in particular O-associators, we can gain information about GT.

One of the first questions one might have about the space of associators is whether it is
empty? It is far from obvious that a solution to the associator equations exists for any A.
Drinfeld in fact showed a solution existed and constructed it explicity [15] from the monodromy
of the Knizhnik Zamolodchikov equations.

Theorem 1.23 (Drinfel’d). There exists a solution to the associator equations whose coefficients
are given by multiple zeta values

O(e,er) = Y, (—DI(w)w

we(eo,e1)



This adds a further layer of number theoretical interest to the problem of associators, as
multiple zeta values are now constrained by the associator equations, giving relations between
them. It is in fact conjectured that they describe all non trivial relations between multiple
zeta values. However, the associator equations are notoriously challenging, and so the following
corollary becomes tremendously useful in describing potential relations among multiple zeta
values.

Corollary 1.24. There exists an associator with coefficients in Q.

We will only give the barest of sketches of a proof of this corollary. Should the reader be
interested, we recommend either Drinfel’d original work [15], or, if the reader is comfortable
with braid theoretic language, Bar-Natan’s constructive proof [2].

Sketch. It is known that GRT = G, x U, for U a prounipotent group. Hence, GRT has
trivial Galois cohomology, and any torsor over GRT must also be trivial. Thus, if the space
of associators is non-empty over any field containing Q. it is non empty over Q. We have a
C-associator, and therefore there exist QQ-associators.

We also sketch the proof of the theorem, based on the discussion of [31].

Definition 1.25. The Knizhnik Zamolodchikov equations are a system of differential equations

8¢ tij
=)~
8.%‘1‘ ; Xy — .%'j

where ¢;; are defined as above.
Sketch. The connection on M4 arising from the KZ equations is given by

dz
z—1

d
Vzd—tm;—t%

Define ®(t19,t23) to be the holonomy of this connection from z = 0 to z = 1. We again should
consider tangential basepoints here, but we shall gloss over this technicality. Using standard
techniques, we compute the holonomy to be

dtq
t1—1

dt dt dt dt
+/ (tlgfl-f-tzg ! )(--')(t127n+t23 n )+...)tt12
0<t1 <. <tn<1 1 t1—1 tn tn — 1

1
. dt
D (t12,t13) = %1_{%15 f2s (1 / tthTl + to3 +...
0

00 To see that this solves the associator equations, we simply con-
sider the holonomy along various paths. For example, the hexagon
equations follows from computing the holonomy along the illustrated
cycle.

The pentagon equation follows similarly, by integration along a
closed curve in M5, illustrated below. Then explicitly calculating
0 1 the integrals gives our result.

This project begins in searching for an explicit canonical rational associator. We know
that they exist, but none are known explicitly.We even have iterative constructions for rational
solutions to the associator equations up to a given weight. However, these constructions involves
many choices, and are unlikely to give an explicit formula for the coefficients. As such, we
consider alternative approaches: looking more generally at relations among multiple zeta values
defined over the rationals, and seeing if they can be used to impose canonical conditions.

10



X =00
X£Y
X =1
> X =0

1.3 The double shuffle equations

The first obstruction to finding a rational associator is the difficulty in finding any associator.
Thus we will instead attempt to solve a simpler problem: solving the double shuffle equations.
We know multiple zeta values satsify a set of shuffle relations, and we expect the associator
equations to imply all relations among multiple zeta values. Thus it makes sense to model our
easer equations on known MZV relations. In the following definitions, due to Racinet [30], let
k be a field. It need not be of characteristic zero, but is normally taken to be.

Definition 1.26. We say a power series ® € k((a, b)) solves the shuffle equations if it is grouplike
for the completed coproduct for which a, b are primitive. That is

AP =P P
where
Alz)=z®1+1®x for x =a,b

Definition 1.27. Let Y = y1,y2,y3,... be a collection of formal variables. We say a power
series ® € k((Y)) solves the stuffle equations if it is grouplike for the completed coproduct,
defined on generators by

n
Aulyn) =D Ui @ Yni
=0

where we define yg := 1.

Definition 1.28. Define the projection map 7y : k((a, b)) — k((Y’)) to be the linear map given
by
Ty (ba™ 1 ba™ 1 ba™ ) = Yy Yng - - - Yny,

and 7y (aw) = 0 for any word w € k(a,b). Define also, for any element ® € k((a,b)), Peorr €
HY)) by .
Doy := e$p(z T(q)‘ban_l)y?)

n>1

where (®|w) denotes the coefficient of w in ®.

11



Definition 1.29. We say a power series ® € k((a,b)) solves the (regularised) double shuffle
equations if ® solves the shuffle equations and ®* := &7y (P) solves the stuffle equations.

While still challenging to solve, the double shuffle equations are much more tractable, and
allow us to make use of additional structures coming from MZVs, such as the depth and weight
filtrations. While both the double shuffle equations and the associator equations are weight
graded, describing the weight graded pieces of the double shuffle equations is much easier than
those of the associator equations. We can split the double shuffle equations into depth filtered
pieces, but there is no clear analogue of depth in the pentagon equation. Furthermore, it is
commonly conjectured that the double shuffle equations describe all possible relations among
MZVs, and are hence equivalent to the associator equations. However, little is known about
this beyond the work of Furusho [19].

Theorem 1.30. Let @ be a grouplike power series in two noncommuting variable. Suppose also
that it satisfies the pentagon equation. Then ® solves the double shuffle equations.

The space of solutions to the double shuffle equations, denoted DMR, contains a subspace
of solutions, DMRy, such that (®|ey) = (®le;) = (Pleger) = 0. This subspace forms a pro-
unipotent group [30] with multiplication given by

P - @’(eo, e1) = @’(eo, 61)@(60, (13/7161(131)

which the reader will note is identical to that of GRT. Thus we get the following

Corollary 1.31. GRT is a subgroup of DMRy

It is a standard conjecture that they are in fact equal to the unipotent part of the motivic
Galois group, which we shall later discuss in greater depth.

Looking to the shuffle equations has proven quite fruitful, as they also lend themselves well
to a rewriting in terms of commutative power series. a technique due to Brown, and very similar
to Ecalle’s theory of moulds [16], this technique has allowed Brown to define a canonical rational
associator up to depth 4.

Remark 1.32. From this point in the text, we are interested only in DMRg, and so we shall
assume (®leg) = (®ler) = (P|epe;) = 0 for all potential solutions to the shuffle or stuffle
equations.

Definition 1.33. Denote by D,, the vector space spanned by words of depth n in k{a,b) and
let p,, : Dy, — k[[yo, Y1, - - -, Yn]] be the isomorphism of vector spaces given by

pn(a™0ba™b .. ba™") = yoy"t oy

The map p := > 7 pp, then defines an isomorphism

o0
p:k{a,b) — @k[yo, oo Yn)
n=1

® = {2 (yo, .,y Ints

We can then define the double shuffle equations in this new formulation as polynomial
equations.
First we note the following lemma.

Lemma 1.34. [f ® =1+ &1 + &5 + ... solves the shuffle equations, where ®,, is the depth n
component of ®, then p,(Py) € klyo, ..., yn] is translation invariant.

12



Proof. Define § : k{a,b) — k{a,b) to be the derivation given on generators by

1
=0

Note that
k
d(a™ba™b...ba"*) = Z m;a™ba™b. .. ba™ " b .. ba™*
=0

and that this agrees with the derivation given by (mp ® id) o A, where m(®) := (P®|eg). Thus,
if AP = ® ® P, we get
00 = (Pleg)® =0

But since § preserves depth, this clearly implies 6®,, = 0. Translating into the language of

i;.qﬂ"):o

im0 7Y

commutative power series, we get

d

In light of this, we lose no information about solutions to the double shuffle equations by
setting yo = 0. Indeed, this is how we shall proceed. In a slight abuse of notation, we shall
still refer to the resulting polynomial as ®™. In order to make our discussion unambiguous,
we shall adopt the following notational distinction.

™ (yo,y1,- - yn) = (@) (Y0s - - - Yn)
M (1, .., xy) = pu(®n)(0, 21, ..., 2)

That is, we will use y; as variables for the image of p, and x; as variables for the power series
obtained by setting yg = 0. We can now define the double shuffle equations in the language of
commutative power series.

Definition 1.35. Given a polynomial f € k[x1,...,x,], define f# € k[x1,...,z,] by

f#(xl,...,mn) = f(x1,21 + 22,21 + X2+ X3, ..., X1 + X2+ -+ Tp)

We also define recursively the polynomial

f(xl R R R R wn) =

f(acl, ($2 N F NN Lo S R mn) + f($j+1, (1131 N NN T, :cn)
where f(x1...x,) = f(z1,...,2p).

Definition 1.36. We say a family of polynomials { (™} solves the shuffle equations if

f(”)#(xl ce ijLle+1 c. asn) = f(]) (.’171, A ,.ZL‘j)f(n_j) ([Bj+1, R ,xn)
forall 1 <j <n.

Defining the stuffie equations is slightly more challenging and requires a few extra definitions

Definition 1.37. For any family of polynomials {f (”)}, define the operators

sif(T)(xl,...,xT) = f(TH)(:z:i,xl,...,:c,-_l,xiﬂ,...,a:,n) for1<i<r
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Definition 1.38. Define recursively

Oy x) = fO(xy. oo x1) = fO (2, 2,)

f(r)(:cl TR TR R slf(rfl)(mz e T KL . Ty

+ Si+1f(r_1) (331 B 7 R 7, R acT)

S1 — Si+1 _
+ (Z) f(r 2)(1132...:13Z‘*:13Z‘+2....’1’,‘T>
1 — Tit1

where 1 <17 <r.

Definition 1.39. We say a family of polynomials { (™} solves the stuffle equations if

7 (. LKLl Ty) = F9 (zy, .. .,xj)f(”*j)(a:jﬂ, cey Tp)

forall 1 <j <n.

Remark 1.40. Note that in this formulation, there is no mention of an analogue to ®.u.
While it is true that we must add a corresponding correction term, we shall ignore this for
sake of this discussion. However, we will ask the reader to observe that this arises naturally for
multiple zeta values, by considering shuffle regularisation versus stuffle regularisation.

Example 1.41. In depth 2, the double shuffle equations are

FO (@1, 21+ 22) + fO (22,21 + 22) = D (21) f D (22)
FO (1) = O () — £ (1) D (9)

Ty — X2

FO (@1, m2) + £ (a1, 22) +
while in depth 3, they become

f(3)(331,$1 + z2, 21 + 22 + x3) + f(S)(@,m + x9,x1 + X2 + x3) + f(g)(:cz,xz + x3, 21 + x2 + X3)
= [ (21) fP (22, z3)

(2) — f(2 (2 1)
f(g)(l"l,fﬂz,ﬂﬁ:z)+f(3)($2,$1,$3)+f(3)(902,963,951)+f (o1, 2s) = 1 (mg,m3)+f (e m) = /0, 75)

Tl — X2 xr1 — T3

= fW(21) fP (22, z3)

Remark 1.42. From this point onward, we shall often neglect the superscript f(, instead
writing only f, as it should be obvious from the number of variables to which depth we refer.

1.4 The motivic Galois group and the geometry of P'\ {0, 1, cc}

With such impressive symmetries amongst MZVs, one might hope for some sort of transcen-
dental Galois theory. This is to some extent found in the motivic Galois group associated to
a certain Tannakian category associated to P!\ {0,1,00}. As general references, the works of
Ayoub [1], Deligne [12] and Brown [6],[5] can be useful.

Let MT (Z) denote the category of mixed Tate motives unramified over Z. This is a Tan-
nakian category, and hence is equivalent to the category of representations of a group scheme,
called its Galois group and denoted by G (1 (z). MT(Z) contains as a full Tannakian sub-
category MT'(Z), the Tannakian subcategory generated by the motivic fundamental group of
P!\ {0,1,00}. We hence obtain a map

Gmrz) = GmT(2)
We now define the motivic fundamental group of X = P!\ {0,1, 00}, or rather, the motivic

fundamental groupoid, of which the motivic fundamental group is a special case.
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Definition 1.43. Let z,y be points of X (C). The motivic fundamental groupoid of X consists
of the following

e (Betti) A collection of schemes 7rlB (X, z,y) defined over Q and equipped with the structure
of a groupoid

ﬂlB(X,a:,y) X 7T1B(X,y, )—>771 (X, z,z)

for any z,y,z € X(C). There is a natural homomorphism

m” (X, z,y) = 77 (X, 2,9)(Q)

where the fundamental groupoid on the left is given by the homotopy classes of paths
relative to their endpoints.

e (de Rham) An affine group scheme over Q, denoted by 7¢%(X).

e (Comparison) A canonical isomorphism of schemes over C

comp : 72(X, z,y) xg C = ndf(X) xq C

Remark 1.44. We once again gloss over the technicalities of tangential basepoints. For sake of
precision, the reader should read 73(X,0,1) as 7} (X, 1o, —Tl) where T, denotes the unit vector
parallel to the real line, based at x. Thus, all paths v : (0,1) — C\ {0,1} with v(0) = 0,
(1) = 1 in the following discussion have 7/(0) = /(1) = 1.

Theorem 1.45. There is an ind-object

O(r""(X,0,1)) € Ind(MT(Z))
whose Betti and de Rham realisations are the affine rings O(7£(X,0,1)) and O(r{?(X))

respectively.

Define (II; := Spec(O(n(X))). This is the affine scheme over Q which associates to any
commutative unitary Q-algebra R the set of grouplike formal power series

{S € R{{eg,e1)) |AS =S ® S}

where A is the completed coproduct for which e; are primitive.
This carries an action of the motivic Galois group GﬁT(Z), which depends on our choice of

basepoints, even though 7¢#(X) does not contain an explicit dependence on these points.

Remark 1.46. Among all paths in P! \ {0,1, 00} from 0 to 1 satisfying our velocity constraints,
there is a distinguished straight line path y(t) = ¢, referred to as the droit chemin and denoted
dch. 'The natural homomorphism mentioned in Definitions 1.43 maps dch onto an element
01¥ € 7B(X,0,1)(Q). The image of this map under the comparison isomorphism is precisely
the Drinfel’d associator

comp(p1?) ZC Jw € oIl (C)
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The action of G y47(z) is made more transparent via the decomposition

Gmrz) = Upmr) ¥ Gm

into a semidirect product of a pro-unipotent U7 (z) and the multiplicative group.
The action of G yq7(z) restricts to an action

Umt(z) % olli = oIy

which factors through a map
o*: ol x ol — oIl
called the Thara action, computed explicitly first by Y. Thara, but described in [12].

Remark 1.47. We later introduce the linearised, or infinitesimal Thara action, in the context
of the Lie algebras of DMRg and Up7(z). The reader must take care to avoid confusing the
two.
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2 Double Shuffle Modulo Products and Canonical Generators

2.1 The double shuffle Lie algebra

In order to further simplify the equations, we can move from DMRg to its Lie algebra dmry,
and consider solutions to the double shuffle equations mod products.

Definition 2.1. We say o € k{a,b) solves the double shuffle equations mod products if the
following hold

Ac=0c®@1+1®0
A(o")=0"®@1+1®0c"
(ola) = (a|b) = (o]ab) = 0

h * oL + h — Z (*1)71( ’b n71> n
where o° (= Ty o Ocorry WINETXe Ocory 1= n>1 " n o|ba Y-

Note that the double shuffle equations mod products are homogeneous for weight, and thus
we will often assume all monomials in ¢ to be of the same weight, allowing us to refer to solutions
of a particular weight.

Once again, we can rephrase this in terms of commutative variables. We first note the
following lemma

Lemma 2.2 (Brown). If o solves the shuffle equations, i.e. o is primitive, then p(o) is trans-
lation invariant, where p is as defined previously.

Definition 2.3. We say {f; € k[z1,...,z;]}]_; solves the shuffle equations mod products up
to depth n + 1 if
fj#(acl R 7T 7 A R ar:j) =0

forall 1 <i < j <n. Wesay {f; € klz1,... ,arj]};?zl solves the stuffle equations mod products
up to depth n + 1 if

fj(wl ....’1‘,‘1‘*.’1’,‘1‘4_1...58]‘) =0
foralll1 <i<j<n.

We once again should consider correction terms in the stuffle equations in order to say f
solves the double shuffie equations mod products. However, as we may assume f is homogeneous
in weight, the correction terms arise only in the depth-equal-to-weight equations, and are easily
accounted for. Thus, we say a family of polynomials {f; € k[z1,...,2;]}; is a solution of
weight n + 1 to the double shuffle equations mod products if it solves the shuffle and stuffle
equations mod products up to depth n + 1.

We now define the Lie algebra structure, which arises via derivations [30] or from the anti-
symmetrisation of the Ihara action [7].

Definition 2.4. Given 1 € k(a,b), define the derivation dy, : k(a,b) — k{a,b) by

dy(a) =0
dy(b) = [b, 9]

We define the Thara bracket {-,-} A% k{a,b) — k{a,b) by
{017 02} = do—20'1 - dO—IO'Q - [017 02]

Alternatively, we can define:
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Definition 2.5. Define the linearised Thara action o : k{a,b) ® k{a,b) — k(a,b) by
woa"bv := a"ubv + a"bu*v + a"b(u o v)

where, if u = ujug ... up, u* = (=1)"u, ... u; and voa™ = a™u, for all u,v monomials in k(a, b),
and extend linearly. Define the Thara bracket by

{0'1,0'2} = 010092 —0920017
We then obtain the following from Racinet’s thesis.

Proposition 2.6 (Racinet). dmrq equipped with the Thara bracket is a Lie algebra. Furthermore,
the function

1 1
exp, (o) ::1+0+§aoa+gooaoo+...
defines a map exp, : dmrg — DMRy.

The Thara action, and hence the Thara bracket are motivic: they arise naturally from the
group structure of Uper(z). In fact, one can show g™ := Lie(Up7(z)) C dmrg [19], thus the
study of omrg gives us information about both associators and the motivic Galois group. This
inclusion is conjecturally an isomorphism of Lie algebras, which gives us a method of generating
solutions to the double shuffle equations: we have the non-canonical isomorphism

gm = L(03,0'5, .. )

to the free Lie algebra with a generator in every odd degree greater than 1. Thus, given the
Oon+1, we can produce solutions to the double shuffle equations in any weight. However, the
isomorphism is not canonical, nor do we have a canonical representation of these oory1 in
Q(eq, e1). We have that

oon+1 = ad®(a)(b) + terms of higher depth

where the adjoint action is with respect to the Lie bracket [X,Y] = XY — Y X. However, the
double shuffle equations give us no power to distinguish between 9,41 and 2,41 + ¢ where
¢ € dmry is of depth at least 2. Thus the g9,41 are ambiguous up to brackets of lower weight
elements of g, limiting their computational use.

2.2 Canonical elements and polar solutions

The first thing one might desire is to make the o-elements canonical, to have an explicit gen-
erating set. There seem to be three main approachs to doing so: using inner products and
a Gram-Schmidt-like procedure, using a basis of multiple zeta values, or Brown’s anatomical
decomposition. The first approach has not been seen in the literature to this point, and so we
focus on this, finding several new results.

Theorem 2.7 (Keilthy, Hain). Given a choice of inner product on Q{eqg,e1), we can define a
unique embedding of {o3,05,07,...} = Q(eg,e1), and hence of the motivic Lie algebra.

Proof. Suppose that we have a fixed embedding of o3, ...,09;,_1 into Q{eg,e1) and consider
the space L(os,...,09%+1)2k+1, Where the subscript denotes the sub-vector space spanned by
elements of weight 2k + 1. This contains L(o3...,09t_1)2x+1 as a codimension 1 subspace,
and thus, given a non-degenerate inner product, we can fix oor41 up to a scalar multiple by
imposing orthogonality of o1 to L(os,...,09,_1)2k+1. Thus, as o3 has a unique embedding
into Q(eq, 1), given an inner product, we can define a unique embedding of every oo 1. ]
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There are two natural candidates for our inner product (-, -) : Q(a,b) x Q(a,b) — Q. Define
for monic monomials wu, v

1 ifu=
<u7v>tm’v L= { n 'U

0, otherwise

1 if u = wow or v = wuw for some w € Q(a, b)
(w,v)s: = .
0, otherwise

and extend by linearity. It is easy to check that these satisfy the requirements of inner products.

Example 2.8. By considering the trivial inner product of the depth 3 components of o1
and {o3,{03,05}}, and demanding that these be orthogonal, we find the following canonical
decomposition of o11:

o1 = P11 — 264{¢ {13t} — 2112{1#97 {¥s3,9-1}}
2053 2620903
2112{?/)77{7%, 71}} 6336{7%,{1/1% 1}} 649216{0-3’{0’370-5}}—*—“‘

where we have omitted terms of depth 5 (that are uniquely determined), and where 9,41 is
given by Definition 2.14.

Remark 2.9. One should note that the denominators of coefficients fixed by this method tend
to be quite large, with few prime factors. It remains unclear as to whether there is a meaningful
reason for this. We suspect it to merely be an artifact of the calculation, as the numbers involves
grow quite rapidly.

The first has the advantage of being easy to calculate, with monomials of different weights
and depths being orthogonal, while the second is, in some sense, “compatible” with the obvious
Lie algebra structure on Q(a, b).

Lemma 2.10 (K.).
([, ], 0 + (s 0, 0])s = O for all w, v, € Q{a, b)

Proof. Follows simply by considering cases. We shall do an example case, to illustrate the
method. We have that the LHS is

(wu, v) — (uw, v) + (u, wv) — (u, vw)

For the first term to be non-zero, we must have wu = svs for some word s. Then either s = wu’
or w = sv’ where u = v/v” and v = v'v”. In the first case, we must have u” = vs. Thus

u = u/u//
= u'vs
= u'vwu’
In the second case, we must then have u = v”s. Thus
vw = v'v" s’
= v'ur’
Hence the fourth term is non-zero and cancels out the first. Similarly, if either of the middle

brackets are non-zero, so is the other and they cancel each other out. Thus the sum is constantly
0. O

19



Remark 2.11. While this ”symmetric” inner product (-,-)s is compatible with the obvious
Lie algebra structure on Q(a, b), it is not compatible with the Thara bracket. Indeed, it would
be particularly interesting to find such an inner product. Evidence coming from the work of
Pollack [29] suggests the existence of one, but gives no hints as to how to construct it.

Remark 2.12. One should note that, while the trivial inner product seems rather unnatural,
it actually has Hodge theoretic orgins. It arises from morphism of Lie algebras

i: g — Der®L(a, b)

where Der® denotes the set of derivations & such that &([a,b]) = 0. This morphism, due to the
work of Hain [22] and Brown [9], is known to be injective, and creates further ties to the work
of Pollack [29]. To be precise, i(02n41) = €3, o modulo W_s,_3, where W is the geometric

weight filtration associated to the mixed Hodge structure of the first order Tate curve E’j .
2q

Here ey, € Der®L(a, b) is the derivation defined by

ey, (a) = ad(a)®(b) for n > 1

and the fact that it is homogeneous of degree 2n in a,b. Defining

¢y (a) =bey(b) =0
and denoting by u9°°™ the Lie subalgebra generated by the ey,, n > 1, we obtain the object of
study in the work of Pollack. While i(g) ¢ u9¢°™  in low depth, the epsilons give “coordinates”
with which to describe the o9,+1. Furthermore, the relations between elements of u9¢™ give
relations between the elements of g modulo higher depths, and create ties with the theory of
modular forms. This shall be discussed in greater depth later in this thesis.

Another approach to defining canonical generators involves allowing polar solutions to the
double shuffle equations [8]:

1 1 1 1
M — 1 ond s@ =
y 2.2121 ana s 12 12 $2($1 — .1‘2)

is a solution to the double shuffle equations mod products in depths one and two. By taking
the Thara bracket of s with various solutions, we can define an “anatomical” decomposition for
O2k—1-

Definition 2.13. For any sets of indices A, B C {0, ...,d}, write

zap= [ (za—=)

acAbeB

If A or B is the empty set, define x4 g = 1. Define also 29 = 0

Definition 2.14. For every n,d > 1, define wéi)ﬂ € Q(z1,...xq) by

1 d a:l - xi_l)Z" Zn
Yo = =5 Z T . . )
=1 7 ol 2} {’L 1}x{l+17 7d} { } m{lv'”vl_l}v{o}x{lv-'wd_l}v{d}
+ 1 ~ (1 — 2a)*" I afy
2

im1 9?{2, S {13{i41,...,d—1,0},{d}  T{d,1,..,i—1},{0} T {4,...,.d—2},{d—1}

Let ¢2,41 be the element whose depth d component is d]éi) 1
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Proposition 2.15 (Brown). 9,1 are solutions to the double shuffle equations mod products.

It is possible to write os,...09 uniquely as Thara brackets of s and the t9,+1. Defining
1_1 := s, we can similarly decompose o11.

Example 2.16.

o1 = Y11 — ﬁ{w—h {1,713} — %{wg, {th3,0_1}}
479 2053
+ ﬁ{"/}?v {¢57¢—1}} - @{d}f’): {w'?v "/}—1}} + {depth > 5}

A priori o11 is only defined up to multiples of {o3,{03,05}}. However, by demanding
that, in depth three, o1; be written as a sum of brackets {1, , {¥a,, Vas }} With at least one of
{a1,a2,a3} equal to —1, we obtain a canonical generator in weight 11, modulo high depths.

However this approach has only been examined on a case by case basis, with no general
theory. Polar solutions still make an appearence in the existence of canonical generators: Brown
[9] defines canonical o911 up to depth 3 using polar solutions. To be precise, he defines them
as follows.

Definition 2.17. For all n > —1, define rational functions by
1
gén)—i-l = x%n
2
één)Jrl = {5(1)7x%n}
3 1
Eomir = {52+ S (s, {sW, )y
Note that we can extend £2,41 to all depths by &,41 = exp(ad(s))a?" if we extend s to a
solution in all depths.

Definition 2.18. Define canonical generators up to depth three by

2n B2 ng
05ns1 = Eont1 + ;b: <2a> 12‘}3% {&at1, {&av41,&-1}}
a =N

where B, is the 2nt" Bernoulli number.
In [9], Brown shows the following

Proposition 2.19 (Brown). o5, | solve the double shuffle equations mod products up to depth
three, and have no poles, thus defining genuine elements of dmry.

These generators give interesting ties to sls and period polynomials, that also arise in the
work of Pollack [29]. Specifically, the coefficients appearing in the expression are proportional
to those of the odd part of the period polynomial for the Eisenstein series of weight 2n, which
is proportional to:

2
3 <QZ>BQGB%X2“_1Y%_1 € QX,Y]

a+b=n, a,b>1

One thing of note would be if an inner product produced the same canonical generators
as one of the other methods. We have checked that the “anatomical” decomposition, and the
trivial inner product give distinct generators, but it has yet to be checked in other cases.
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2.3 The duality phenomenon

One phenomenon amongst elements of dmrg is that of duality.

Definition 2.20. Define the following linear maps on Q(a, b)
o R(ujug...Up) := Uplp_1...U]
e S is the homomorphism defined by Sa := b and Sb:=a
e D:=RS=SR

We say o satisfies duality if o = Do.

We have ((w) = ((Dw), which we expect: this is just swapping the roles of 0 and 1 in
P1\ {0,1,00}. What is unexpected is that we seem to have o = Do for all ¢ € dmry. It is
not currently known if duality is a consequence of the double shuffle relations, but numerical
evidence seems to suggest it must be.

Remark 2.21. The map R defined here is, up to a sign, the antipode map in the shuffle Hopf
algebra Q(a, b).

We do, however, know that duality plays nicely with many of the structures on domry: D
passes through the motivic coaction [6] and duality is preserved by the Thara bracket. While
this latter fact follows from Brown’s proof that the Ihara action is motivic [7], and Racinet’s
thesis [30], we present a direct proof of it.

Lemma 2.22 (K.). If ¢(a,b) € Q(a,b) satisfies the shuffle equations mod products, then
D¢(a7 b) = _¢(_b7 —CL)

Proof. 1f ¢(a,b) satisfies the shuffle equations mod products, we must have

#(a,b) + Rp(—a,—b) =0
Applying D to this proves our result. ]
Theorem 2.23 (K.). Duality is preserved in dmvy by the Ihara bracket.

Proof. The Thara bracket of two elements is defined by

{b1, d2} = dg, 01 — dy, P2 — [é1, P2
where dy is the derivation defined on generators by
dy(a) =0
dg(b) = [b, ¢]
Now suppose ¢1, ¢2 € dmry satisfy duality, and consider {¢1, ¢2}(—b, —a) We have the following:
(91, P2](=b, —a) = [¢1, ¢2]

Next define a derivation dj by
dy(a) = [a, ¢]
dy(b) =0

We can easily show by induction on the length of ¢ that dy(X)(—b, —a) = dy(X (b, —a)) and
hence
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d¢i(¢j)(_b> —(I) = —d;h(qu) for (27]) S {(172); (27 1)}
One can then check easily that dj(X) = dg¢(X) — [X, 4], by induction, and hence

(dg, (01) — dg,(01))(=b, —a) = —dp, (¢1) + dg, ($1) + 2[¢1, P2
and so D{¢1, 92} = —{¢1, P2} (b, —a) = {¢1, P2} O

We can also make steps towards a proof that duality holds for all elements of dmry. To
be precise, we can show that it holds for elements of g™, with minor assumptions. It, in fact,
follows from the definition as g™ encodes all motivic relations; in particular, it encodes all
relations arising from linearity and functoriality of integration. However, we once again provide
a more direct proof, as the proof, with some further assumptions, extend to dmry. We first note
that D preserves solutions to the shuffle equations.

Lemma 2.24 (K.). If ¢(a,b) € Q(a,b) satisfies the shuffle equations mod products, then so
does Dg.

Proof. One can easily check that

(R®R)oA=AoR

and
(S®@S)ocA=AoS
Thus
(DeD)oA=AoD
proving our result. O

We can now show the following.

Proposition 2.25 (K.). Suppose o3, ... ,09,_1 satisfy duality. Suppose also that Dospiq € g.
Then oop+1 satisfies duality.

Proof. By our assumption, Dogg 1 must be in the span of o941 and brackets of lower weight
generators. Thus, there exists o € Q such that oo;11 — aDoggy1 is a linear combination of
brackets of lower weight generators. By the previous theorem, o911 — aDogg1 must satisfy
duality and thus

(a+ 1)ogkes1 = (a + 1)Doggiq

Then, as g C dmry, we obtain from the stuffle equation and translation invariance of oofy1,
evaluated at z1 =1, ; =01¢ = 2,3, ..., 2k, that

(02k41]ab®") = — (0241 [bab® 1) = (o1 [*ab™ %) — -+ = (o941 |67 a)
2k—1
=) (o2 [pia®® )
1=1

= (—1)*(o2p+1[b**a) = (o2p41]|a**b)

and so
(Dosgr1|a**b) = (o2k11|ab™) = (0k11]a**b)

Thus, we must have o = 1 and so o9;+1 = Doggy1 ]
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One could alter the assumptions made about Dogg 11, however, it is not clear that the altered
assumptions would be weaker. For example, if we simply take Dogi11 € dmrg [32] we have to
make certain assumptions about the nature of dmry in order to follow the same proof method.
Note also that we cannot replace oor4+1 by an arbitrary element, as we rely on having non-zero
depth one components, and in this, o-elements are near unique in dmry.

We also get an interesting interplay between duality and the proposed symmetric inner
product.We first note the following trivial fact.

Lemma 2.26 (K.).
<DU7DU>S = <u7 U)S

Definition 2.27. Given an inner product (-,-)s, define

(u,v)s if u,v are both of odd depth
(U, V) = ¢ —(u,v)s if u,v are both of even depth

0 otherwise

Definition 2.28. Define Q°(a, b) to be the subspace of Q(a,b) consisting of polynomials with
monomials only of odd weight.

Let QP (a,b) be the subspace of Q°(a,b) consisting of polynomials equal to their duals.

Let Q9({a, b) be the subspace of Q°(a, b) consisting of polynomials with monomials only of odd
depth. Note that we have a surjection 7 : QP {a,b) — Q% (a, b).

Lemma 2.29 (K.). (0, p)m = 0 for all o, p € QP (a,b).

Proof. We have
<O’, p)m = <Uodd7 podd>$ - <Jevena peven>S

As duality swaps the parity of depth of elements of Q°(a,b), we get that

(0, 0)m = (Oodd> Podd)s — (D0odd, Dpodd)s
= (Oodd, Podd)S — (Todds Podd)s = 0

(]
Lemma 2.30 (K.). If (0, p)mm = 0 for all p € QP{a,b), then o € QP {a,b).
Proof.
<Ua p>m =0Vpe @D<a7 b> = <Uodd7 podd>3 = <Ueven, peven>5 Vpe QD<au b>

= <Uodd7podd>3 = <Dgeven7podd>3 v pE @D<a7 b>

= (Godd — DOodd, Poda)s = 0 ¥ poda € Q°(a,b)
Then, as (-, -)s is a nondegenerate inner product on Q9 {a, b), we must have

Oodd = DOeyen
which implies
o= Do

as D? = D. O

Theorem 2.31 (K.).
QD<aa b) = r_]pEQD@L,b} ker(-, P>$

So the symmetric inner product in some sense ”cuts out” polynomials satisfying duality.
Unfortunately, this fact is computationally ineffective, but still interesting.
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2.4 Linearised double shuffle equations

While the double shuffle equations are homogeneous for weight, they are not homogeneous for
depth. Rather, the shuffle equations are, but the stuffle equations are not. As such, we can
further simplify our equations by taking the associated graded of 0mry with respect to the depth
filtration, to obtain 0g. This is no longer a free Lie algebra, as we now obtain relations among
T92i+1, the images of oa,,41, identical to those of Pollack [29]. However, the equations describing
elements of dg become much simpler. Indeed, we have 0g C [s, the space of solutions to the
linearised double shuffle equations [7].

Definition 2.32. We say o € k(a,b) satisfies the linearised double shuffle equations if the
following conditions hold:

Ac=0c®14+1®0c
Afﬂyazwya®1—l—l®7rya
(ola) = (o]b) = (ofab) = 0

where A¥ : k(Y) — k(Y) ® k(Y) is defined on generators by
AP(y) =y 01 +1@y;
We denote the space of solutions to the linearised double shuffle equations by [s.
Proposition 2.33 (Brown). Is equipped with the Ihara bracket forms a Lie algebra.
We can once again translate this into the language of commutative variables.

Definition 2.34. We say f € k[x1,...,x,] solves the linearised double shuffle equations if
f#(azl SN 7N 7 iBn) =0
f(a:l SN 7N 7 azn) =0

Remark 2.35. Note that we have Sh in both the linearised shuffle and linearised stuffle equa-
tions. The primary distinction between Sh and * is the lower depth terms, which disappear in
the linearisation.

Remark 2.36. Note that we can now assume o € [s to be homogeneous in weight and depth,
as our equations are now homogeneous in both.

While it is not immediately obvious that moving to the linearised double shuffle equations
achieves anything of note, one can translate several important conjectures into conjectures about
the nature of 9g and [s. For example, Brown [7] defines an explicit injective linear map

e: SQn — s

where S, C Q[X, Y] is the vector space of even period polynomials.

Definition 2.37. Define Sg,, C Q[X, Y] to be the vector space of antisymmetric homogeneous
polynomials P(X,Y") of degree 2n — 2 satisfying
P(X,0)=0
P(£X,+Y) = P(X,Y)
P(X,Y)+P(X-Y,X)+P(-Y,X -Y) =0

This map provides a reformulation of the (depth graded) Broadhurst-Kreimer conjecture on
the dimensions of 0g:
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Conjecture 2.38. The image of e lies in 0g and

Hy(09:Q) = P 62i11Q ® € (e)(S2n)

i>1 n>1

Dg Q @ SQn

n>1

H;(0g;Q) =0 for alli >3
This can be made into a much stronger conjecture about the homology of [s.

Conjecture 2.39. Denoting by [s; the depth 1 component of [s, and by S := @nzl Son, it is
conjectured that the following holds:

Hy(ls;Q) = Is1 @ e(S)
Hy(l5;Q) =8
H;(Is;Q) =0 for alli >3

Conjecturally, these are equivalent: it is believed that 0g =2 ls. Both would imply the
following conjecture on the dimensions of 0g.

Conjecture 2.40. Denoting by D the depth filtration, we have
1+ E(s)t

Z dimQ(grdDZN)sNtd = 5 1
N 1 —O(s)t + S(s)t? — S(s)t
where ) 5 o
E(s) = —— , O(s) = — -

= S0 =g

Here E(s) and O(s) are the generating series of the dimensions of spaces of even and odd single
zeta values respectively. S(s) has an interpretation as the generating series for the graded
dimensions of the space of cusp forms for the full modular group PSLa(Z).

1—s2"

This conjecture makes the connection with period polynomials and modular forms slightly
more explicit. However, it is not clear precisely why the connection exists.

Still, the study of solutions to the linearised double shuffie equations gives powerful machin-
ery, such as the depth-parity theorem [7].

Proposition 2.41. Suppose o € s is of weight N and depth d. Then, if N and d are of
opposite parity, o = 0. That is, there are no non-trivial solutions to the linearised double
shuffle equations with weight and depth of opposite parity.

This in turn gives use a method for tackling so called “totally odd” multiple zeta values
[7],[14]. Multiple lower bounds for the dimensions of the space of totally odd multiple zeta
values have been given. However, as the notation involved is quite particular, we mention this
only as an aside.

Another useful corollary of the depth parity theorem is the following.

Corollary 2.42. For a solution to the double shuffle equations mod products ¢ € dmrg, of weight
N, the depth d+1 # N (mod 2) components are uniquely determined by the lower depths. In
particular, oon1 1s uniquely determined in depths 1 and 2.

Proof. Suppose ¢1 and ¢ are of weight NV and agree up to depth d = N (mod 2). Then the
depth d + 1 component of ¢1 — ¢ is a solution to the linearised double shuffle equations and
hence, by the depth parity theorem, is 0. Thus ¢; and ¢2 agree up to depth d+ 1 and the depth
d + 1 compenent is uniquely determined. O
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Remark 2.43. It would be interesting if this corollary could be “dualised”: if we assume that
the duality operator preserves dmty, then we must have that the depth d—1 Z N (mod 2) com-
ponent of a weight N element of dmrg is uniquely determined by the higher depths, suggesting
that a top down approach may be a viable option in solving the double shuffle equations mod
products.

2.5 Relations and obstructions from period polynomials

One of the challenges in defining canonical ¢ elements, and in working with [s is the existence
of relations between o elements in low depth, such as Ihara’s relation

3{05,07} = {03, 09} modulo depths >4

However, we can explicitly describe all quadratic relations, as they all arise from period
polynomials [21], [29].
Our map p: Q(a,b) = B,2; Qlyo, - . -, yn] descends to a map

o IEH@Q[yO,...,yn] H@Q[ml,...,mn]
n=1 n=1

The Thara bracket gives a map

{-, } 151 Alsp — [s9

which on application of p gives a map

Dy AND1 — Do

where D; is the Q-vector space of even polynomials in ¢ variables. We find that D A Dy is
isomorphic to the space of antisymmetric even polynomials p(x1,x2). The image of p(x1,x2)
under the induced map is

p(x1, x2) + p(r2 — 21, —21) + p(—22, 21 — T2)

Recalling Definition 2.37, we conclude that the kernel of this map is isomorphic to S. In
fact, one can show relatively easily that the following sequence is exact:

0—+S—>DiANDy — Dy —0

Example 2.44. The smallest non-trivial period polynomial, arising from the cusp form of
weight 12, is given by 512 = X®Y? - 3X0y*4 4+ 3X4Y% — X2Y®. From the short exact sequence,
and the isomorphism p, we can immediately see Thara’s relation:

3{05,07} — {03,09} =0

Using the map [s — Der®L(a, b) that sends Ga,11 to €y, 49, we can apply Pollack’s work to
describe all such quadratic relations and their connection to modular forms.

Definition 2.45. For f a cusp form of weight n, define the period polynomial of f to be

100
re(X,Y) =) ap(k) XY R = / F(T) (X —7Y)"2dr
0
In [34], Zagier extends this definition to all modular forms. Denote by
L1
Tf = i(rf(X7Y) + Tf(Xv _Y)

the even degree part of ry. This is an element of S. In his thesis, Pollack shows the following,
as a special case of his main theorem.
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Theorem 2.46. For n a fized positive even integer
Y. Bale =0
p+q=n+2
if and only if there exists a modular form f of weight n such that
rFXY) = ) Bl (XPTY? - X9y PR
p+q=n-+2

This gives us a way of generating relations, in fact all quadratic relations, among the Go,,41.
Example 2.47. The relation
2{a3,013} — 7{05,011} + 11{a7,09} =0
arises from the cusp form of weight 16, with even period polynomial
2(X2Y12 — x12y2) _7(x4y10 _ x10y4) 4 11(xSy® - x8YF)
Modular forms and period polynomials also play a role in defining exceptional generators.
The map

e:S—1ls

defines elements ey € [s that in some sense describe the failure of relations in Is to hold in dmry.
For example
3{os5,07} — {03,009} € Qes

for f the cusp form of weight 12. Thus, these exceptional elements become vital in computation
of the dimension of solution spaces to the double shuffle equations. In fact, we have that the
Conjecture 2.38 is equivalent to showing that e(S) C g, which was verified by Brown up to
weight 20, and that the Lie subalgebra of 0g generated by the elements ad*"(a)(b) and e; has
the homology described in Conjecture 2.38.
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3 The block filtration and block graded multiple zeta values

3.1 The block filtration

In addition to the weight and depth filtrations, we will define a ‘block filtration’ on (motivic)
multiple zeta values, arising from the work of Charlton [10] in his thesis. In his thesis, Charlton
defines the block decomposition of a word in two letters {z,y} as follows.

Begin by defining a word in {z, y} to be alternating if it is non empty and has no subsequences
of the form zz or yy. There are exactly two alternating words of any given length: one begining
with z and one beginning with y. Charlton shows that every non-empty word w € {z,y}* can
be written uniquely as a minimal concatenation of alternating words. In particular, he defines
the block decomposition w = wiws...wy, as the unique factorisation into alternating words
such that the last letter of w; equals the first letter of w;1.

We can use this to define a degree function on words in two letters.

Definition 3.1. Let w € {x,y}* be a word of length n, given by w = a; ... a,. Define its block
degree degg(w) to be one less than the number of alternating words in its block decomposition.
Equivalently, define

degp(w) := #{i: 1 <i < n such that a; = a;j+1}

Remark 3.2. Note that, unlike depth, the block degree of a word is preserved by the duality
anti-homomorphism, mapping e <+ €1, induced by the automorphism z +— 1—2z of P*\ {0, 1, 00}.

We can then define an increasing filtration on Q(eg, e1) by

B, Q(eo, e1) := (w : degg(w) < n)g
which, following the suggestion of Brown [4], when restricted to a filtration on e;Q(eq, e1)eg
induces a filtration on motivic multiple zeta values
BoH = (("(w) : w=ejuey, degg(w) < n)g
Brown goes on to show the following.

Proposition 3.3 (Brown). Let G%?T(Z) denote the de Rham motivic Galois group of the cate-
gory MT(Z), and let U/C\lfT(Z) denote its unipotent radical. Then B,, is stable under the action
of Gjl\ft%T(Z)’ and U/%/?T(Z) acts trivially on gr'®H. Equivalently

A™(ByH) C O(Us(z)) ® Boa M
where A"(z) := A(z) —2® 1 —1® x is the reduced coproduct.

Corollary 3.4 (Brown). The block filtration induces the level filtration on the subspace spanned
by the Hoffman motivic multiple zeta values (™(n1,...,n,), with n; € {2,3}, where the level is
the number of indices equal to 3.

Proof. The word corresponding to (ni,...,n,), with n; € {2,3} of level m has exactly m
occurences of the subsequence egeg and none of eje;. Therefore, its block degree is exactly
m+ 1. O

As a corollary to this, and Brown’s proof that the Hoffman motivic multiple zeta values
form a basis of H, we obtain

29



Corollary 3.5 (Brown). Every element in B, H of weight N can be written uniquely as a Q-
linear combination of motivic Hoffman elements of weight N and level at most n. Additionally

1
Z dim grB H,s™t" =

112 —st3
m, n>0
where H,, denotes the weight n piece of H.

However, trying to naively extend this filtration by

BH = (("(w) : degg(w) < n)g

we find that the associated graded grB# becomes nearly trivial. If we define our filtration
as follows, we obtain a much more interesting structure

Definition 3.6. We define the block filtration of Q(eg,e1) by

B,Q(eo, e1) := (w : degg(eower) < n)g

This induces the block filtration of motivic multiple zeta values

By H = (("(w) : degg(0wl) <n)g

This filtration agrees with our earlier definition if we restrict to w € e1Q(ep, e1)ep, but the
associated graded remains interesting.

Proposition 3.7.

n—1

ATBH C Y BH ® By i H
k=1

Proof. We will in fact show a stronger statement, that A is graded for block degree at the level
of words. Let Z := (I'(0;w; 1) : w € {0,1}*)g be the vector space spanned by formal symbols,
with natural projection

I—H
'(0;w; 1) — I™(0;w; 1)

and, similarly, a natural projection Z — A.
Recall that the coaction is given by the formula

AI™(ag; a1, ..., Qn; Gny1) = =

k
H I (aip7 alp-‘rlv o 7azp+1—17 azp+1) & 1 (a07 Ajqyye 7a’Lk7 an+1)
0=ig<i1<...<ip<igy1=n+1p=0

where 0 < k < n, and the infinitesimal coactions

Dory1 : HN = Lor11 @ HN—2r—1

m . .
I"(ag; a1, . ..,an;any1) =
N—-2r—1
a . . m . .
E I*(ap; apy1, .. pyorit; Gpiori2) @ 1™ (ag; a1, .., Gp, Gpy2ri2,. .., AN; AN41)
p=0

where I is taken to be its projection into £ := A~/ A>0Aso. Note that these lift to coactions
T — T ®Z, by calculating these purely symbolically.
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Define Z,, := (I'(0;w; 1) : degg(0wl) = n)g. It is sufficient to show that AZ, C Y"1 (Z; ®
T, as the result follows upon composition with the necessary projections. In fact, it suffices
to show that

n
D2T+1ITL C Zzz ® In—i
1=0
Now, consider I'(0;w; 1), w a word in {0, 1} such that degg(0wl) = n. Then we can decompose

Owl = byby...b,41 into alternating blocks, and consider the action of Dg,11 on If(bl b))
All terms in Day,117(by ... byy1) will be of the form

I’t(x; b;/bi_H e b;_‘_j; y) X If(bl ce bi—lb;xyb;/_g_jbi—i-j—‘rl c.. bn+1)

for some 1 < i < n+1, where b; = bzb!, bi; = bgﬂyb” For the left hand term to be

i+7°
non-zero, we must have x # y, and so we see
degg(@bibis1... b y) =j
degp(by ... bjwybiy ;.. .bpy1 =n—j

by counting the blocks. Thus, we get that the total block degree of any term in the coproduct
is n, and the result follows. O

Corollary 3.8. The block filtration on Q{eg, e1) induces the coradical filtration on H.

Corollary 3.9. The (linearised) Ihara action o : Q(ep, e1) ® Q(eq, e1) — Q(eo, e1) is graded for
block degree.

Proof. The Ihara action is dual to the motivic coaction. As this proof shows the coaction to
be, at the level of words, graded for block degree, the claim follows immediately. One can also
show this directly via the recursive formula [8] for the linearised Ihara action. O

We finish our discussion of the block filtration with a short observation due to Charlton [10],
providing an analogue of the depth parity theorem [7].

Lemma 3.10. Let w = wy ... w, be a word in {0,1}* of length n, with degg(w) = b. Then
'w)=0ifb=w+1 (mod 2).

3.2 Block-graded multiple zeta values and an encoding of relations

As the block filtration is motivic, and invariant under the duality arising from the symmetry
21—z of P\ {0,1,00},we can consider the associated graded gr®A := @°°, B, A/Bn_1.A,
and to consider block graded motivic multiple zeta values, which we define as follows, following
the example of Brown’s depth graded multiple zeta values [7]

Remark 3.11. In the following it is important to keep in mind that we are indentifying

€; <> %, and, as such, elements of g™ describe relations among iterated integrals, rather than

multiple zeta values. As such, our results are ‘depth signed’ compared to standard notation.

Definition 3.12. Define B"Q(eo, e1) := (w : degg(eowei) > n)g and define

oo
gI_B‘gm — @ Bngm/8n+lgm

n=0

where we identify B"g™/B" g™ with its image in B"Q(eq, e1)/B"T'Q(eq, e1), and equip it with
the block graded Thara bracket.

Definition 3.13. If deggz(w) = n, define I°'(0; w; 1) to be the image of 1°(0; w; 1) in B A/B,_1A.
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Definition 3.14. Fix an embedding of {o3,05,...} <= Q(ep, e1). We define the block graded
generators {paj11}k>1 to be the image of the generators {oox 11 }x>1 of g™ in B'Q(eo, e1)/B*Q(eq, e1).
We define the bigraded Lie algebra bg to be the Lie algebra generated by pox11, equipped with
the Thara bracket.

One of the challenges in studying g™ is that we have an ambiguity in our representation of
the generators: ooy 1 is unique only up to addition of another element of weight 2k + 1. Its
depth one part is canonical, so Brown’s depth graded Lie algebra avoids this issue. We find
similar success here.

Proposition 3.15. The generators pagy1 of bg are canonical, i.e. independent of our choice
of generators oop1 of g™.

Proof. Let oop11, 0%, 41 be two choices of generator for g™ in weight 2k + 1. We must have

Ookt1 — g € {07, {0™ 0™ }}
Corollary 3.9 tells us that the Ihara action is compatible with the block filtration, and so
{g", {g",0"}} C Bg"
and therefore

DP2k+1 — p/2k+1 =0
]

Note that we can still define a concept of depth on bg as before. We define the depth of a
word w to be d(w), and induce a decreasing filtration on bg via it’s embedding bg — Q(eo, e1).
It is interesting here that depth grading gives canonical generators in depth 1, while block
grading gives por11 consisting only of terms of depth k, & + 1.

Lemma 3.16. por11 contains only depth k and k + 1 terms.

Proof. Suppose w is a word of block degree 1 and weight 2k + 1. Then egwe; has two blocks,
and hence contains exactly one of €2 or €2. In the first case, the number of e; must be exactly
half 2k +1 — 1, i.e. k. In the second case, the number of ey must similarly be k£ and hence the
number of ey is k + 1. O

Theorem 3.17. by is freely generated by {pak+1}r>1 as a Lie algebra

Proof. We have a bijection between the generators of g™ and of bg, and Corollary 3.9 tells us that
the Thara action is graded for block degree. Thus, we can write an element {pag, +1,{. .., {P2k,_,+1, P2ky+1}:---}}
as the image of {oog, 11, {- -+, {02ky_,+1,O2ky+1}s-- -1} in B2g™/B g™, Hence, we have a rela-
tion in bg if and only if the corresponding sum of terms is 0 in grzg™. Indeed, we have an injective
Lie algebra homomorphism bg — grgz induced by the bijection {oag+1}r>1 <> {P2k+1}te>1. Now,
as grpg™ is dual to grL, the existence of relations in bg implies the existence of additional re-
lations in gr3£. To be precise, we must have that dimgr5Ly < dim(I*(w)|deggz(w) = n, |w| =
N)q, where we take I%(w) to be it’s image in £. Then, by the proof of Theorem 7.4 in[6], we
know that the right hand side has is spanned by {(%(k1,...,k.)}, where k; € {3,2}}, exactly
nk; =3 and k; +---+ k. = N. In particular, it has a basis given by such (*(k1,..., k)
such that (ki,..., k) is a Lyndon word with respect to the order 3 < 2. This basis, called the
Hoffman-Lyndon basis, forms a spanning set for dimgrf L. Thus

dimgrB Ly < dim(I%(w)|degg(w) = n, |w| = N)g

implies that there is a sum of Hoffman-Lyndon elements of weight N with n threes that can
be written as a sum of Hoffman-Lyndon elements of weight N with fewer threes. However, the
Hoffman-Lyndon elements of weight N form a basis of L, and thus no such relation can exist.
Thus we must have that £ = gr®L as they have equal dimensions and hence grzg™ = g™. This
implies grzg™ and bg are both freely generated and isomorphic. O
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Remark 3.18. While both Brown’s 0g and our bg have canonical generators, Theorem 3.17
tells us that bg is free, while there exist relations in 0g, and hence ‘exceptional’ generators are
needed, first appearing in depth four. These relations are shown to have a somewhat mysterious
connection to modular forms by Pollack [29], and this has been further explored by Baumard
and Schneps [3]. However, it is a computationally challenging task, and suggests that ‘depth
graded’ multiple zeta values may not be the most natural choice of object to study.

3.3 Polynomial Representations

We now reframe this Lie algebra in terms of commutative polynomials, similarly to Brown [8][9]
and Ecalle [17], as follows.

Recall that Charlton shows that every word w € {egp,e1}* can be written uniquely as a
sequence of alternating blocks [10]. In doing so, he establishes a bijection

bl : {eo,el}X \{@} — U;’le{o, 1} x N"
w'—>(€;ll,l2...,ln)

where € defines the first letter of w, and [y, ...,1, describe the length of the alternating blocks.
Example 3.19.

eperepepereperer — (053,4,1)

erereperepererepey — (1;1,5,2,1)

We can use this to define a vector space isomorphism by

w1 : Q(eo,e1) \ {Q -1} — @961@[3317 e T Th
n=1

1

W — Ty ...xl”

n

where bl(eqwer) = (0;11,...,1n).

In this formulation, a word of block degree n and weight IV > 1 is represented by a polyno-
mial in n + 1 variables of degree N + 2. From this point on, we shall freely identify elements of
bg with their images under this isomorphism. We refer to the images as ‘block polynomials’.

Proposition 3.20. The projections of the depth-signed oar+1 € g™ onto their block degree one
part are given by
P2r+1(71, 2) = Gor+1(21, ¥2) — Gog+1 (2, 1)

k
2%k 1 2%k A i
q2k+1(x1,m2) = Z [(21) — (1 — 22k> <2k 1o 2Z>:| le—l—lxgk%—? 2

=1

where

2k+2
— 2x175

and oogy1 have been normalised to correspond to #C(Qk +1).

Proof. We will compute the block degree 1 part of oor41 consisting of terms containing an €.
This will give gog+1. That porr1(x1,22) = qort+1(x1, T2) — Gor+1(z2, 1) follows from duality. In

terms of ey, e, we have
k

ki1 = Y _ ci(eren)’eo(ereg)
i=0
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where ¢™({2}771, 3, {2}F7%) = ac;¢(™(2k + 1) (mod ¢(™(2)), for i > 0 and some a € Q, and cp is
obtained via shuffle regularisation [6].
Shuffle regularisation of egey . ..eq tells us that

k
CQ—{—QZCZ‘IO
=1

Next, from the work of Zagier [35]

C((2)",3.12)") = 2a§1<1>r (o7 0) ~ g (57 )] ctesesigeer +

Brown then shows in [6] Theorem 4.3 that this lifts to an identity among motivic multiple
zeta values. Considered modulo (™(2), we find

(23 21 =20 | (5F) = (17 ) (541 o) | €m0 D)

and thus we can take ¢; = [(22];) - (1- Q%k)(Qk—Ef—Zz)} for ¢ > 0. The result then follows. [

Computing these sums explicitly, we find that

Theorem 3.21.

1_22k+1 T+ 2k I o— ok
Par+1(w1, w2) = T172(T1 — 22) (( (@1 2;3 (1 2) )

With this in mind, we can provide a characterisation of these generators in terms of poly-

nomial equations.

Corollary 3.22. The polynomial pagi1(x1,z2) is, up to rescaling, the unique homogeneous
polynomial p(x1,x2) of degree 2k + 3 such that

p(x1,0) = p(0,22) = p(z1, 22) + p(22,21) = 0

p(r1,22)
z1a2(x1—r2)’

and, defining r(x1,x2) := satisfying

r(0,z) = r(x, —x)

<8?31> 2 r(zy,z2) = <£32>2 r(z1,x2)

Proof. The condition p(x1,0) = p(0,z2) = p(r1,22) + p(x2,21) = 0 suggests we can write
p(z1, x2) = zrx9(T1 — T2)7 (21, 22). Letting u = 1 + x9, and v = x; — x9, we can rewrite

0 \° 9\’ 0%r
((‘3371) r(z1,22) = (amz) r(z1,22) < Judv (u,v) =0

which has polynomial solution, homogeneous of degree (2k + 3) — 3 = 2k

and

r(u,v) = au?* + pov?*

and thus
(1, 22) = a(z1 + 2)?F + Blar — x2)%
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Finally the condition
r(0,z) = 2r(x, —x)

gives
(Oé + ,8)$2k — 22k+1ﬁl‘2k
and hence
giving the desired result. O

We can provide an exact polynomial formula for the Ihara action. Recall that we have chosen
g™ to differ from Brown’s by sending e; — —eq, and so this is only accurate for ‘depth-signed’
elements. We delay the proof of this until later.

Theorem 3.23. For (depth signed) elements of the motivic Lie algebra, the Ihara action is
given at the level of block-polynomials by

_ (_1\(m+1)(n+1 & f(xi,$i+1,-..,l’i+m_1)
R e

i=1
1
X <m9(5€1, ey X1, Ty Timy - -+ 5 Trnn—1) (3.2)
1
1
- (1, Ty Tikm—1s - -+ Tmtn—1)
Titm—1

3.4 Relations arising in the polynomial representation

We find several relations arising naturally in the polynomial representation, preserved by the
Ihara action, and dual to relations in grz. We start by showing that duality is indeed preserved
by our formula.

Proposition 3.24. For all f(x1,...,2,) € bg

f(z1,...,z) = (=1D)" " f(z,,...,x1)

Proof. It suffices to show that this holds for pogy1, and that, if this holds for f, g € bg, then it
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holds for f o g. The former holds by definition of por1. To see the latter, note that

n
f(.CL‘ +n—is Tm4n—i—1y -y Lnt+1—i
(f o g)($m+n71, o 7131) _ (_1)(m+1)(n+1) Z m nxzza m n_zxzy y I z)
i=1 m+n—1 n+l—1
Ln+1—i . A A
X (1 + 7)9(37771—&-71—17 s Tmdn—it1; Tm4n—ir) Tn—iy - - - 7:171)
Tm+n—i
T »
- (1 + M)g(xm—i-n—ly vy Tmdn—itl, Tndl—iy- - wl))
Tn41—i
n

_ (_1)(m+1)(n+1) Z(_l)m f(@ns1-i Tnga-1, - - - Tmgn—i)
N x2 R A

i=1 n+1—1 m+n—1

Tntl—g
X <(—1)n+1(1 + ﬁ)g(fﬁh ey Ty T, Tmdn—iy - - + » Tmtn—1)

m4n—i

T »
— (=)™ 1+ g1, T T 1 - ,$m+n1))
Tn+1—i

n
_ (_1)m+n(_1)(m+1)(n+1) Z f(@nt1-is Tnta-1, - -+, Tmgn—i)
Thi1oi T

i=1 m-+n—1u
x »
X <(1 + M)g(xb <o T4 l—is Tmtn—itls -« - mern*l)
Tn+1—i
Tn+1—i
- (1 + 7)9(1:1; c oy In—iy Tm4n—is Tm4n—is - - - 7=Tm+n—1)>
TmAn—i
= (_1)m+n(f © g)(xlv s 7$m+n71)
and hence the duality relation is preserved by the Thara bracket. O

We can similarly prove Charlton’s cyclic insertion conjecture, up to terms of lower block
degree. While this has been verified in upcoming work due to Hirose-Sato, in this formulation, it
is merely a consequence of the Thara action, allowing for a significantly simpler proof. However,
we will instead show that a more general relation holds, of which cyclic insertion is a corollary.
These are the ‘block shuffle’ relations.

Definition 3.25. For any 1 < r < n, define the shuffle set

Shy,={ceSulo () <...<o r)ot(r+1)<... <o ! (n)}
Then, for any f € Q[z1,...,z,], define

flry . zpxp gy ..o xy) = Z F(@o(1)s Ta(2)s - - s Ta(n))
o€Shn r

Theorem 3.26. For any f(x1,...,z,) € bg, and any 1 < r < n, we have
flrizg. . xpWzpiq ... zpy) =0

Proof. For pop11, this is equivalent to p(z1, x2)+p(z2, 1) = 0, given by Proposition 3.24. Then,
as the Ihara action is associative, it in fact suffices to show that

for all f = par+1, g € bg.
We write (f o g)(z1... 2, lUTp41 ... Tpy1) a8
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Z Z (1)) Lo ( 2+1)) %

0€Shp 41, i=1 a( ) — Ty (i+1)

(g(xo(l)a s Lo (i) Lo(i42)s - - 7xa(n+1)) . g(xa(1)> < o (i-1) Lo(it1)y - - - 7$U(n+1))>
Lo (i) Lo(i+1)

This sum splits as follows

Z Z (3) z+1))

— X
o€Shy41,r i=1 (Z o(i+1)

(9(%(1)7 5 To(i)s Ta(i42)s - Tant1))  I(Ta(1)s 5 Ta(=1)s To(i41), - - - 7wa(n+1))>
ff( i) Lo(i+1)

i Z Z (@) Lo ( 2+1)) %

O'eshn+1 ri=r+1 xa U(Z+1)
(g(xa(l)v v 7$0'(i)7$0'(i+2)7 s 7m0'(n+1)) . g(xa(l)v s 7$0'(i—1)7x0'(i+1)7 R 7$J(n+1))>
Lo (i) Lo(i+1)
Lo(r)) Lo(r
N > F o) Towrrn)
oEShni1.y xa(r) - xa(r—i—l)
such that
{o(r),o(r+1)}#{rr+1}
(g(xa(l)v e Lo(r)s Lo(r42)y - - ’xa(nJrl)) _ g(xcr(l)a e Lo(r=1)s Lo(r+1)y - - )xo(nJrl)))
Lo(r) Lo(r41)

Denote the first sum by A, the second by B, and the third by C. Now, this sum can be

written uniquely as
Z [, x7) <Gk,l B Hk,l>

X — X xr X
1<k<l<nt1 k7 k L

where Gy, ;, Hy,; are polynomials related by swapping xj <+ ;. We have 4 cases to consider
1.1 <r
2. k>r+1
. k<r<r+1<l
4. k=r=1-1
In the first case, A,B only contribute non-zero terms if [ = k& + 1, while C only contributes

if { > k + 1. Thus, denoting by ®x(c,?) the condition {o(i) =k, o(i +1) = k+ 1}, we have

Gk,k—i—l = Z Z g(xo(l)a < Lo (i—1) LThy Lo (i42)s -+ xo‘(n+1))

k<i<r aeShn_H,r
such that ®y(0,i)

Z Z g($0(1)7 oy Lo(i—1)s Ths To(i42)s - - - 7xo(n+1))

i>r  o0€Shpi1,
such that & (o,)

> 9I(Ta(1)s -+ s Ta(i=1)> Ths Ta(i42)s - - s La(nt1))
o€Shpt1,r
such that & (o,r)
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Let P(o,r) denote the condition
{o7' D) <...<o7 ()07 r+1)<... <o Y n+1)}
Then, this is a sum over the set of permutations
Un<i<r{o|®x(0,4) and P(o,r)}| JUisr{c|®k(0,i) and P(o,r)}

which is clearly in bijection with a set of shuffles of [n 4 1]\ {k + 1}, and so the contribution is
0 by induction.
Then, if [ > k + 1, we find that the non-zero terms in

f(zn, 1) <Gk,l B Hk,l)

T — I Tk x

due to permutations with o(r) = k,o(r + 1) = [ cancel with those due to o(r) =1,0(r+1) = k.

Thus, in this case,
flawa) (Gey  Hed) _
T Iy

Tk — T
The second case, k > r + 1, is similar. In the third case, every term due to a permutation
with o(i) = k,o(i + 1) = [ cancels with the term due to the permutation 75 o o, where 73 is
the transposition (k,1).
Finally, in the fourth case, our sum splits into a sum over the following sets

Uicrl € St rloi) = roo(i+1) =7+ 1)
Uisr{o € Shpyiplo(i) = r0(i+1) =7+ 1}
Uicr{o € Shpt1,lo(i) =7+ 1,0(i+1) =r}

Uisr{o € Shpy1,lo(@) =r+1,0(i+ 1) =r}

all of which must be empty due to the order preserving property of shuffle permutations.
Thus,

(fog)zr...xpWZpi1...Tpt1) =0

O
Corollary 3.27. For any finite sequence of integers ly, ..., l,, and any 1 < r <n, we have
> oy o) =
0EShn,r

when considered modulo products.

Proof. Using Theorem 3.17, we can consider bg as the dual Lie algebra to the graded Lie
coalgebra of indecomposables grzL, and hence relations among the coefficients of elements of
bg induce relations among elements of grzL. Specifically, we define a Q-linear pairing

<Ib[(l1, ... ,ln)|:clf1 ... xfﬁ”) = 5ll,k1 . . 5ln,kn
where I°(I1, ..., 1,) is the image of I°(Iy,...,1,) in grgl, we have that R is a relation in grgl

if and only if (R|f) = 0 for all f € bg. Hence, as f(z1z2...2,WWxpy1...2,) = 0 for all f € bg,
we must have that

D> I Uoays- s lomy) =0

Ueshn,r
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Corollary 3.28 (Block graded cyclic insertion). The cyclic sum

> Poyslo@)s - o lom) =0

O'GCn

Proof. 1t suffices to show that

Z f<m0(1)7x027 <o 7xa(n)) =0

O'GCn

for all f € bg.
Suppose f € bg. Then, Theorem 3.26 implies that the image of f under the following vector
space isomorphism

g@[mla”'axn] .)Q<Zl,22,237-~'> (33)

11 .02 @ . .
TP Ty o Ty = 2§y Zig -+ - 24

n

lies in Lie[z1, 29, ...]. In particular, the image lies in the span of elements of degree at least 2.
Now, we define a linear map C : Q(z1, 22,...) = Q(z1, 22,...) by

C(zilziQ c. Zin) = Z Zia(l)zia(z) N Zia(n)
geCp
for a word of length n. Thus, it suffices to show that C(Z) = 0 for all Z € Lie[zy, 22, ...] of
degree at least 2.
As, for any monomials X, Y {z1, z9,...} of degree k, n — k respectively, we have [X,Y] =
XY — o(XY), for some o € C,, acting by cyclic rotations on words of length n. Thus

C(IX,Y]) = C(XY) — C(a(XY)) = C(XY) — C(XY) =0

and so the image of any element of degree at least two in Lie[z1, 22, ...] is zero, and hence

Z f(x(f(l))xo’za o 7$a(n)) =0

UGCn
O

Remark 3.29. As in this proof, it can be useful to consider bg as a subspace of Q(z1, 29, 23, . . .),
considered as a Hopf algebra with the standard concatenation product, and a coproduct given
by Az; = z;®14+1® z;. For example, Theorem 3.26 implies elements of bg are primitive for this
coproduct, we immediately obtain Proposition 3.24 as a corollary, by considering the antipode
map, the antihomomorphism z; — —z;. This is an idea we will explore further in section 3.11

3.5 Shuffle Regularisation

While the double shuffle relations among iterated integrals are not, in general, compatible
with the block filtration, we find that the regularisation relation, obtained by shuffling with an
element of weight 1, is.

Theorem 3.30. Let 71 denote the projection map onto weight 1 Q{ep,e1) — Qey ® Qey, and
let A : Q(eg, e1) — Qep, e1) @ Qep, €1) be the coproduct defined by A(e;) =e; @1+ 1®e;. The
map Ay := (m ® id)A is compatible with the block filtration

A1B"Q(ep, e1) € B'Qlep, e1) @ B 'Q{eq, e1)

39



Proof. For w € Q(eq, e1) every term in Aj(w) is of the form e; ® w for ¢ € {0,1}, w obtained
from w by omitting a letter. The left hand side is of block degree 1. The right hand side is
either of higher block degree, if the omitted letter was internal to a block, or of block degree 1
lower than w, if the omitted letter was at the beginning or end of a block. O

Thus, we can take the associated graded map of A to obtain
Corollary 3.31. grg(A;1)(bg) =0
Proof. This follows from the work of Brown [6] and Racinet [30], as any element ¢ € g™ satisfies
A() = 0. O
In low degree, we can translate this to a statement about elements of bg considered as block
polynomials.

Example 3.32. For f(x1,x2) € bg and g(z1, 22, x3) € bg, we have

Ji
v 5-(0,2) = f(@,~2)

Yz (aai(oa Y, Z) - 681‘1(0’y’ _Z)> =Y (g(ya 2, _Z) + g(_y7 Zs _Z))
+2(9(=y,9,—2) —9(=y,9,2))

89(

Yyz (aﬂfl (07 Y, Z) + 8131 (07 Y, Z) + 8332 (ya 07 Z) + 81}2 Y, 0, Z) =y (g(y7 2, Z) g( Y, 2, Z))

—2(9(~y,y,—2) + 9(~y,9, 2))

Lemma 3.33. For f(x1,x9,...,2,) € bg, we can write
flxy, ... xn) =21 .. xp(x) —xp)r(21, ..o, 20)
for some polynomial r € Q[x1,...,zy].

Proof. We induct on the number of variables. For n = 2, this follows from Theorem 3.21. Now,
suppose this factorisation holds for f(x1,x2), g(z1,...,z,) € bg. We have

{fog) = Z Hen i)

Tj — Ti+1

1 1
—g(T1, ., 2, Tig2 . Tpg1) — (L1, T, T, - Tpg)
X LTi4+1

- g(.ﬁCl, s 7xn) <1f($1,$n+1) - if(xna $n+1)>

Ea) In

[z, xn+1)>

1
—g(x2,..., Tny1 (f(xhxz) -
X2 Tn41

Applying our induction hypothesis, we find

{fi9} =a1. . ppars(zr, 22) ¥
((m = Tn41)Tg(T1, 23, ..+, Tpt1) — (X2 — Tng1)Tg(T2, - -, Tng1))

+ E T T (21 — )T (2, T X

(rg(xl, e T Ty e Tpg1) — Tg( X1, T, T 1y e Tng1))

+ 21 17 (X, Tpg1) X

(1 —zp)rg(x1, ..y 2n) — (@1 — Tpg1) 79 (X1, - ooy Tp—1, Tng1))

— 21 Tpg1Tg(21, ) (X1 — Zng )T (21, Tng1) — (@0 — Togp1)7 ¢ (Tns Tg1))
— X1 Tpg1Tg(X2, o Tppr (21 — 22)rp(21, 22) — (21 — T 77 (T1, Tg1))
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Considering only the terms not immediately divisble by z; ...zp4+1(21 — p41), we reduce
the problem to showing that

— X1 Tt (T2 — T (21, 2)7g (T2, -0 Tg1)
+ 1. Zpg1(@1 — )7 (X, Tpg1)7g(T15 -0, Tn)

+ 21 g1 (T — T )T (T, T g (21, -, )
—x1 .. Tppr (T — 22)r (2, 2)7rg(T2, - -, Tng

= —21.. . Tpg1(21 — Tpg1)rp(T1, 22)79(@2, . - Tpgr)
+ 21 g1 (21 — Togp) T (T T )T (21, -+, T)

is divisible by x1 ... zp41(x1 — Zp41), and so we are done.

Definition 3.34. For f(z1,...,x,) € bg, define the reduced block polynomial to be

fz1, ... x)

1 ... xp(x] — 2p)

r(xy, ..., xn) =
Define tbg to be the bigraded Q-vector space of reduced block polynomials.

Remark 3.35. It may be useful to recall how the various degrees we assign to motivic iterated
integrals relate to the reduced block polynomials. A reduced block polynomial r(z1, z2, ..., zy)
of degree N corresponds to elements of weight N +n — 1 and block degree n — 1.

3.6 The dihedral action

As an immediate corollary to Proposition 3.24 we obtain:
Lemma 3.36. For all r(z1,...,2,) € thyg

r(zn, ..., x1) = (=1)"r(x1,...,zy)

Definition 3.37. We define a Lie algebra structure on tbg via the Lie bracket
{f1, 2} (@1, s Timgn—1)

T, 725\ X1 -+ o s Tm4n—1) =
{ }( e ) xl---xm—i-n—l(ml_xm—i-n—l)
for r(z1,...,xm) = %,m(xl,...,xn) = % € tbg. We call this the re-

duced Thara bracket. It produces a polynomial of degree deg(ri) + deg(r2).

We can explicitly compute this, and in the case of r; = ri(x1,x2), we obtain a particularly
nice formula.

Proposition 3.38. For r(x1,x2), q(z1,...,Tn—1) € tbg, the reduced Ihara bracket is given by

n

{r,q}(x1,...,2,) = Zr(mi,xi + (g1, @i, Tig2y oo Tn) —q(T1, oo, Tie 1, Tig 1, - -+, Tn))
1=1

where we consider indices modulo n.

Corollary 3.39.
r(x1,...,xn) =7(x2,. .., Tpn,x1)

forr(zi,...,x,) € tbg.
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Proof. This follows from a simple induction argument, using Lemma 3.36 as our base case, and
the natural cyclic symmetry in Proposition 3.38. O

Remark 3.40. Corollary 3.28 follows as an immediate corollary to this invariance.

With this cyclic invariance, we can write down the general case of the reduced Ihara bracket
quite succinctly.

Corollary 3.41. For r(z1,...,Zm), q(x1,...,xy,) € tby, the reduced Ihara bracket is given by

m+4n—1

{rat(z1, .., Tmgn—1) = Z r(@i, - Tigm—1) (@(Tig2, - Tmtn—1, 21, -, Ti)
i=1

- Q(xiJrl’ <oy Im4n—1, L1, - - - 71'1'71))
where the indices are considered modulo m +mn — 1.
Thus, we have an action of the dihedral group on tbg, restricting to either the trivial or sign
representation on the block graded parts.

3.7 A Differential relation

We additionally obtain a differential relation, generalising the differential relation defining the
generators of bg.

Definition 3.42. For n > 2, define the differential operator

D, : Qz1,...,zn] = Qz1, ..., x4)
by
D, = H (i +(_1)i1£+...+(_1)in71i)
" o0xy 0x9 0xy,

il,..,,in_le{o,l}

Theorem 3.43.
Dyr(z1,...,2,) =0

for all r(xy,...,z,) € tbg

Proof. We induct on n. For n = 2, this follows from Corollary 3.22. Suppose this holds for for

q(z1,...,2,) € thg.
Next define M M
I, ={M M. M:: =1 i+l — i+1,j+1
p =AM Malia) | Mig =1, M; M; 1

and
" 0 " 0
Ly = M;— =+ M;;—

Note that Dy, = []js¢;, Lm, and thus we have, for r(z1,22), q(x1, ..., 2n) € tbg,

n
D1 {r, g} (@1, s 2ns1) = Y Dot (7(@i, i1 )q(@i, i, - Tin) = 7(@0 1) T4 15 T2, -, Tin)
i=1
n
= Z Z (H L )r(zi, iv1)( H Lar)q(i, wiga, - oo Tin)
1=1 SClp+1 MeS Mel,41\S
n
Y (] )@z [ Lada(@isn, wire, .. wign)
=1 SCIn+1 MeS MEIn+1\S
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where we have used the cyclic invariance of tbg, and consider indices modulo n + 1.

Next note that, if we denote by M|i1,. .., ] the submatrix of M obtained by restricting to
rows and columns iy, ..., ik, we see that Ly f(2iy, .., 2i) = Ly, i f(Tiy, -+ -5 iy )-

Now, if {M[i,i+1] | M € S} = I, then ([[;;e5 Ln)r(2i, 7iy1) = 0. Otherwise, we must
have M[i,i+1] = (11) forall M € S, or M[i,i+1] = (*, ') for all M € S. In the first case,
we must have all M € I,,;q1 with M[i,i+ 1] = (_11 711) contained in I,,41 \ S, and similarly for
the second case. In either case, this implies that

(M[i,i+2,...i+n] | M €Ly \SY={M[i+1,....i+n] | Is1 \ S} = I,

and so

C JI Zma@izice,...zin) = [ Laa@iir,zise,... i) =0
Mel,1\S Mel,+1\S
Thus Dy,41{r, ¢}=0.
O

Remark 3.44. Note that, in sufficiently high degree, r(x1,...,z,) € kerD,, is equivalent to
7(z1,...,%n) € X prer, kerLps. This second condition clearly holds for n = 2, and can easily
be shown to be preserved by the IThara bracket. Hence, we can rephrase Theorem 3.43 as the
following statement:

r(z1,...,2,) € Z kerLys for all r(zq,...,2,) € tbg
Mel,

As the kernel of L)y is spanned by elements of the form (z1 4 22)% (22 & x3).

Remark 3.45. We have shown that, in block degree 1, bg is isomorphic as a vector space to
the bigraded vector space of homogeneous polynomials satisfying Theorem 3.26, Example 3.32,
Lemma 3.33, and whose reduced forms satisfy Corollary 3.39 and Theorem 3.43. Note also that,
as all these properties are preserved by the Thara bracket, we obtain that bg is a Lie subalgebra
of the Lie algebra of homogeneous polynomials satisfying these properties. However, in block
degree b, and weight w, we can only show that the dimension of the bigraded piece of the vector
space of homogeneous polynomials satisfying these contraints is bounded above by Cw®~! for
some constant C'.

3.8 Further Results in Block Degree 2

While we can uniquely described elements of bg; as solutions to a set of equations, in block
degree 1, we can only bound the dimension above by something growing linearly in weight.
However, we can exactly describe where the ambiguity lies. Let r(x1,x2,x3) € tbgy. Then we
have that

r(x1,xe,x3) = r(x2, 3, 21) = —71(T3, T2, T1)
or o O o*r o*r o*r
873:‘11 (")Ts% + Txé B 0x20x3 B Ox302% B O0x3023 =0
and that g(x1,x9,x3) := x1x9w3(21 — 23)r(21, T2, x3) satsifies the shuffle regularisation equa-

tions.
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dg dg _ _ s
yz (83;1(079;2) - 87]:1(073/7 _Z>> =Y (g(yaz7 Z) + g( Y, 2, Z))

+2(9(=y,y,—2) = 9(=4,9, 2))

dg dg dg
ox oxy 0z 0z

99
Yz <1(07 Y, Z) + 7(01 Y, —Z) + 7(3/1 Oa Z) + 7(y> Oa _Z)> =Y (g(y7 2, —Z) - g(_ya 2, _Z))
-z (g(_y7 Y, _Z) + g(_y7 Y, Z))
Writing these relations in terms of r(x1, 22, x3), we find that these both reduce to

1
5 (T(Oa Y, Z) - T(Oa Y, _Z)) = T(_y, Y, Z) - T(y, -z, Z)
Observe that, considering the parity of the degrees of monomials, we must have that the

totally even part of r

1
re(x1, T2, x3) = — (r(x1, T2, 3) + r(—x1, T2, 3) + (21, T2, —23) + 7(—21, T2, —T3))
4

and the odd part of r, ro(x1, 2, x3) 1= r(z1, T2, T3) — Te(T1, T2, £3), must both satisfy these
equations separately. We claim that, if q(x1, xe, x3) satisfies these equations, then there exists
r(x1,x2,x3) € thg, such that go(z1, 2, x3) = ro(21, 22, x3). Equivalently, we have the following.

Proposition 3.46. Let V2" C Q[x1, 22, 73] be the space of homogeneous polynomials of degree
2n, satisfying

q(x1, w2, 73) = q(x2,73,71) = —q(r3,72,21) (1)

1

5 (Q(Oa Y, Z) - Q(Oa Y, _Z)) = Q(_y7 Y, Z) - Q(y7 —Zz, Z) (2)
84 84 84 84 84 64
7(4114‘7?14'7?1_ 2q2_ 2q2_ 2q2:o(3)
Ox7  Oxy  Oxy Ox{0x5 Ox50x5 Ox50xy

ge(x1,22,23) =0 (4)

and let d3" be the dimension of the degree 2n piece of tbgy, i.e. the dimension of the weight
2n + 2 part of bgy. Then dimV2" = d3".

Proof. We first note that d3" is the number of independent Lie brackets {poxi1,pors1} with
2k 4+ 2l 4+ 2 = 2n + 2, with k,l > 1. This is precisely the number of positive integer solutions to
k+1=nwith 1 <k <. Thus d3" = L”T_lj

Next, Equation (3) implies

gz, m2,73) = D> oj(ar — m9) (w2 — 23) + B (w1 + w2) (w2 — 23)
i+j=2n

+”yi,j(:1:1 — xg)i($2 + 1’3)j + (51'73'(.%1 + xz)i(xz + xg)j

DenOting by Q*(xb xo, .’E3) = % (q<$17 o, $3) - Q(_xla xo, .’E3) - q<$17 x2, _x?)) + Q(_mh €2, —.’I,'3))
the part of ¢ that is odd in z1, =3 and even in x5, we can write

Gz, w2,23) = Y piy (21 = @) (2 = 23) + (1) (21 + 22)" (22 — 23)

i+j=2n
i,7>0

— (21 — 22) (w2 + 23)7 + (—=1)" (21 + 22) (w2 + 33)7)
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where p; j == a;j + (—1)i+lﬂi7j — %+ (—1)i5,~7j. As q(z1,x9,23) = —q(x3,22,21), the same
holds for g.(z1,x2,x3) and thus p; ; = —p;;
Then, as ge(x1,x2,23) = 0, and q(z1,x2,x3) = q(x2,x3,21), we must have

q(z1, 2, 23) = qu(x1, T2, w3) + qu(T2, 3, 21) + g+ (3, 71, T3)

Thus, ¢ is uniquely determined by g,. We currently have n — 1 free variables in ¢y, so in
order for dimV?" to be equal to |“51], we need Equation (2) to impose [“5%] independent
constraints on the p; ;.

Writing Equation (2) in terms of ¢,(z1,x2,z3), we find that we must have

q*('zaovy) = Qq*(z7y7y> - 2q*(y,272')

Evaluating the coefficient of y*z! in this equation we obtain

mi= 5 () )oi— T 2( )

0<y<k 0<y<l
i+j=2n i+j=2n

if k is odd, and 0 = 0 if k is even, or if k = [. As the coefficient of y'z* is just the negative of
this, this gives us ("7_11 equations, so it suffices to show that they are independent. As we are
solving for rational p; ;, it is sufficient to show that these equations are independent modulo 2.
But, mod 2 we obtain

PLE = 0 mod 2
which are clearly independent. Hence, we have L"T_lj free variables in ¢, and this dimV?" =
(23] = d3". O
3.9 Deriving the IThara action formula

For elements of the double shuffle Lie algebra, the (linearised) Thara action is given by the
following [9]

Proposition 3.47. For o € Lieleg,e1], u € {ep,e1}*, the linearised Ihara action is given
recursively by
ooegeiu = egoeu — egero u + eger (o ou) (3.4)

where (a1 ...ap)* = (=1)"ay...a1.

Translating the linearised Thara action into the language of commutative variables, we find
the following.

Theorem 3.48. For f(x1,...,xy) the image of the block degree m — 1 part of o € Lieleg, e1],
g € Qlx1,...,zy], the linearised Ihara action is given by

n

L — Ty T y ooy Litm—
(f og)(ml, o 7xm+n—1) _ Z(_l)(m—f—l)(z 1)f( 2+1 : + 1)

i=1 Ty — Tipm—1
Titm—1 _ _
X ((1 + (_1)m+11+T”'1)g(x1, sy iy Lidmy - - -5 mernfl)
i
T
—(1 + (—1)m+172 )g(i’l, ey =1, Tim—1,y - - - ,:L’m+n_1)>
Ti+m—1

where we define T; == (—1)"*1x;.
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Proof. We start by writing, for v = u; ... u, € {eg,e1}*,

n
OOoOU]...Up = EQOUT . ..Uy + E €U ... UiOUj4] ... Up
=1

where ¢; € {0, £1} for each i. We first claim that ¢; = 0 if u; = u;41. We take here uy = ey,
and up41 = ey.

If u; = uj4+1 = ep, then our recursive formula (3.4) shows ¢; = 0, as o does not ‘insert’
between adjacent eq. If u; = u;41 = e1, then our recursion gives us terms of the form

et UL uiflela*elu”g Uy UL U110 U2 L Uy UL ui71€1€10'*ui+2 e Uy
As, for o € Lieleg, e1], 0 + 0* = 0, the terms corresponding to uj ... u;0Ujt1 ... uy, cancel,
giving us that ¢; = 0.
Hence, our block-polynomial formula will consist of a sum over the blocks of u, each corre-

sponding to the insertion of ¢ into a single block.
We will induct on the number of blocks in u. If u consists of a single block, u = (e1ep)”, and

oou=dc(eren)’ +eioeg(eren)” ! + ereqo(eren) 2 + ereperateg(eren) T3+ .

k
= 2(6160)2’0(6160)kii + (6160)1'610'*60(6160)]67171'
i=0
Now, letting f(x1,...,2Zm) be the polynomial representating the block degree n part of o

and g(x1) = x%kH be the polynomial representing w, this is equivalent to the statement that
k 21 o f(@1y ey ) g(@m) a1 L1 s z1 9 f(Z1, ..y m)g(m)
(fog)(xla"'vxm):Z(i) 2 +(_1) 72(7) 2
i—o Tm Tin Tm 25 Tm Tm
f(x1, ... o) [, x1 2k+2 10 %1 \2k+1 121
_ S\ M) L —14(=1 m+1, 1 +1 -1 m+1 71
e ()L = () ) ()
flxy, ..., xm) 1 Tm 1 T1
=" 21) — g(xm) + (=)™ Zg(xy) — (=)™ —g(x
oy g9(z1) — g(zm) + (-1) - g(z1) — (1) $mg( m)

which is precisely the result given by the formula.

Now suppose our formula is correct for words consisting of n — 1 blocks, and let eque; be a
word consisting of n blocks eque; = by ... by, corresponding to the monomial g(x1,...,x,). As
we have merely appended a block onto the end of a word, the first n — 2 terms of (f o g) will be
given by our formula, by our induction hypothesis. To see this, consider (f o gq;), where gg;
is the polynomial corresponding to the word eguge; = by...b),_;. Here b/, is the smallest
block extending b,—; and ending on e;. The Thara action of any o € Lieleg, e1] on u and gy
will produce terms that are identical upon swapping by,_1b, <> b/,_; up to those terms in which
which o inserts into b,,_1b,,. Indeed, they will agree under this swapping until we consider terms
in which o inserts beyond the end of b,,_1.

Thus, it suffices to show that the formula holds for a word egue; = b1bs of block degree 1.
We have 2 cases: the repeated letter in egue; is eg, or it is eq.

In the first case, u = (e1eq)¥ep(e1e0)’ and

k

gou=Y (ereq)'o(ereq)  Teoleren) + > i =0""(ereq) er0eq(e1en) ! eg(eren)’
=0
l -1

+ Z(61@0)keo(eleo)iU(eleo)l% + Z(e1eo)keo(eleo)iela*eo(eleo)lflfi
=0 i=0
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In terms of commutative polynomials, after summing the geometric series, we obtain

(£ ) ansme) = Lo (1 (1 (20— (124 g )

f(x2,. . Tmir) ( T2 o142 1, T2 2141 1 T2
+ 1 (=) (22 oyl T2 g
]2, ($m+1) (=1) (me) (-1 P ( ma1)

Simplifying, and noting that g(z1, z2) = 1:%’”%3”2, we obtain

Tlye-ey X €T
(Fo )@, s amin) = L) (mgm,mm 1) = gl + 1)
x] — a2, 1
T
()™ g (@1, wmen) = (1) g, me))
m
Ty .., T 1
+ I 2 2 m1) (9(z1,22) — g(21, Trnt1)
Ly = Tyt
Tm+1 )
+(_1)m+1L+g(x17x2> - (_1>m+1g(xlaxm+l)>
x2 Tm+1

m+1

Considering parity, and defining z; := (—1)"""z;, we can rewrite this as

X
9(Z1, Tmgr) + (1) g (T, Tga)

(fog) (T, .\ Tmi1) = (_1)(0)(m+1)M (
x1

2 2

X
_g(xma merl) + (_1)m+1 = 9($ma $m+1)>
Tm+1

flxa, ..., Zmt o Tmal
+ (L ; 2’”” 9(Z1,82) — (1) (3, 7o)
$2—$m+1 xT9

T2

sornn)

—9(Z1, Tmy1) + (=1
Tm+1

giving the desired formula. The second case follows similarly.
Hence, our general formula is
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n—2

1 — xi?'ri 7"'7xi m—
(fOQ)(331,.--,:Um+n_1)ZZ(—l)(m“)(l A 2+1 +m—1)

2
i=1 Ty — Tipm—1
Ti4+m—1 _ _
X ((1 + (_1)m+1HTn'1)g(xla oy Ly Litmy - - - 7$m+n—1)
T
T
—(1+ (-1 ——)g(Z1, -, Tim1s Tipm1, - - - ,xm+n—1)>
Ti+m—1

+ (—1)(m+)(n-2) f(xr;—h s Tmgn—2)
Tn—1~ Tn4m—2

xz -2 _ _
X <(1 + (_1)m+177;+m1 )g(.%’l, ey Tp—1, ZL‘m+n_1)
n—

Tp—1 _ _
7(1 + (71>m+1x = 2)9(5517 sy Tn—2, Tn4+m—2, $m+n1))
n+m—

+ (_1)(m+1)(n71) f(CCn, - ,xm+n_1)

”

2 _
Tn xm-l—n—l

xr _
(g )
n

Tn

—(1 4 (=1)m*? )g(:vl,...,fi‘nl,xm+n1)>

Tn4+m—1

where the sign of the final two summands agree. To fix this sign, we need only to consider

the sign of the term corresponding to (2= )2f(x”‘l""’xm*”‘Q)g(x;""’x”‘z’xm””’zm*"‘l). This
Tm+n—2 xm-}—n—?

corresponds to inserting o after the first two letters of the (n — 1) — th block. This will be

positive if this block starts with an e; and have the same sign as (—1)™*! otherwise. Let

g(z1,...,x,) = ™. 2% Then, by Lemma 3.10 the (n — 1) — th block starts with eq if

di+...+dp—2 =n—2 (mod 2), and e; otherwise. Thus, the sign of the term corresponding to

(wrn—1 )2 f(mn—l,~~~,xm+n—2)g($2l7--~7x'n—2,1‘m+n—27$m+n—1) . (_1)(m—l)(1+d1+...+dn—27n+2)
m4n—2 :Eer

n—2
this with our formula, we see that the final two terms must appear with a positive sign, giving
the desired result.

. Comparing

O

To obtain (3.2), we must translate this across into the ‘depth signed’ convention. Specifically,
we must find the action of the map e; — —eq in terms of commutative variables.

Lemma 3.49. The automorphism Q({eg, e1) — Q(eq, e1) given by e; — —eq, is equivalent under
the isomorphism (3.1) to the map

Qx1,y ..., xn] = Qlx1,. .., xp]
F@1y ) e (D) f(—zn, a0, (= 1) )

for f a homogeneous polynomial of degree | + 2.

(3.5)

Proof. Note that it suffices to show that, for a word w of length [ and depth d, with 7 (w) =
xclll ...z that this congruence holds

l
dz(j—l—dl—i-dg—l---- (mod 2)

We will induct on the number of blocks in eqwey. If eqwe; consists of a single block, then
eower = (eger)2 ™!, and so d = L, and di = [ + 2. Thus the result holds.
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Suppose the result holds for w such that eqwe; consists of n blocks. Let eqwe; = w'wy
be a word of length [ +2 and depth d+ 1,consisting of n+1 blocks, where wg,, , ,
of length d,, 11 and w’ is a word of length I and depth d’. Suppose m(w) = 29" ... xﬁ”xi’jﬁl.
If I is even, then w’ = egue; consists of n = 1 (mod 2) blocks, and d,,+1 must be odd. So,
by induction,

n—+1
is a single block

-2
d—1= 5 + Z d2i+1 (mod 2)
1<2i4+1<n
Thus
d=d + (d”;l} ~1
=l/_2+ > daig ( d2)+(d”“1 (mod 2)
= : 2i+1 (1IN0 B mo
1<2i+1<n
U+ dpt1 — 2
= (%1 + Z dgip1 (mod 2) (mod 2)
1<2i+1<n+1
l
=151+ 'Z dair1 (mod 2) (mod 2)
1<2i4+1<n+1
And so the result holds. Similar considerations for I’ odd prove the result in general. ]

Applying this transformation, and simplifying, we obtain Proposition 3.23, giving the for-
mula

n
Tiyeonr Titm—1 1
(fog)(x1,-. ., Tmin—1) :Zf( 2'7 ;. itm—1) <‘g(xl’,..7$i,$i+m,.-.,xm+n1)
i—1 Tj — Ti+m—1 Z;

1

Lit+m—1

9(x1, .o T, Tiem—1, - - ,Im+n—1))

3.10 Additional block graded relations

We can, similarly to Corollary 3.31, attempt to define graded analogues of existing relations
among block graded multiple zeta values. For example, a weaker formulation of shuffle regular-
isation exists,obtained by composing grz(A1) with projection onto the second component.

Corollary 3.50. For f(x1,...,2,) € bg

-1
nz f(xl,...,xi,xi,... ,:En_l) -0
=1

T

Attempting similar with the stuffle equations, we find that is is difficult to encode stuffle
relations as functional equations satisfied by elements of bg. Instead, we return to direct com-
putations with multiple zeta values. We first note that, for convergent MZVs, computation of
block degree is a function of the arguments.

Lemma 3.51. The block degree of (™(nq,...,ng) is given by Zle |n; —2|.
Proof. To compute the block degree of (™(nq,...,n;), we compute the block degree of

na—1 ne—1

1716160 ...e1e

epe1e) e1

Now, if n; > 1, e1 egifl contributes exactly n; — 2 repetitions, and hence contributes n; —2 to the
block degree. If n; = 1, then we obtain an €2, contributing 1 = |1 — 2| to the block degree. [J
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Remark 3.52. Note that this gives us a relation among the weight, depth and block fil-
trations. To be precise, when restricted to ((™(n1,...,n,) : k > 1, n; > 2)g, we find
degg(¢™(n1,...,nE) =n1 +-- -+ ng — 2k, i.e block degree is weight minus twice depth. This is
a special case of a more general relation

degg(I™(0;a1,...,an;1)) + 2d(I™(0; a1, - .., an; 1)) = n+ 2degp (I (0; a1, . . ., an; 1))
where deg,, counts the number of occurences of €.

We can see that, in terms of MZVs, block degree is naturally opposed to depth. As such,
we can obtain the following formulation of the stuffle equations.

Proposition 3.53. Let (m1,...,mg), (n1,...,n;) be two sequences of integers with m;,n; > 1,
k <, and define mgy1 = ... =m; =0. Then

Z C*(n1 4+ Mo(1), - -+ M) =0
O'GS}L(Z,H

modulo products.

Proof. This is precisely the lowest depth part of the stuffle equation modulo products. We claim
this is the highest block degree part of the stuffle equation: In the stuffle equation, we obtain
terms (™(s1,...,s¢) where each s, € {mq,...,myg,n1,...,n} U{m; +n;|1 <i < j}. From our
assumption on the values of m;, nj, this has block degree block degree Zle m; + 22:1 n; — 2t.
Maximising block degree is therefore equivalent to minimising ¢, so that all s, € {ny,...,nm} U
{m; + n;|1 <i < j}, which are precisely the terms obtained in the above sum. O

Remark 3.54. We can, in fact, extend Proposition 3.53 to allow m;,n; to be equal to 1, in
light of Remark 3.52, by restricting the sum to include only terms that minimise #{i : m; =
1} +#{i :n; =1} — k — [ in the original stuffle equations.

As mentioned previously, the stuffle equations do not naturally see a description in terms of
bg. However, we may, by a simple induction argument show the following weaker formulation

Lemma 3.55. For any interval I = {k,k+1,...,k+1} C {1,...,n} of cardinality at least 2,
and any f(x1,...,xy,) € bg, we have

f(zla"'>zn):0

where z; = x1 if i € 1, and z; = x2 otherwise

Proof. Clearly, this holds for pogy1(x1,22). Thus, we may induct on block degree, and so it
suffices to show that this holds for

f($17$2) Og(ml) . . wxn—l)

assuming it holds for g(z1,...,z,—1) € bg. Suppose I = {k, ..., k+1} is a fixed interval. Then,

evaluating
1 1
— (X1, Ty T2y e Ty) —
T Tit+1

9(T1, - T, Tig 1y - -5 T)

at (z1,...,2,) defined above, we obtain 0 by our induction hypothesis, except if I = {k,k+ 1},
and i € {k — 1,k,k + 1}. If this is the case, we obtain three terms that are not immediately
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zero by induction.

Z2

To,T 1 1
+f( 2 1) ((_g(xlu"'vxhw?wrlw"7$1))

o — X1 T2 I

which is clearly 0. Here, C' = limg, 4, f(@1,es) Hence, the result holds for {f, g}, and thus for

xr1—T2
all elements of bg. O
We may hope to similarly define ‘block graded’ versions of the associator equations. While
we can define a block filtration on the Lie algebra over which the pentagon equation is defined,
it remains combinatorially challenging. The hexagon equation is not significantly simpler, but
can to some extent be ignored, thanks to the following lemma.

Lemma 3.56. Suppose degg(I"(0;a1,...,a,;1)) > [5]. Then P0;ay,...,a,;1) =0

Proof. The Hoffman elements, (™(n1,...,nk), n; € {2,3} span H, and have

degp(C™(n, ..., k) = #{n; : n; = 3}

Thus, every element of H of weight n can be written as a linear combination of Hoffman elements
of maximal block degree |5 ]. The result follows. O

Proposition 3.57. The linearised hexagon equation

P(eo,e1) + ¢(e1, —eo — e1) + ¢(—eg — e1,e9) =0
implies no non-trivial relations in gr®H.

Proof. Fix a word w and consider the coefficient of w in the hexagon equation. We obtain the
following contributions

From ¢(eg, e1), we obtain I™(0;w; 1). From ¢(e1, —eg — e1), we obtain I™(0;u; 1) where u
has ep only where w has e;. From ¢(—eg — e1,eg), we obtain I™(0;v;1) where v has e; only
where w has eg.

Considering terms of highest block degree of this form, we see that the block graded equation
for a word of weight n involves only terms of the forms

elge?_k

epereq !
efepel

all of which have block degree at least n — 2, which is strictly greater than % | for all n > 3.
Thus,by Lemma 3.56, the only block graded equation of interest is in weight 3. Direct calculation
shows the weight 3 equation to be an immediate consequence of duality O
3.11 The Ihara action in noncommuting variables
Using the isomorphism (3.3), we can define a vector space isomorphism

Q(eo, e1) = Q(21, 22,23, ...) = Q(Z)
and hence an injection

bg — Q(Z2)

o1



It can be helpful to consider functional equations satisfied by elements of bg as properties of
their images in Q(Z). For example, the block shuffle relation corresponds to elements of bg
being primitive with respect to the coproduct defined by

Azp =2, 014+ 1® 2z,
Concatenation in Q(Z) corresponds to the polynomial multiplication given by

flxr,.o o xm) gz, .oyzn) == f(1, o, Zm) 9(Tmt1y -« s Tingn)

We will use this to define the Ihara action in Q(Z).
We need the following lemma.

Lemma 3.58. The Ihara action is a derivation for this concatenation product.
folg-h)=(fog) - h+g-(foh)

Proof. Recall that, for f € Q[z1,...,zn], F € Q[z1,...,z,], we define

(fOF)(xl z . 1= - f(ﬂfi7...,xi+m7]_) (F(x]_,...,$i,$i+m,...,$m+n]_)
y ooy bm4n— —E
x
=1

i~ Litm—1 i
_F($1,-~-7$i—1,$i+m—1,---,$m+n—1))
Ti+m
Hence, if F(x1,...,2,) = g(21, ..., xp)h(Tki1, ..., Tn), we have

K f(z; T ) (g(x Ti, T; T )
h) = gy Lidm—1 1y diyLidmy -y dmt+k—1
(fog-h) ; .

i — Litm—1 Xy
9(Z1, o i1, Tiem—1s -+ - Tt k—1) b
- ($m+k, e amm—i-n—l)
LTi+m

+ Zn: g(xl’”'xk)f(l'i,...,l'i+m,1) (h(zk+1,...,a:i,:ni+m,...,xm+n1)

il Ly — Titm—1 T
Ch(@kg1, - i1 Tigm 1, - ,$m+n—1)>
Ti+m
andso fog-h=(fog)-h+g-(foh). g

Hence (f o —) is a derivation for concatenation in Q(Z), and so, to define the Ihara action,
it suffices to define f o z,. We have

fouxl = —f(ac1,...,xm) (ac’fhl —a:;‘;l) = f(z1,...,2) Z zial

T1 — Tm

i+j=n—2
Thus, we have that
f O Zp = Z LZRj(f)
i+j=n—2
where Li(zpu) 1= zp4iu, and Rj(uz,) 1= uz,y; are linear operators raising the first and last

variables, respectively, in a word.
This also provides us with an alternative proof of Theorem 3.26, via the following equivalent
statement.

Proposition 3.59. The image of every o € bg in Q(Z) is primitive with respect to the coproduct
Alzp) =2, @14+ 1® z,.
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Proof. For this coproduct, o primitive is equivalent to o € Lie[Z]. In block degree 1, we know
this to be the case, as pogi1(x1,22) + pogr1(x2,x1) = 0. It then suffices to show that, if
o, ¢ € Lie[Z], that o o ¢ € Lie[Z]. In particular, as we are interested in the image of bg, we
may take o to be in this image, and in fact, by associativity of the Ihara action, we may take o
to be of block degree 1. Finally, since the Thara action is linear and a derivation, it suffices to

show
([zrru ZnD oz € Lie[Z]

This is easily verified.
([Zma Zn]) Ozt = Z Lsz [Zma Zn]
itj=t—2

= g Em+ifn+j — Entifm4tj
itj=t—2

= g Em+ifn+j — Zntjfmti
itj—t—2

= Z [Zmtis Zn-‘rj]

itj=t—2

Thus, for ¢ in the image of bg, and ¢ € Lie[Z], 0 o ¢ € Lie[Z], and we can therefore conclude
that the image of bg is contained in Lie[Z]. O
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4 Block relations and the double shuffle relations

While it remains unclear how to show that bg is indeed isomorphic to the algebra bs described
in Remark 3.45. one approach is to show that the relations described imply the (block graded)
double shuffle relationships. We claim this to be the case, and will show that, in block degree
1 and 2, the ‘block relations’ imply the block graded double shuffle relations.

We first show that the Hoffman regularisation relation is implied by the block relations. In
particular, it suffices to show that

Z Cb(nlw"7n’i717ni+17"‘7nk) Z Cb(nh...,ni—i-l,...,le):O (41)
0<i<k—1 1<i<k
ni+17#£1 n;#1

when each term is considered modulo products and n; > 1.
Lemma 4.1. The Hoffman regqularisation relation holds for block graded multiple zeta values.

Proof. Consider —1°"(z1lUz;, ... 2;,) = 0, with z;,,2;, > 1, so that z;, ...z, corresponds to a

monomial in e;Q(eg, e1)eg. This is

n

—Ib[(leil . Zin) — Ib[(zil . zinzl) — Z Ib[(zil . Zijzlzin . Z’in) =0

By shuffle regularisation

bl bl bl bl bl
121z, zi,) — Iz, 2, 21) = 1M eouwy) — I%Y(z124, - .. 2, ) + TP (eqwg) — I (2, . . 24, 21)
n
- Ih[ 4 A .
= (#iy - 2Zij_y 262041k - - - Ziy)
=1 2<k<i;
bl
+3 E I (Zil e Zig o R1%i; Zln)
2<j<n—1
ij17#1
+ (% Zi | 21%i in)
11 s Rl 1Z1j e R
2<j<n—1
ij_1=1

Thus 1°'(z;Wz;, ... 2;,) = 0 is equivalent to

n
bl bl
E E I (zil R TR 2 L s P T Zln) + E I (Zil CeZig RN Zig Zln) =0

Jj=11<k<i; 2<j<n—1
ij_17#1
Now, if I®(z;, ... z;,) corresponds to (—1)*¢®(ny,...,n;), then

bl
{20y -+ 211 202011k - - Zin F1<j<n
1<g<iy

corresponds bijectively to
{(—1)k+1Cb(n1 ceey M1, 1, Mgy ey nk)}nﬁﬁlsﬁnj+1 U {(—1)kcb(n1, N i 1,... 7nk)}nj7é2

, and
{Ib[(zl-l . zi]._lzkzifrl,k e zin}1<j<n
ij—171
corresponds bijectively to
{(=1)*¢*(ny, ... Ty LMty oo ) by =1m, 4 U {(=D)*¢(ny, ... g+ 1 ) b2

and thus, I°'(z1Wz;, ... 2;,) = 0 is equivalent to equation (4.1). O
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We now turn to the double shuffle relations in block degree 1. The shuffle relations tell us
that I™(0; ulv; 1) = 0 for all u,v € Q(eg, e1). As we have considered the case where u = ¢g, we
can assume that u contains a ege; or an ejeg, and that v a word of length at least 2, containing
both ey, e1.

Thus in eg(ulllv)e;, we can find a word containing both an e? and an €2 that were not in v,
and so degg(ullv) > degg(v) + 2, and hence there are no interesting shuffle relations in block
degree 1.

Considering stuffle relations, we similarly see that a block degree 1 relation must arrive from
¢™(u x v) where degg(u) = 0, degg(v) = 1, and so u = y¥, and v = y§yrys or v = y3, where
k € {1,3}. However, as there exists a term in the stuffle containing a y4 or a ys, we obtain a
term with block degree strictly greater than 1. Hence, there exist no nontrivial stuffle relations
in block degree 1, and so the block relations imply the block graded double shuffle relations in
block degree 1.

Similar analysis in block degree 2 shows that we need only to consider relations arising from
I™(e1epti(ereg)™) = 0, and ¢™(y2 * y4) = 0 modulo products. We will consider first the stuffle
relation.

Taking the block graded piece, we obtain that

n
D> oMY 421 ) =0
i=1
which is equivalent to
n
Z 1" (29i 1121 22n—2i42) = 0
i=1
which follows from the statement that, for all f(x1,x9,x3) € bg, 5‘—{2(:1:1,0,:51) = 0. We know
that f(x1,z2,x3) = z1xexs(x1 — x3)r(x1, 22, 3), and hence
0
ai(wla 0,23) = z1x3(x1 — 23)r(x1,0,23)
€2

from which the claim obviously follows.
Now, considering I"™(ejegLLi(e1eg)™), and taking the block degree 2 piece, we obtain that

n—1ln—i—1

Z Z Ib[((eleo)ie%(6061)j€%(€160)n_i_j_1) =0

or, equivalently

n n—i—1
bl
" (22i4222j4+222n—2i—25) = 0

1=

0 j5=0
which we can rewrite once more as
bl
E I" (225295 22k) = 0

i+j+k=n+2
3,5,k>0

which follows from the statement that, for all f(z1,z2,23) € bg, feee(z,x,z) = 0, where
feee := f(x1,m2,23) + f(—21, 22, 23) + f(21, =22, 23) + f(—21, —T2, —T3)

Now, as f(x1,z2,23) = x12923(21 — 23)7r (21, T2, 23), fOr 7 € tbg, We have that

flz,z,2) =0
f(—z,z,x) =22 r(—x,x, )
flx,—z,2) =0
f(—z, -z, z) = 22" (—z, —x, x)



Additionally, the dihedral symmetry of tbg implies that r(z,y,y) = r(z,z,y) = 0, and thus

feee =0.
Denote by bs,, the block degree n piece of bs. Define bsh,, to be the vector subspace of

omry, considered as a subspace of Q(eg, e1), satisfying the block degree n graded double shuffle
relations. We have shown the following.

Proposition 4.2. For n = 1,2, we have inclusions of bigraded vector spaces

bg,, — grzomry

l [

bs,, — bsh,,
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5 An ungraded block shuffle

We wish to extend relations among block graded multiple zeta values to motivic multiple zeta
values, modulo products. The work of Charlton [10] suggests that cyclic insertion holds at
the level of motivic multiple zeta values. We shall introduce an extension of the block shuffle
relation to motivic multiple zeta values, defined in work due to Hirose and Sato [23].

On algebra Q(Z) = Q(z1, 29, ...), define a quasi-shuffle product by linearly extending the
following definition.

Zm Uz v 1=z (ul2pv) 4 2p (2muliv) — Lyyqp (ullv)
wlll = 1dlu :=u
where
Li(zju) == zi1ju
Hirose and Sato show the following.

Proposition 5.1. Let u,v € Q(Z) be such that (u,v) # (2%, 2§2220) or (, 22228, 2) for any
m >0, a,b > 0. Then
I"(uliw) =0

considered modulo products.

We can translate this into a statement about primitivity of elements of g™ with respect
to the following coproduct, which we can readily check to be dual to the above quasi-shuflle
product.

Definition 5.2. Define a coproduct on Q(Z) by

Ap(l)=1®1
Ab[(zn) = Z(—l)k Z Ziy o v Zig ®Zik+1 e B —{—ZikJrl o Ry @ Ziy e Ziy, (5.1)
k>0 i1+ tiog 41 =N

;>0
Coassociativity of this coproduct is clear, and so we conclude the following.
Lemma 5.3. This quasi-shuffle product is associative.
We can equivalently reformulate Proposition 5.1 as the following statement.

Proposition 5.4. For n > 0, define the vector space Vi, == Qz7 © @, p—p_o Qz‘llezi’. Let
o€ g™ CQ(Z) be an element of weight N — 2. Then

Ap(o)—o®1—180€ Y VoV,
i+j=N

While, discussing Hirose and Sato’s argument is beyond the scope of this thesis, we can
prove the following special case of Proposition 5.1.

Proposition 5.5. For all iy,.. .4, with iy, i, > 1. I™(z1Wz; ... 2;,) = 0.

Proof. We claim this is a consequence of Hoffman’s regularisation relation. In showing this, we
will introduce the following abuse of notation.

Im(eileiZ ce ei") L= Im(O; il,ig, ceey in; 1)

Im(nlv s 7nl€) F= (_1)kcm(nla s ,’I’lk)
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Now, let w = ejej,...€j, ,e0 be a monomial in {ep,e1}, let yp, ...ypn, be the image in the
y-alphabet, and let z;, ... z;, be the image of egwe; in the z-alphabet. Hoffman’s regularisation
relation tells us that

k—1 k
Im(ell_l_lw) - Im(wel) = Zlm(nh ey Lngy, .. ,nk) — Zlm(nl, cang+ 10 .,nk)
1=0 =1

Via the duality relation, the left hand side is equal to

(=N (I™(eouDw) — I™(egDw)) = (—1)NT™ (2124, ... 2;,)

The sum Z?;(]l I™(ny,...,ni,1,ni41,...,nk) is equal to
1 1 N
3 (Im(elu_lw) —I™(wey) + 12 — Ieg) =3 ((—1) (212, - 2i)) + L2 — Ieg)
where I2 := > 1<p<n—11"(e1...¢j.€1€j,,, ...€0). By considering when ej, = e;, ., = 1 can
Jk=Jk+1=1

occur, we see that

§ : m
Ie% = I (zil...zikzl...zin)
1<k<n
i1+-ix=k+1 (mod 2)

and similarly

— m . . . . . .
Ie(z) = Z I™(2iy o 2oy Zigtig 1 +1 % 4n - - - i)
1<k<n
i1+-ip=k (mod 2)

Hence this first sum is equal to

(_;)N <Im(212in e Ziy)

m
+ E I (Zil---zikzl---zin)
1<k<n
’L'1+~~’L'k.5k+l (mod 2)

m
- E I (Zil s R Rt 11 %00 - Zin))

1<k<n
i1+-ig=k (mod 2)
Next, consider the sum Z?Zl I™(ny,...,n; +1,...,ng). We can similarly show that this is
equal to

(_;)N (1‘“(% %3y 21)

+ E Im(zil...zikzl...zin)
1<k<n
i1+ =k (mod 2)

m
- E (2, ... Rig_1%ip+ipg1+1%0p 1 - - ZIn))

1<k<n
i1+ix=k+1 (mod 2)

N
Combining these three equalities, and dividing through by (_é) , we obtain
n n—1
ZIm(zin Ce Zik+1212ik Ce Zil) — Z Im(zin Ce 7zik+22ik+ik+l+1zk*1 e zil) =0
k=0 k=1
which is precisely that I™(z;Lz;, ... 2;,) = 0. O
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Remark 5.6. As in Lemma 4.1, when we consider these motivic iterated integrals modulo
products, this proof can be extended identically, to obtain that I™(z1Wz;, ... 2;,) = 0 modulo
products, for all z;, ...z, & {27 22, 20277}, Associativity of this quasi-shuffle product then
suggests Conjecture 5.1 could be strengthened to assume I™(ulllv) = 0 modulo products for all

{u,v} & {277, 222, 2227 }.

We make the following conjecture, based on numerical evidence, to somehow ‘block regu-
larise” g™.

Conjecture 5.7. Given o € Q(Z) of weight n, define 0* := =% (2'22 — 2227"), where ¢, is the
coefficient of z12,11 in 0. Then, for all o € g™, 0 4+ ¢* is primitive with respect to Ag.

This regularisation is well defined.

Lemma 5.8. For any o, i € g™
{U + U*alb + lb*} = {Uﬂﬁ} + {Ua l/J}*

Proof. The statement is equivalent to showing

{oo9}" ={o, 9"} +{0", ¥} +{o", ¥}

As, for any element of g™ of Lie degree at least 2, all monomials have block degree at least 2
and hence ¢, = 0, it suffices to show that

1. {0,272 — 2227} = 0 for all o and any n.
2. {2120 — 2227, 2729 — 2227} = 0 for any m, n.

We begin by showing (2). Using that the Ihara action is a derivation, and noting that coz; =0
and o o zo = o, we see that

m-+n +n

m m n m m
(2122 — 2227") 0 (2122 — 2227) = 27" "2o — 2{" 2221 — 21'2227" + 2227

This expression is symmetric in m and n, and hence {z]"2z9 — 2221, 229 — 2227} = 0.
To show (1), we first note the following.

o (229 — 2927) = 210 — 027

We can assume that ¢ is homogeneous of block degree m — 1 without loss of generality. Switch-
ing to the language of commutative polynomials, supposing o is represented by a polynomial
f(z1,...,zm), we obtain:

m
Ti oo Tppi(Tpi — 1 . .
(2122 — 2227) = i Ty = ) (f(xi+1a coy Titn) — f(@i, ... 7$i+n—1)>
i—1 — Tnti Ty Litn
== Z Tig1 o Togi () (@ig1y - Tign — T Tign 1 f (T4, Tign—1)
=x1...Tnf(Tntls s Tmtn) — Tmt1 -« - Toninf (T1, 0oy Tin)
=20 — oz}
where we have defined f(:nl, ey Tign—1) = f(x1, ., Ti1, Titnys- -, Tmtn). Lhe result then
follows. O

Remark 5.9. Hirose and Sato show that the block shuffle relation holds for all words u, v with
some regularisation. It is as yet unknown if this regularisation agrees with that of Conjecture
5.7.
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5.1 The block shuffle algebra

Assuming Conjecture 5.7, or taking any regularisation procedure, we can use the block shuffle
relation to gain further information about both g™, and the Lie coalgebra of motivic multiple
zeta values L, as follows.

As g™, or rather a regularised g™, is primitive with respect to Ay, there exists a map
g™ — P(Z), to the set of primitive elements of Q(Z). We will provide an explicit generating
set for Lie[P(Z)] = P(Z).

Proposition 5.10. wy, 1=} ;- 214:1ﬁ Zi1+...0+¢2k+1:n Ziy « o+ Zigpy, 1S priMItive.
<ij
Proof. We first write Ag(wy) = Zn s>0 Wr,s, Where
wr,s € Span{z;, ...z, ® 2zj, ...z, |ig, 51 > 0}

is the degree (7, s) component. As Ay is cocommutative, to show w,, is primitive, it suffices to
show that w,s =0 for all 0 < r < s.

Next we note that, for fixed ny, ..., n,, the projection of w, s onto zy,, ...z, ®Q(Z) is in the
Q-span of Zi1+.‘.+i3:n—n1—~~—nr Zng - Zn. %y - .. Zi,, Dy the symmetry in the definitions of wy,
and Ag(z,). Thus, it suffices to compute the coefficient of this term for arbitrary nq,...,n,.

Considering a composition C' = (cy,...,cy) of 7, a sequence e = {e;} € {£1}/°l, and a se-
quence of integers 0 < j; < ... < Jm < 2k+1, this specifies a term in > |
given by

i1+ tiop 1 =n I DY

Jji—1 Jt+1—1

H(zzu®1+1®z,u H Z (2p1 -+ 2pe, © Zpeyin - Zpacyie;) H (zi, ®1+1® 2;,)

t= 1p1+ +p25t+et—]t S=u

The sign of this term is uniquely determined by (C.e) to be (—1)"I], €;, and, summing

over all possible choices of ji,...,Jmn, we obtain that the coefficient of this term is given by
(- 11, eiﬁ(mﬁl). We have a contribution to wys when 2k +1 —m+r+ 3" € = s,
and thus, the coefficient of ZilJr hmny ey 201 Znp & Zig - Zig I Wy s 1S given by
)SRNND DI SRS § (o Ee)
m .
m=1C a composition of r ee{£1}™ i=1 S m—=r = Zi:l €i m

into m parts

Note that if >, e; = m — g, then [[", e; = (—1)?, and so we can replace the sum over
e € {£1}™ with a sum over ¢, and perform the sum over compositions to obtain that this sum

is equal to
ZZ r+q S—1r+gq r+m—1 m
s—r—i—q m m—1 q

m=1 q=0
We will evaluate the sum

QS (T ()

Denote by [2?]f(x) the coefficient of % in f(z), f a polynomial in z. Then we have

m

Qm——MWWEijj:fq¢E+lyHq<z>

q=0
:[mm]/ y+1”12 Uy +1) (’Z)dy
:Mﬂ/%@+wk“%ﬂmwy

-1

=0 as the term of minimal degree is ™!
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Hence, w, s = 0 for all 0 < r < s, and thus w,, is primitive. ]
We can then, with this choice of w,,, generate all primitive elements.

Proposition 5.11. The Lie algebra of primitives in Q(Z) with respect to Ap is equal to
Liefwy, ..., wy,...].

Proof. Note that it is sufficient to show that any primitive element is contained in this Lie
algebra. Suppose o € Q(Z) is primitive and homogeneous in weight, and let n be the minimum
integer such that o € B"Q(Z). Denoting by & the projection into B"Q(Z)/B"*1Q(Z), we have
that ¢ is primitive with respect to A(z,) = 2z, ® 1 + 1 ® 2z, and hence ¢ € Lie[Z]. Denote by
T the image of & under the map

Lie[Z] — Lie[wy,...,wy,...]

Zn Fr Wp

Then o — T'7 is of strictly higher block degree than o. As block degree is bounded above
by weight, we can iterate this process to obtain a finite sequence of elements o1,...,0, €
Lie[wt, ..., wp,...] such that o = Y"1, 0; € Lie[wy, ..., wy,...]. O

Remark 5.12. The work of Hirose and Sato, along side Proposition 5.11, suggests the existence

of an injection g™ — Liews, ..., wy,,...|. However the following diagram does not commute.
g™ —— Lie[wy, ..., wy,...]
i zm—)wnT
bg —— Lie[z1,...,2n,...]
If we could choose an automorphism of Lie[ws, ..., wy,...] mapping {wy}n>1 — {w), }n>1

to another set of generators, such that the composition

bg —— Lie[z1,...,2p,.. ] %W—w?Lie[w’l,...,w%,...]

maps bg to the image of g™, we could use this to define canonical ooy 1.

Dualising this map, we will obtain an isomorphism between the shuffle algebra (Q(Z), ),
and the block shuffle algebra (Q(Z), L), which can be used to produce relations in £, analogously
to Hoffman’s work on quasishuffle algebras [26], [24]. While the block shuffle product does not
precisely fit Hoffman’s definition of a quasi-shuffle product, most of his results can be reproduced.

Definition 5.13. A composition I of n is a sequence of positive integers (i1, ...,7;) such that
i1 + -+ -1y = n. Given a composition I of n into [ parts and a composition J of [ into k parts,
we define the product composition:

Jol:=(ir+ - ij i1+ Fhjitgar o lpdotioor 41 00 F by t)
Denote by C(n) the set of compositions of n.

We define an action of compositions on Q(Z) as follows. Define [zq, ... 2za,] = Za1++ap
and given a compositon I of n, define

Izay - 2a,] == [24 - - zail][zailﬂ . Zai1+i2] e [zaz‘ﬁ»-»ﬂ'l,ﬁl e Za,]

and I[w] = 0 for any words not of length n.
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Proposition 5.14. Let Tanh: Q(Z) — Q(Z) be the linear map with Tanh(1) = 1 and, for w
a word of length n

Tanh(w) = | Z Ciy - Gy (31, .., 4p) (W]

where c; is the coefficient of 27 in the Taylor expansion of tanh(x). Then Tanh is an algebra
isomorphism
Tanh: (Q(Z), W) — (Q(Z),11)

To prove this, we require the following two lemmas. The first is due to Hoffman [26].
Lemma 5.15. Let f(2) = c12 + c22% + - -+ be a function analytic at 0, with ¢; # 0, and ¢; € Q
for alli. Let f~1(2) = b1z + ba2® + -+ be its inverse. Then the map Vs : Q(Z) — Q(Z) given
by

p(w) = > iy ocilin, ... i)[w]

(41,.-,81)€C(n)
for words of length n, and extended linearly has inverse \11171 =Wy
We use this lemma to establish Tanh as the inverse map of a homomorphism Tanh™! given

by the dual of the coalgebra homomorphism z, — w,, hence avoiding having to establish that
Tanh is a homomorphism directly.

Lemma 5.16. The dual of ® : (Q(Z),A) = (Q(Z)Aw), P(z,) := wy, is given by Vypn-1, and
defines a homomorphism Tanh™' : (Q(Z), 1) — (Q(Z), ).

Proof. As a consequence of Proposition 5.10, ® is a coalgebra homomorphism, and hence its
dual will define an algebra homomorphism. Hence, it is sufficient to show that ®* = W, ., -1.
Note that here, we view Q(Z) as its own graded dual via the pairing

<u7 U> = (Su,v

for monomials u,v. Thus

O (w) = Z(@*w,wv

(2

taking the sum over all words. We see that

(P w, 2q, - .. 2q;) = (W, P(2a, - - - Za,,))

l
=] > 2k,1+1 D EeFagp)

i=11<2k;+1<a; i1+ Aok, +1=04

which is non-zero if and only if there exists some composition I = (i1, ..., ) of n into odd parts
such that I[w] = v. The inner product then evaluates to Hé-:l % Thus

<I>*(w)= Z . 1 ,(2‘1,-~-,il)['w]

. - 11 ...
(i1,...,i1)€C(n)
1; odd

which is precisely U,;,,n—1. The result then follows. O
As a corollary to Propositon 5.14, we obtain the following.
Corollary 5.17. (Q(Z), W) is the free polynomial algebra on the Lyndon words.
Proof. Hoffman’s proof of Theorem 2.6 [26] applies exactly, inducting on the length of a word.
O
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Corollary 5.18. Recall we have a surjective linear map I : Q(Z) — L, mapping a word to its
corresponding iterated integral. Denote by L(Z) the Q-span of the set of Lyndon words in Z.
Then £ = I'(L(2)).

Proof. Every word in Q(Z) can be written as a LU-polynomial in the Lyndon words. Proposition
5.1 tells us that the image of any terms of degree greater than 1 in this polynomial is 0, and
hence I°(w) is the image of the linear part, i.e. I°(w) € I°(L(Z)). O
5.2 Further quasi-shuffle relations

We will also briefly comment on a way of producing further relations, drawing heavily from the
work of Hoffman and Thara [24]. We first recall one of their results, specialised to the case of
block shuffle. In all that follows, A is a formal parameter, and we extend Wy by Wr(\) = A).

Definition 5.19. Define $:QZ @ QZ — QZ by 2z, 0zn = Zm+n. Then, for any f(z) =
c12 4 222 + - -+, define

foe(Aw) := Z Nejw®
i=1

for ¢ € {Lu, 11} and w € Q(Z), or @ = and w € QZ.

Remark 5.20. In a slight abuse of notation, we shall write expe(w) for 1 + fo(w) where
f(z) = e*—1; and loge (1+w) for fo(w), where f(z) = log(1+2), and similarly for tanhy *(1+w).
Note that

loge(expe(Aw)) = Aw and expe(loge(1l + Aw)) =1 + Aw

Proposition 5.21 (Theorem 5.1 [24]). For any f(z) = c1z + c22® +--+ and z € QZ[[\]],

1 1
i <1—)\z> T 1= fo(A2)

We also need a lemma due to Hoffman and Thara.

Lemma 5.22. For z € QZ[[)]]

1
1(Az) = Tanh
expy(Az) an (1 — Az)

Proof. Since Tanh : (Q(Z),w) — (Q(Z),1)) is an algebra isomorphism, we must have that
Tanh o f, = fi, o Tanh. Thus, as Tanh|gz = id, we have

expy(Az) = expy(Tanh(Az)) = Tanh(expy (Az)) = Tanh (1 _lxz>

where we have used that

> ZHn > nlz" >
o 0) = 3N S S
n=0 : n=0 : n=0

Thus we can show the following

Proposition 5.23. For z € QA[[\]]

1
expm(tcmhgl(l + A2)) = 1w
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Proof. By Lemma 5.22, this is equivalent to showing that

1 1
Tanh T =
1 —tanhy (14 Az) 1—- Az
However, this follows immediately from the statement of Propostion 5.21 for f = tanh™!. O

Corollary 5.24. For any z € QZ and any n > 1, I°(2") = 0.

Proof. Taking the image of the equality in Proposition 5.23, we obtain

I°(1 4 tanhy (14 X2) + Y —————) = > _A"I°(z

n>2 n>0

tanh

As 1° kills L-products, the left hand side is just AI°(z). Comparing coefficients of A", we see
that I°(2") = 0 for all n > 1. O

Remark 5.25. As I°(w) = 0 if the length of w and the weight of w are of the same parity, we
see that we must have z € ;2 Qz2¢, and n odd for the statement to be non-trivial.

Example 5.26. Consider z = 23, then I°(22¥"1) is the image of ¢*({1,3}*) in £, and thus
¢%({1,3}*) = 0 mod products. It is known, due the work of Broadhurst [?] that we infact have

C({1,3}h) = 222

If we consider z = z;, we see that (*({2,1,2,3,2}¥) = 0 mod products. Similarly, taking
2 = 23 + 24, we obtain that ¢%({1,2,3}*) = 0 mod products.
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6 Finite characteristic, p-adic, and integer solutions to the dou-
ble shuffle equations

In our search for rational associators, we may wish to consider the existence of simpler solutions.
For example, if we restrict to associators with integer coefficients, is it easier to find a solution?
The double shuffle equations are defined over the integers, and so can be considered modulo
primes. Can we find an I, solution, or a @, solution? What about a solution in any field of
positive characteristic p?

The question of p-adic associators has been considered previously by Furusho, and Alek-
seev,Podkopaeva and Severa. In [20], Furusho defines p-adic analogues of multiple zeta values
as elements of C,, showing the existence of a grouplike element of C,((eg, €1)), before going on
to show that these p-adic multiple zeta values are elements of @@,. Alekseev et. al. define a
class of grouplike elements of Q,((ep, 1)), that they call natural associators, satisfying certain
upper bounds on their p-adic valuation [?].

Thus we will focus instead on [F,, solutions to the double shuffle equations. In fact, we can
show that there are no non-trivial solutions to the shuffle equations with coefficients in IF,,. We
begin by recalling the definition of a shuffle algebra over a field k

Definition 6.1. Given an alphabet X = {x1, z2,...,2,}, we define the shuffle algebra Sh(R)over
aring R to be the R-module R({X) equipped with the shuffle product, wich we define recursively
for u, v words in X, by

uldl =1wu =u

ziullzjv = z;(ullz;jv) + j(z;ullv)
It is easy to check that this defines a commutative associative algebra structure on R(X).

In particular, if we consider k = [F),, p prime, we find the following decomposition.

Proposition 6.2. Let ¢, : SK(F,) — Sh(F,) denote the ‘shuffle Frobenius’ map, sending u —
u™'P, the shuffle product of p copies of u. Then SWIF,) =F, & kerg,.

Proof. First note that, for any commutative product x, and any a,b € F,(X), (a +b)*P =
a*P 4+ b*P. Hence, ¢, is linear, and so, as ¢,|p, = idp,, it suffices to show that for a word u in

X, ¢p(u) =0.
Let uw = z;v. Then

¢p(u) = Zyvlaoll - - - 20

P
= Z:ci(xivLLl s Woll - - LWz)
k=1

where we take the z; from the k** copy of z;v. But as the shuffle product is commutative, we
find

p

op(u) = Z x;(vWzol - - - Wxv)
k=1
= px;(vWzoWl - - - Wzv) = 0

O]

As grouplike elements of k((ep, e1)) define homomorphisms from the shuffle algebra to k, we
can use this proposition to obtain information about grouplike elements of F,((eg, e1)).

Theorem 6.3. There are no non-trivial grouplike elements of F,({eg, e1)).
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Proof. Suppose ® € Fj((eg,e1)) is grouplike. Then ® we can consider ¢ as a homomorphism
Sh(Fp) — Fp, mapping a word u to the coefficient of uin ® =37 cr. . 1x cww.
As @ is a homomorphism, we have, for all w # 1

P(w) = D(w)? = ®(w™?) =&(0) =0

where the final two equalities follow from Proposition 6.2. Hence ® =) {corer} O(w)w =
1. O

Remark 6.4. Note that at no point in the proofs of Proposition 6.2, nor Theorem 6.3 do we
use any properties of F), beyond having positive characteristic. Hence, both results hold over
any field of positive characteristic.

Corollary 6.5. There exist no non-trival grouplike elements of Z({eo, e1)).

Proof. Suppose ® = 3 cre) o }x Cw € Z{eg, €1) is grouplike. Fix a word u # 1 in {ep, e1}, and
define u}, : R({eg,€1)) — R to be the R-linear map sending u to 1 and all other words to 0.
Then we have the following commutative diagram

.
Uz,

Z({{eq, €1)) —

i *
U
Fp

Fp({eo, €1)) —

— N

=
S

and, as a consequence of Theorem (6.3), u]]ép is the zero map, for all p. Hence, the composition

Zifeo,er)) —s 7 — [[ B

p prime

is the zero map. The second map is injective, and so uy is the zero map for every u # 1.
Thus ® = 1. O

Thus we can have no integer grouplike elements of Q((eg, e1)).

Remark 6.6. The proof of Corollary 6.5 is distinctly overkill. The result also follows if we let
Cy be the coefficient of w in ®, and note that cyun = %“,’ for ® grouplike. As this tends to 0 as
n grows, we cannot have every coefficient be integral.

Remark 6.7. As noted previously, Theorem 6.3 holds for any field of positive characteristic.
In particular, if k£ is a number field, and p an ideal of O then the result holds for series with
coefficients in Oy /pOy. We can then show the analogous corollary and conclude that there exist
no non-trivial grouplike elements of Ok ((ep, e1)).

We can extend Theorem 6.3 to say something about grouplike elements of Z,((eo, e1)),
showing that they cannot exist.

Theorem 6.8. There does not exist a non-trivial grouplike element of Z,((eo, e1)).

Proof. Suppose ® € Zy((eo, e1)) is grouplike. We have a natural projection from Zy({eo, €1)) —
F,(({eo,e1)), and we will denote the image of any ¥ € Z,((eo, e1)) under this projection by W.
As a consequence of Theorem 6.3, we see that we can write ® = 1 + p®;. Considering the

projection modulo p?, we find that

pAD; = p®; @ 1+ 1 ® pd;(mod p?)
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and hence ®; is primitive. For any field k, the primitive elements of k{(eq, 1)) are precisely
elements of Liey(eg, e1), the degree completion of the free Lie algebra. Writing ®; in F,,((eq, 1))
as an element of Lier, (eg, 1), we consider the natural “inverse” to write

O ="y +pdy

where ¥, € LAieZp (eo,e1) is primitive and has coefficients in {0,1,...,p — 1}.
Considering the projection of ® modulo p?, we obtain that

APy =021+ ¥ ®V;1® Py

and so )
Py = Q\I’% + a primitive element of Fy,((ep, e1))

We can once again lift this to obtain that
© = 1+4pU; +p° Vs +p°0y

where AUy = Vo 1+ V1 @ U +1® ¥y, We can repeat this process, considering ¢ modulo
higher powers of p to obtain a series of elements ¥,, such that

n—1
AV =0, @1 +10 T, + Y U@ 0,
=1

n
D=1+ pl;+p Py
i=1
for some ®,11 € Zy({eg,e1)). These equations determine ¥,, as a unique polynomial in
Uy,...,¥,_1, up to addition of a primitive element. However, considering the projections in
F,({eo, e1)), we find that the coefficient of ¥;” in the polynomial determining ¥,, would by i%,
and hence cannot be determined. Thus, given any ¥q,...,V, 1 € Z,({eo, e1)), we cannot find
a V), € Zy((€o,e1)). Thus, no nontrivial grouplike element of Z,((eq, e1)) exists.
To see that the coefficient of ¥;” should be i%, consider the following. Denote by c,(lk) the

coefficient of \I/‘f\f;pf/ﬁ"kd in ¥, =P(Vy,...,¥, ;) for k > 2, and ¢ the coefficient of vl In

order to satisfy
n—1

A@p:@p®1+1®@p+2ﬁ/i®ﬁ/n_i
i=1
we must have that the coefficient of \i/’f_k ® ¥}, is 0 in A\T/p.
We can obtain ¥¥™* @ ¥}, only in the coproduct of W¢W, P ¥~ and of G, §r—H*
and hence we must have

p—k p—k—1
S 3 =
a=0 a=0
and hence

p—2

261(12) . <C(()p—1) X cgp—1)>

a=0

We can easily see that c(()pfl) + cgpfl) =1, and thus Zﬁ;g c,(f) = +1.

Finally, considering the coefficient of \Tﬂf_l ® W1, we see that
p—2
pc(l) = Zcff) ==1
a=0
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which, as this equation holds in F, gives an immediate contradiction.
O

This provides an immediate answer to a question suggested by Furusho about the p-adic
integrality of his p-adic multiple zeta values: the cannot all be elements of Z,, as they would
otherwise define a counter example to the above theorem. Additionally, we cannot have a
grouplike element ® =143 r. . 1x cow of Qp({eo, e1)) for which the valuations of ¢, are
bounded below.

Remark 6.9. The contradiction occuring when calculating ¥,, is reminiscent of Deligne’s de-
scription of the motivic fundamental group of a smooth scheme [13]. In describing the ¢-adic
realisation, he notes that the N-th quotient by the descending central series has a Zy-structure
only for N < ¢, which has obvious parallels with the above result.

Corollary 6.10. Define v,(®), for ® =1+ Zwe{ewl}x cww € Qp((ep, e1)), by

vp(®) := inflvy(cy) + w e {ep,e1}*}

where vy(cy) is the normal p-adic valuation. Then, for any non-trivial grouplike ®, v,(®) =
—00.

Proof. Let ® be a grouplike element of Q,((eg,e1)). If 1,(®) > 0, then ® € Z,((eo, e1)), then
® is trivial by Theorem 6.8. Otherwise, if v,(®) = —N, for some N > 0, consider the element
® € Zy({ep, e1)) obtained as the image of ® under the mapping

e; — pN €;

This is clearly p-adically integral, and, as this map is an automorphism of grouplike elements,
must be trivial. The map is also invertible, and hence we must have ® = 1. Thus, any grouplike
element with finite valuation is trivial. O

Remark 6.11. A consequence of this argument is that vp(cuy) > vp(cy) + vp(cy). A similar
argument, considering grouplike elements of CI[[¢]]((eo,€1)), show that any sufficiently ‘nice’
valuation is also superadditive. Weight and depth are examples of such valuations. Block
degree is not, as an essential condition is a compatibility with the shuffle product.

Corollary 6.12. Let ® =1+ ZwE{eo,el}X cow be grouplike with coefficients in Q, and let v be

a word of weight n. Then, for all non-negative a, b such that 3a+2b = n, vp(cy) > auf’) + bzxz,

where

Vg = min{vp(cy) :u is of weight j}

Proof. As noted in Remark 6.11, the p-adic valuation is superadditive with respect to concate-
nation. Thus, for any factorisation v = vy ... vy, we have vp(cy) > vp(cy,) + -+ + Vp(cy, ). The
result follows immediately O

We contrast this result with those of Alekseev, Podkopaeva and Severa [?], who show the
following

Theorem 6.13. There exist associators with rational coefficients ¢ € 1+ -4 p*bP(")Zp(eo, en)”
for all p, where R{eg,e1) is the space of R-linear combinations of weight n monomials, and

i) = ((p e 1)

While this is at first glance an existence result rather than a global bound, they show as a
corollary
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Corollary 6.14. For p > 2 prime, let (), f) € GT(Qp) be such that \ € 1+ pZ;, and
f €1+ pLy({éo, €1))7" + Zy(éo, 1))~
Then v :=In(f)/In(\) € gt(Qp) is of the form

Y € Zp((€o, €1)) + Zp_s_lzp«éo, é1))9eav" (v=1)
s>0

where GT and gt are the (prounipotent) Grothendieck-Teichmuller group and Lie algebra, re-
spectively, and é; := exp(e;) — 1.
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