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Real Number System

N = {1,2,3,---} is called the set of mnatural numbers or
positive integers.

Z =4 --—3,—-2,—1,0,1,2,3,-- -} is called the set of integers.
Z, comes from the German word zahl, meaning number.

Q = {%la,b € Z,b # 0} is called the set of rational numbers

or fractions or quotients.

Any fraction can be written as ¢ where a and b have no com-

mon factors except 1 e.g. g = %.

Consider y/a where a is a positive rational. Some numbers of
this type are rational e.g. \/% = %, but some are not.
Theorem: /2 is not rational.

Proof: Suppose v2 = 3 where a and b have no common
factors except 1. Then 2 = ‘g—; so a® = 2b*. Now 2b? is divisible
by 2, so a® is divisible by 2 and hence a is divisible by 2.
Suppose a = 2¢. Then a? = 4¢c?, so 20> = 4¢c? or b* = 2¢2.
Now 2¢? is divisible by 2, so b? is divisible by 2 and hence b is
divisible by 2. But now we have both a and b are divisible by

2, a contradiction to our assumption. We deduce that v/2 is



not rational.

Non-rational numbers of the type /a, va + Vb, v/a — Vb,
and quotients of them, are called surds. There are other non-
rational numbers which cannot be written as surds e.g. ,e.
These are called transcendental numbers. All the surd numbers
together with the transcendental numbers constitute the set of
irrational numbers.

Finally R = QU {irrationals} is the set of real numbers. We
have NC Z Cc Q C R.

Real numbers can be represented by the points on a line, the

real number line:



Recall how we add, subtract and multiply fractions:

a | ¢ ad+bc a ¢ ad—bc a ¢ __ ac
b T bd 0 b d bd bxd bd’
Wehave%xézland%xgzl, so + = 2 and then division
b b
a
‘oo b a1l _ay d__ad
1sg1venby§—b><§l—b><c 7

In practice we usually get the common denominator.

4 _ 1548 _ 23 _ 15 4 mixed number.

. 9

Exercise: Simplify the following
Hi-35+3

(i) 242 x 14
(iif) 73 + 32
(iv) 55 x 73.

—_



Rational Indices or Powers

Definition: Let n € Nand a € R,a > 0.

a"=axaxax---Xxa(ntimes)

Then a”xa" = (axaxax---xa)X(axaxax---xa) = a™*"

a _ axaxaX--Xa __ .m—n
and for m > n, & = L8 = g,

Also (a™)"=a™ x a™ x a" x -+ x a™ = a"™.
Now Z—Z = 1, so if we agree that a” = 1, then the above formula

holds for m = n also.

m .
It m < n, then %5 = anl_m = a™™ " again.
1 . .
We define an to be the positve number whose n'* power is a
. 1 1,
i.e. an = x where " = a. an is called the n' root of a.

Finally we define a» to be (a%)m or (a%)”.

Examples: (i) (36)_% =1l -1 -1_L1
1 3 3<36 S

(i) 2 == ((NE=0(’ =%

Exercise: Simplify 817, (ﬂ)_%

Question: What is a” if x is not rational? (a > 0.)



Logarithms

Definition: Suppose that a,z and y are rational numbers.
We say that log, x = y if and only if a¥ = .

Examples: (i) logs; 25 = 2 since 5* = 25.

(ii) Evaluate log% 8. Let y = log% 8. Then (%)y = 8,

so 27Y = 23 and hence y = —3.

Properties of logarithms: (i) log,(zy) = log, x + log, y.
Proof: Let ¢ = log,x and d = log,y. Then a = x and
al =y, so 1y = a‘a’ = a“™. Hence log,(zy) = c+d =
log, x + log, v.

(ii) log,(§) = log, = — log, y.

Proof: Exercise.

(iii) log,(z¥) = ylog, .

Proof: Let ¢ = log, x, so a® = z and then 2¥ = (a®)¥ = a®.
Therefore log,(x¥) = log,(a”) = cy = yc = ylog, x.

(iv) log, & = 2222 (Change of base.)

log, b"
Proof: Let y = log, z, so that b = x and then log,(b¥) =

log, x. This means that ylog, b = log, x and so log, x =y =

log,, «
log, b"



Examples: (i) log, 64 = log,(4%) = 3log, 4 = 3.
i) logs(g) = logs(371) = —logg3 = —1.

(i
(i) (1og, 5)(10gs 8) — (log 5)(2£22) — logy(2%) = 3logy2 = 3.
(iv) If logg b + logg b = 3, find b.

log3 b log3 b

3 = logg b + logg b = logg b + = 2logy b.

Therefore logs b = %, s0b =32 = \/§

= logs b +

(v) Solve for x if log, © = 2 4 log, 3.

logy & = 2+1og, 3, s0 logy 1 —logy 3 = 2 and hence logy(5) = 2.
Therefore £ = 2% = 4 and so x = 12.

(vi) Solve for x if 2logs z — logs(z + 6) = 1.

2logs z — logs(x 4+ 6) = 1, so log3( %) — logs(z 4+ 6) = 1 and
hence log3(m‘/f ) = 1. Therefore ? = 3,50 2 = 3x + 18 or
2? — 3z — 18 = 0. We have (x — 6)(z +3) = 0 and so x = 6.
Exercise: (i) Solve for b if log; 3 + logy, 27 = 2.

(ii) Solve for z if log;,(6x — 1) — log; 2 = 1.

(iii) Solve for x if 2log;y  — log;((20 — x) = 1.



Functions of a Real Variable

A real variable x is a representative of the set of real numbers
R. Its value ranges over the whole set R.

Definition: R x R = {(z,y)|x,y € R}, also written as R
It is the set of ordered pairs of real numbers.

Definition: Any subset of R x R is called a relation from R
to R. eg. r={(1,2),(3,3),(3,5)} is a relation from R to R.
Definition: A function from R to R is a relation from R to
R such that no two pairs have the same first element. r above
is not a function.

We can represent a function diagrammatically by a " Papy-

gram”:

We write (z,y) € f (the passive viewpoint) or y = f(x) ( the

active viewpoint). We also write a function as

(origin) z — f — y (image).



The domain of f is the set of origins and the range of f is
the set of images.

Note: Any rule that gives a unique image for x defines a
function.

Definition: The graph of fis {(z, f(x))|z € domain f}, and
is represented geometrically on a pair of perpendicular axes (z
and y axes.)

Examples: (i) f:R—>R:x—zor f(z)=zory=ux.

The domain is R and the range is R.

(i) f:R—=R:z— z?or f(z)=a°ory = 2%

The domain is R and the range is R™ U {0}.
Sometimes the set on the right is bigger than the range; it is

called the codomain, in general. In (ii) the codomain is R.



(iii) f: R > R: 2~ 22*°~5o0r f(x) = 22> -5 ory = 22%-5.

The domain is R and the range is {y|y > —5}.
() f R={0} 2 R:z—Lor flz) =Lory="1.

The domain is R — {0} and the range is R — {0}.
v) f:R—=R:zw cor f(r) =cory = ¢, where cis a

constant 1.e. a fixed number.

The domain is R and the range is c.
Suppose that a, b, ¢, d are constants.
Any function of the form f(x) = ax + b is called linear.

Any function of the form f(z) = ax® + bx + ¢ is called

10



quadratic.
Any function of the form f(z) = az® + bx* + cx + d is called
cubic.
Similarly we have quadric, quintic etc. functions. In general,
a function of the form

f(x) = a,a™ + ap_ 12" + - + ayzt + a,
where a,,, a,_1,- -, a1, ag are constants, is called a polynomial

function.
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New Functions from Old

Let f,g: R — R be two functions.
We define f+g: R — R by (f +g)(z) = f(z) + g(z) (sum),
f—9:R=Rby (f —g)(x) = f(x) — g(z) (difference),
f9:R = Rby (fg)(z) = f(z)g(x) (product),
LR — Rby (£)(x) = L2, where g(x) # 0 (quotient).
Example: f(z)=1++vz -2, g(z)=xz—23.

Then (f +g)(z)=1+vVr—2+2—-3=Vo —2+x—2,
(f=9)@)=1+Vr—-2—(r-3)=vr—2-1+4,
(f9)x) = (1+ vz =2)(x — 3), and (£)(w) = =2,

A quotient function of the form 5

is called a rational function.
There is another way of defining a new function from two given

functions, namely by composition:

for f,g: R — R define fog : R — R by (fog)(x) = f(g(x)).

Example: f(z) =2? g(z)=x+1.
Then (fog)(x) = f(g(z)) = flz +1) = (z + 1),

12



Note that (gof)(z) = g(2?) = 2° + 1 # (fog)(x).
Exercise: If f(z) = 2? + 3 and g(z) = /7, find (fog)(z)

and (gof)(x).

A simple but important function is the modulus function | |:

Definition: | |1 R — R U {0} is defined by
r, x>0
[z |=
—x, v <0
cg. |3=3, |-3|=—-(-3)=3.

Modulus is often called the absolute value. Consider | z |< 3.
If £ > 0, then < 3, whereas if x < 0, then —x < 3, so
x> —3.

Hence {z| | x |< 3} = {z] —3 < & < 3}. This is called the

open interval about 0 of length 3, written as (—3, 3).

Similarly {z| | z |< 3} = {z| —3 < 2 < 3}. This is called

13



the closed interval about 0 of length 3, written as [—3, 3].

Consider | x — 2 |< 3.
I[fx—22>0,then x —2 < 3, s0 x <5, whereas if ¢ — 2 < 0,
then —(x —2) < 3,s0x —2> —3orx > —1.

Hence {z| | v+ —2 |< 3} = {z| —1 < x < 5}. This is the open

interval about 2 of length 3, written as (—1,5).

Similarly we get the closed interval about 2 of length 3, written

as [—1,5].

In general | x — a |< b will give the open interval about a of

length b, written as (a — b, a + b).

14



Inverse Functions

Suppose that A, B C R.

Definition: If f : A — Bisafunctionthen f~!: B — A
is defined as the relation {(y, x)|(z,y) € f}.

Example: A = {1,2,3}, B ={10,11}

f=1(1,10),(2,10),(3,11)}, f~t={(10,1),(10,2),(11,3)}.
f~1is not a function since 10 — 1 and 10 — 2.
Definition: f: A — B is injective or one to one (1-1) if
1 # x9 = f(x1) # f(29), 1.. at most one arrow arriving at
each element in the range of f. The example above is not 1-1.

Example: A = {1,2 3}, B = {10,11,12,13}

g={(1,10),(2,12),(3,11)}, ¢ '={(10,1),(12,2),(11,3)}.

g is 1-1, but ¢! is still not a function on the given codomain

15



of g since 13 is not mapped onto anything by ¢~
Definition: f : A — B is surjective or onto if given any
y € B there exists some x € A such that y = f(x), i.e. at
least one arrow arriving at each element in B or the range of
f equals the codomain of f. The example above is not onto.
Definition: f : A — B is bijective if it is both injective
and surjective i.e. one arrow leaving everything in the domain
and one arrow arriving at everything in the codomain. In this

case f~!is a function.

Note: y = f(z) and f~1(y) =z

then f~H(f(z)) =z or (fof)(z) =z

and f(f~'(y)) =y or (fof ")(y) = y.

We see that f~! is the inverse of f under composition.

If f is given by some algebraic rule we can use algebra to get
the rule for f=1.

Example: If f : R — R is given by x +— 3z — 2, find the

16



rule for 1.

Let y = 3z — 2; then y 4+ 2 = 3z so z = %2 and therefore

3
r=f"y) =%~

If there is no confusion we usually write f~!(x) = 2,

3

Note that the range of f is all of R and so is equal to the
codomain of f

Example: If f: RTU{0} — RTU{0} is given by z — 22,
find the rule for f=1.

Again note that the range of f is equal to the codomain of f,
so f~1 exists and is given by f~}(z) = /.

17



Limits and Continuous Functions

Suppose that f: R — R

Informal Definition: If the value of f(x) can be made "as
close as we like” to L by taking x sufficiently close to a, but not
equal to a, then we say that the limit of f(z), as x approaches

a is L, written as lim f(x) = L.
T—a

Examples: (i) f(z) ==

lim f(x) = lim x = 2.

T—2 T—2
(i) f(z) = 2?

- iy 2 — 22
gljlg}))f(x)—igx =3"=0.

(iii) f(x) = a® + 22 +5
ilg})f(:c) = 31:1_%(:6 + 22 4 5)
= 5%+ 2(5) + 5 = 140.

(iv) f(x) = ¢, a constant

lim f(z) = limc=c.
Tr—a r—a

18



Theorems on Limits

(1) I (f(z) + g(2)) = lim f(z) + lim g(x) and

r—a

lim (f(2) — g(x)) = lim f(z) - lim g(z).

) lin(F()g(@)) = (lim f(@))(lim g(z).
(3) Iim 28 — 220 it i g(2) £ 0
(@) lim((2)¥) = (lim (@)%

Examples: (i) lin%(:z:?’ + 2z + 5) = lim(2?) + lim(2z) +
T—r

T—D r—D

lim (5) = 5% + 2(5) + 5 = 140.

)

lim (322
(i) lim 3222 — 20 a2 _ 10
4 T3 ;%1314(%3) 4+3 7
lim (52340
(111 hm 5z3—40 _ xl—>m2( * ) _5(2)3-40 0 _ 0
o =3 — lm(z-3) — 2-3 ~— -1 7
T—2

(iv) hm (333 —b5x +9) =3(—=2)* = 5(—=2) + 9 = 31.

12 2 2
+3 +3 _ 3+3 2
(v) im% x+4 }Cm})) :c+4 — V344 \/7

: 2048 __
(vi) I£m4 P12 (- 4)2+( 4) 12 =7 =

We will discuss this type of problem later.
Exercise: Evaluate the following limits:

(i) 1im(x2 — 4z +1)

r—3
-3
( ) x—5 ¥ +4
. 2_
(iii) 9101_>n”§ R

19



What does "as close as we like” mean?

Rigorous Definition: Let f(z) be defined for all z in some
open interval containing a, except perhaps at a itself. We say
that 910122 f(x) = L if given any interval of length € about L, no
matter how small € is, we can find a corresponding interval of
some length ¢ about a such that whenever a —d < x < a+9,
except perhaps z = a itself, then L — e < f(x) < L + € or,
more succinctly, 0 <| x —a |< § implies that | f(z) — L |< e.
In this course the informal approach is taken.

Definition: A function f : R — R is continuous at a if

(i) lim f(x) exists and

T—a

(ii) lim f(z) = f(a).

20



This means that the graph of f does not "break” off at a. If f
is not continuous at a we say that it is discontinuous at a. f
is a continuous function if it is continuous at all points in its
domain.

Example: f(r) = z°

lim flx) = il_%xZ =22=4= f(2).

All the functions that we have met so far in this section except
the ”%” example are continuous.

Some functions are continuous everywhere except at a finite

number of points and at those points have left-hand and right-

hand limits. Such functions are called piecewise continuous.

Example:
-1, <0
flz) =
I, x>0
lim f(x)=—1
z—0"
I =1
e 1)

and f is continuous everywhere else.
Limits of this type are called one-sided limits, We say that

there is a jump-discontinuity at 0.

21



We now consider some quotient functions.

Example: (i) f(z) = 244

r—3
lim (523+4) 3
) 3 5(2)°+4 : i
lim 224 = s = B — M — 44 fis continuous
T—2 x—2

513+4
r—3 )

at 2. However, if we consider lim we see that the func-

r—3

tion gets bigger and bigger (with a + or —sign) as = gets closer
3 3

to 3. We write lim 22£1 = —oo and lim 242 = 00, f(z

rs3— T3 p3+ T3 f< )

is not defined at x = 3 and does not have a limit as x — 3,

3 .
— 5x°+4 is

so can’t be continuous at & = 3. The graph of f(x) = 21—

said to have an asymptote at x = 3.

(i) f(z) = 2=

111’% 9;2__24 =7 Again f(z) is not defined at x = 2 so it can’t be
T—r

continuous at £ = 2. However it does have a limit as x — 2:

(x—2)(z+2)
r—2

. 2
lim $—24
r—92 T~

= lim(z +2) =2+ 2 = 4. We can

r—2

= lim
T—2
divide above and below by x — 2 since in the definition of the

limit we are interested in every point about 2 except the point

22



2 itself and so x — 2 # 0 for all the values of x considered. The
limit is defined like this so that functions of this type do have

limits.

If we define f at 2 to be 4, i.e.

fay={ = 77
4, r =2

then f is continuous at 2.

(iii) f(x) = 20049

hm%‘?g— hm%%?’)— lim(z —3)=3—-3=0.
r—3 7 3 v T3

(iv) flz) = 2

2 (z=3)(z+3) _ 43 _ 343
lim —2=9 — iy 2T iy o2 — (),
3 x?=br+6 3 (x=3)(z—2) — ;za—2  3-2
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Differentiation

Recall the formula for the slope of a line:
Slope = m = tan «
= 22U where

r9—1I

(T1, Y1), (22, y2) are

any two points on the line.
We wish to define the slope of any continuous curve at any
point p(x,y) on the curve. Let the curve be the graph of the

continuous function y = f(z).

Slope of the chord PQ) is w = ﬁ—z. Intuitively, as
h — 0,QQ — P and the chord P() — the tangent to the

curve at P(x,y). We define the slope of the curve at P(z,y)

o flath)—f(z) _ g Ay :
to be flzli% - Aligo Ao and the line through P(z,y)

24



with this slope is called the tangent to the curve at P(x,y).
This limit is called the derivative of f(z) at P(z,y) and is
denoted by f'(z) or g—y. The process pf finding derivatives is

T

called differentiation.

25



Differentiation from first principles

Example: (i) f(x) = ¢, a constant

/ i Lath)—f(x) — —
flo) = i 77577 = i 5 = Ji 0=0.
(i) flz) ==
) — Vi J@th)=f(x) _ g (z+h—1)
f(z) = }1113}] h - ,%ﬂ% h
=lim?=1lml=1

h—0 h—0
(iii) f(x) = 2?

. x+h)—f(z : w+h)?—a?

g (@4 20hah2-2?) . (20hth?)
L
= lim (22 + h) = 2.

h—0

In general it can be shown, using the binomial theorem, that
if f(z)=2a",n €N, then f'(z) = na" ..

(iv) f(z) = Vx

h T (x/ﬁ +\f )

h—0 h—>0
lim r+h—2z — lim — lim 1 _ _
h—0 h<\/$+ +/7) h—0 h(m%-\/_) ho (Vz+h+y/) 2\/5
1 —
§§U 2.

(v) flz) =22 — 32 +5

F/(z) = lim flaeth)=f@) _ 1im (2(x+h)2—3(z+h)+5)— (222 —3x+5)

h—0 h h—0 h
= lim Y70 iy (4 4 b — 3) = 4o — 3,
h—0 h—0

26



Theorems (Rules) for Derivatives
1) Sum and difference rule
fHg)(z) = fz)+ ¢ (x) and (f = g)'(z) = f'(z) — ¢'(x).
2) Product rule
f9) (@) = f(x)g () + g(x) f'(x).
3) Quotient rule

)

/(g = 9@ @)= f@)d @)
e
)

Chain rule
fog)(x) = f'(g(x))g'(x).
In the other notation these rules are expressed as

utv) =24 d Ly )=t D

%( dr’  dx ~ dr  da

15 (uv) = up + v,

Ay =

%(u(v(fv)) = %%’ where v = f(z) and v = g(x).

Examples: (i) y = 32° — Tz + 4, % =6z — 7.

)y = (42 — 1)(72° + 2), %= (42 —1)(212% + 1)

22-1 dy _ (@*+1D)(20)—(22-1)(423)
vt de T (z3+1)2 .

= (@ —z+ 1), % =232%-1+1)%2x—1).

27



Implicit Differentiation
[f the function y is not given explicitly by a formula we say
that ¢ is an implicit function of x.
Example: Fmd Lif oy = 1.
To ﬁnd ? we differentiate across with respect to x, remember-

ing that y is an implicit function of x. We get x% + 1.y =0,

dy

y_
SOSCd

= —y giving 7 = —2. Of course, in this case, we can

write y as an explicit function of x as y = % and differentiate
accordingly, but usually this is not possible.

(ii) Find 2 if 2° + 3% = 1.

Differentiating across with respect to x gives 2x + 2y% = 0,

dy__g

SO d Y

(iii) Find 2 if ° + ¢y = 3xy.

Differentiating across with respect to o gives 3z° + 3y2 dy —
2

3y + Sxdy SO (Sy 37) = 3y — 32 and hence dy = LT

yc—x
Note that we can differentiate powers 2" and =" = xin by
rule.  What about y = zn? y = zn = y* = 2", so

n—1dy m—1 < dy _ ma™1t _ m_m—1, —n+tl _
ny qr mx , Z1IvVINg qr Ey”*1 = gSU y =
m m m
%xm—l(x%)—n—kl — %xm—lx—m—i-% — mx%—l.
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Trigonometrc Functions
Geometrically an angle A is defined to be a rotation in the
anti-clockwise direction. The full rotation is divided into 360

equal rotations, called degrees and written 360°.

Consider the acute angle A ( < 90") in a right-angled triangle:

Definition: cos A =%, sinA = %’, tan A = 2
This definition is independent of the right-angled triangle con-

taining A since, by similar triangles, we have

Q> Ol ol
Qo =0 — |,

We wish to define the trigonometric functions as functions of
a real variable. To do this we introduce the idea of radian

measure. Consider the angle A in the unit circle:

29



There is a 1 — 1 correspondence between the rotation A and
the arc-length s that it defines:

360" +— 2, 180" «+— 7, 90" +— 5 ete.

The arc-length coresponding to an angle is a real number and
is called the radian measure of the angle. When we write an
angle in radians we usually denote it by a Greek letter 8 etc.
We have only defined the trigonometrc functions of acute an-
gles. Using the unit circle we can define them for any angle:
cosf =x

sinf =y

tanf =2, x #0.

We also have the reciprocal functions:

secf) = cosf # 0

cos 6’

_ 1 :
cscl = =, sinf # 0

1
cot) = ——, tanf # 0

30



We now consider the values of the trigonometrc functions in
the four quadrants:
First quadrant
x>0,y >0, so
cosf > 0

sinf > 0

tand > 0

Second quadrant
x <0,y >0, so
cosf < 0

sinf > 0

tanf < 0

Third quadrant

r <0,y <0, so
cosf < 0

sinf < 0

tan @ > 0

31



Fourth quadrant

x>0,y <0, so

cosf >0
sinf < 0
tanf < 0
We sin >0 all >0
get tan >0 cos > 0

Using the above definitions we have the idea of related an-
gles, where we relate the trigonometrc functions of angles in
the higher quadrants to an angle in the first quadrant i.e. an
acute angle:

Second quadrant

cos = —x = — cos(m — 0)

sinf =y = sin(m — 0)

tanf = -+ = —2 = —tan(r — 0)

Third quadrant

cos = —x = —cos(0 — )

sinf = —y = —sin(0 — )

tanf = =2 = £ = tan(0 — )
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Fourth quadrant
cos = x = cos(2m — 0)
sinf) = —y = —sin(2r — 0)

tanf = — = —% = —tan(27 — 0)

can 2T T V3
Examples: sin 5 = sin 3 = %7,
i _ T_ _ V3
COS ¢ COS G R
imo_ T_
tan tan 3 1

There are some well-known trigonometric identities: Since
22 +y? = 1 we get cos® 0+sin® § = 1. Dividing across by cos” 6
we get 14 tan? 0 = sec? @ and dividing across by sin? 6 we get
1+ cot? 6 = csc? 0.

All of the following are found in the tables and can easily be

proven:
cos(A + B) = cos Acos B — sin Asin B
cos(A — B) = cos Acos B + sin Asin B

sin(A + B) = sin A cos B + cos Asin B
sin(A — B) =sin Acos B — cos Asin B
tan(A + B) = {25505
tan(A — B) = {}idns
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Taking B = A gives the "double angle” formulas:
cos2A = cos’ A —sin? A =2cos’ A —1=1—2sin’ 4,

sin2A = 2sin Acos A and tan2A = %.
—tan“ A

Finally we have sums (differences)<— products:

sin A + sin B = 2sin(442) cos(452)

sin A — sin B = 2 cos(4E2) sin(452)

cos A + cos B = 2 cos(442) cos(452)

A+B> Sln(A B)

cos A — cos B = —2sin(~5 5
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Limits of Trigonometric Functions

We see from the graphs of the trigonometrc functions that
f(z) = cosz, f(r) = sinz are continuous everywhere and
that f(z) = tanx is continuous everywhere except at values

x = ng,n odd, where it is not defined.

Important Limit: lim 322 = |

z—0

Proof:

Area triangle AOB < area sector AOB < area triangle COB,
80 5 L1.l.sinx < 1 122 < 1 .1.tan x and hence

sinx < x < tanx or cosx < w < 1. Therefore

lim cos z < lim 8 < lim 1 which gives 1 < lim S”;f” < 1and

x—0 r—0 7 z—0 z—0
so lim 922 — 1,
z—0
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Note: lim =& = —L :%:1

x—0 s x lim Sz
z—0
and lim ¥ — Jjm (321 y — 1(1) =
r—0 * I T Cos¥ 1
. sindz __ 1: sin 3x _ _
Examples: (i) lim > = lim (*3>%.3) = 1.3 = 3
x—0 x—0

sm T _1; sin7zx _4x T\ _ 7
( ) ili% n4x ilg(l)( Tx 'sin4x'4) o 114

l—cosz __ 1: l—cosx l4cosz\ __ 71; 1—cos? z
(111) ili% x o aljg%( x '1+Cosx) - ;}i}% (14-cos )

.9 .
S E sin“x sinz sinz \ _ 10 _
o }CIL% r(l+cosz) ili%( x 1—|—COS£E) T2 0.

Exercise: Evaluate the following limits:

6
(1) :1512%) disr

) lim sin?
x—0 32

(iii) hn”(l) 8?33;”

(iv) i S =
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Derivatives of Trigonometric Functions

f(z) =sinzx
. flz4h)—f . in(z4-h)—si . 2(:o:s(ac+h)sinﬁ
f/(CC) _ }ILIL% (x ]2 (z) _ }LILI%) sin(z h) sinz_ }llli% h2 5
nh
= }llm%)(% cos(z + 2)52) = 1.cosx.1 = cos .
o 7

Similarly the derivative of cosx is —sinx and the derivative

of tan z is sec? z.

then dy __ cosx.0—1(=sinz) _ 1 sinz __

coszx’ de cos? x CcoST ' cosxT

Nowify =secx =
sec x.tan x.

Similarly the derivative of csc x is — csc . cot x and the deriva-

tive of cot x is — csc? z.

Examples: (i) y = z2tanz; % = 2%(sec? z) + tan z(2z)

dx
( ) y = sin z dy _ (14cosx)(cos x)—(sinz)(—sin ) _ 2
I4cosz’ dx (14-cos )2 (14cos z)2
(iii) y = sin® z = (sinx)?; % = 2sinx. cos T

(iv) y = (1 + 2* cos x)?;
Zz = 5(1 + 2% cos )} (2?(—sin z) + cos z(2x)).

(v) Find % if sin(x?y?) =

sin(z%y?) = x so cos(z?y?)[2x.y° + x2.2y.g—i] = 1, and hence
dy _ cos(:vliyg) 2Z‘y
dx 212y
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Integration

Definition: A function F'(x) is said to be an antiderivative

of f(z) if F'(z) = f(x).
Example: f(z) =% F(z) = 32°, F'(z) = f(z).
Also G(z) = 32° + ¢ (c any constant) satisfies G'(z) = f(x).
So if an antiderivative exists, then we have infinitely many of
them by adding constants.
The process of finding antiderivatives is called (indefinite) in-
tegration. If F'(x) = f(x) we write [ f(zx)dx = F(x) + c.
¢ is called the constant of integration.

d

Example: (i) [ 2%dz = 32° + ¢ since £(32% + ¢) =
In general = 4 ff x)dx) = f(x).

——a"*! 4 ¢ since d‘;(n}rl o) ="

(i1)
(i)
(Nf dx—fa: 5d.:c— +c———+c
(v) [coszdz = sinz + ¢, since -(sinz) = cos z.
(vi) [sec? zdx = tanz + c.

(

(

vil f sec x tan xdx = secx + c.

vil) [tan®zdx = [(sec’z — 1) = tanx — x + c.
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Rules for Integration

(1) [ef(@)de=c [ f(x

Proof: Let [ f(x)dx = F( ). ThenF’( )= f(x),s0cF'(x) =

cf(x)or (cF)(z) = cf(x),s0 [ cf (x) 56) =c [ f(z)dx

2) [(f(z)+ g(z) dxsz dx+fg

Proof: Let [ f(x)dx = F(z) and [ g(x)dx = G(x). Then
F'(z) = f(z) and G'(z) = g(z). Hence (F+G)'(x) = F'(x)+
G'(z) = f(x)+g(x) and so [(f(z)+g(z))dx = (F+G)(x) =
Fla) + Gla) = [ f(a)da + [ glw)do

Similarly [(f(z) — g(z))dx = [ f(z)dx — [ g(x)dx

(3) To integrate products [ f(z)g(x)dx or quotients [ %dw

we often use "integration by parts”, which we will not consider

here.

(4) To integrate compositions of the kind [(fog)(x)g'(z)dx

we use ”substitution” which we consider later.

Examples: (i) [4coszdr =4 [ cosxdr = 4sinx + c.

(ii) [(z +2?)de = [wdr + [2%de = 52° + 32° + ¢

(i) [(142® — 32? + 8z + 1)dw = 227 — 2 + da* + z + c.

(iv) [ 222000 = [(a2 = 2)de = —1 — 2z +c.
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(v) [ 5t dr = [ S-92dy = [escacotadr = —cscx + .

(vi) [ sin? xda:—Qf 1 — cos2x)dx = (ar;—§sm2x)—|—c

Suppose that F'(z) = f(x). For any other function g(z) we
have f(F(g(x)) = F'(g(x)).g'(x) = flg(x)).g'(x) (chain
rule). This means that [ f(g(z))¢'(x)dx = F(g(x)) + c.
Letting u = g(z) this takes the form [ f(u)%dz = F(u)+c =
[ flu)du + c.

In practice, given an integral of the form I = [ f(g(x))g'(x)dz,
we let u = g(z) and write du = ¢/(z)dz = %dx to get I =
[ flu)du+c= F(u)+c= F(g(x))+c, where F'(x) = f(x).
Examples: (i) [ = [(2? 4+ 1)*2zdz; let u = 2? + 1 so

that d“—2xordu-2xdxandl—fu5odU— Ll 4+ ¢ =

51

ﬁ(aj + 1) + e
(i) I = [sin(2z+9)dz = [ sin(2z+9).1dz; let u = 22+9s0
that Z—Z = 2 or du = 2dx or %du = l.dx and I = %fsinudu =

—Leosu+c=—1cos(2x +9) + c.
2 2

(iii) I = [ cosTxdw; let u =Tz so that & = 7 or du = 7dx

or %du:dx and I = %fcosudu: %sinu+c: %Sin7x+c.

(iv) I = [(x —8)%dx = [(z —8)*.1dx; letu=2x—8s0
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that du = dz and I = [u®du = Lu* +c= 5 (z —8)* +c.

In general, if we have a power (including a root) of a linear

function we let « = the linear function.

(V)]:f(d—mﬁzf(x—G)_E’dx; let u = x — 6 so that

x—6
du=drand [ = [udu=—ju+c=—1(z—6)"*
(vi) I = [2*V/3—=5z>dz; let u = 3 —52” so that du =
—25zdz and I = —5 [ /udu = ——u2 +c

— —2(3—52%)% +c.

(vii) I = [2*v/x — 1dz; let u=x —1 so that du = dz and
= [(u+1)*Vudu = [(u*+2u+1)y/udu

[ (u 34 2u? + u2)du = u%+§u%—i—§u%+c

Vu(Eud 4+ 2u? + 3u) + ¢

Vi —1Exz - 1P+ 3z -1 +2@z 1)) +c

(vili) [ = [ =X2dx;  let u = /2 so that du = ly=3dy =

N 2
and I =2 [ cosudu = 2sinu + ¢ = 2sin/z + c.

~

N

(ix) I = [sinzcoszdr; let u = sinx so that du = cos zdx
and[-qudU— U —|—c—%sm T+ c.
(x) I = [sin*zdz = [sin®zsinzdr = [(1 — cos® z) sin zdx;

let u = cosx so that du = —sinzdx and I = — [(1—u?)du =
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—(u — *u?) + ¢ = 1 cos®

5 3 xr — COSx + cC.

As long as we have at least one odd power of sin or cos we can
let u = the function such that g—; is the function with the odd
power. If both powers are even we must use a double angle
formula

cos2r =2cos’x — 1 =1 —2sin?z or sin2zx = 2sinx cos « :
(xi) I = [sin®zcos?xdr = 1 [(1 — cos2z)(1 + cos 2x)dx =
(1 = cos*2z)dxr = 1 [(1 = 4(1 + cosdx))dx

=1 [(3—5cosdz)dx = § [(1—cosda)dr = g(z—7sindz)+e.

We could also consider I = [(sinz cosz)*dx = [ (5 sin2z)*dz =

ifsin2 Yvrdy — %f(l — cosdx)dr = %(:U — isinllx) + c.

42



Definite Integrals

Consider the function f : R — R. Let a be any fixed point

in the domain of f.

Let A(z) be the area under the curve y = f(t) between a and
any point « > a. We write A(z) = [ f(t)dt and call it the

definite integral of f from a to x.

Az + h) — A(z) ~ f(z)h, so 240~ () and in-

h
tuitively }Lir% A(Hh]z_A(x) = f(z) ie. A(x) is differentiable
—

and A'(z) = f(x) or %ff(t)dt = f(x). This fact is called
the Fundamental Theorem of Calculus and can be proven rig-

orously. Now suppose that ¢ is any antiderivative of f i.e.
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¢(2) = [(x). Then A'(x) = (&) = [(x), 50 (A — g)(z) = 0
and (A — g)(x) = ¢, a constant. We have A(x) = g(x) + ¢ for
all xz. Taking x = a gives A(a) = g(a) + c or 0 = g(a) +

so ¢ = —g(a). Therefore A(x) = g(x) — g(a). Now tak-
ing r = b, for any fixed b gives A(b) = g(b) — g(a) ie
ff t)dt = g(b) — g(a) i.e. the area under the curve from
a to bis g(b) — g(a). So to evaluate the area under the curve
y = f(t) or y = f(x) (the name of the variable is now irreve-
lant) we find any antiderivative g(z) and the area is g(b) —g(a)
ie. ff(t f f(z)dx = g(b) — g(a). a and b are called the

limits of mtegratlon.

Note: (i bf f@)de = gla) — g(b) = —(g(b) — gla)) =
— [ f(x)dx.

(ii) If a < ¢ < b, then jf(x)dx + ff(x)da: = g(c) — gla) +

b

g(b) — g(c) = g(b) — g(a) = [ f(x)dz.

a

b
(iti) If f(z) < 0 on [a,b], then [ f(x)dx < 0 and we define

b
the area as — [ f(x)dx
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(iv) There are functions that have definite integrals but do not
have antiderivatives (see the log function later) so we cannot

use the above to calculate areas.

Examples: (i fd — L) = {(22?) - ()} = 1L

(i) [coszdx = (sinx)|j = sinm — sin0 = 0. The two halves
0
of the integral cancel out. In such a case the area is defined as

fcos:z:d:c — fcos:vd:c = 2.

2

(iii)

s Q%@
’Q%m
||
cnn\a
w-.n
~——r
o
]
SN
=
~
o
~———
o
|
/N
ot
S~———
T
—

(iv)

sec? xdr = tana:\g =tanZ — tan0 = /3,

sin zdx = —cosx\o = —cosy +cos0=1.

/—\
v
St —ua o

(1+ cos6z)dr = 3(z + ¢sin 6:13)\%

b=+

cos? 3xdxr = %

(vi)

R
L P

DO
~=

(m4+0) — (5 +
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Definite Integrals and Substitution

If I = fbf(g(a:))g’(x)daj and if F'(x) = f(x), then
4 (F(g(x)) = F'(g(2))g/(z) = flg(x))g'(x), 50 ] = F(g(a))|} =

9(b)
F(g(b)) — F(g(a)) = (f) fu)du, since F-F(u) = f(u). In

du

practice, let u = g(x), so 3¢ = ¢'(z) or du = ¢'(v)dzr and

then change the limits into u limits.

2
Examples: (i) [ = [x(z* + 1)°dz; let u = 2?4+ 1; then
0

2—“ = 22 or du = 2xdx.
xXr

r=0=wu=1landz=2= u=>5.

5
Hence I = %{quu = (M) =3(5* - 1Y) =78

T

8

(ii) I = [ sin® 22 cos 2zdz; let u = sin 2x; then g—;f = 2cos 2z
0

or du = 2 cos 2xdx.

:U:O:>u:sinO:0andx:%éu:sin%:

Sl

Hence [ =

4
(iii)[:f%; let u = x* —6x+10; then%:2x—6

3
ordu=2x—6)de. z=3=>u=1landx =4 = u=2.
2

p
Hence[:fi—g:fu—Qdu:—Tl‘%:_%4_1:%.
1 1



Natural Logarithm Function

Consider the function y = % for ¢ > 0.

We define the natural log (In) as the function In : R" — R,

X

where Inz = | %dt.

Note:(i) In is1 1-1 and onto.

i)z >1=he>0, 0<zr<l=hr<0, Inl=0.
(ili) x > 00 = Inx — 00, = —0=Inz — —oc0.

(iv) £Inz =1 > 0 forall z > 0 (by the fundamental theorem

of calculus) so In is always increasing.
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(v) In(ab) =Ina + Inb.

1

Proof: Lln(az) =L xa=1=Lhy =
T axr X

1

4 (In(az) — Inz) = 0 so In(ax) — Inz = ¢ (constant);
letting x = 1 gives Ina —In1 = ci.e. ¢ =Ina. Now In(ax) =
Inz + Ina, so letting x = b gives In(ab) = Ina + Inb.

(vi) In(}) =Ina —Inb.

Proof: Ina = In( x b) = In(3) +Inb, so In(3) = Ina — Inb.

b
(vii) In(a®) = ZIna.

Proof: If m € N, then In(a™) =Ina+Ina+---+1Ina

(m times) = mIna.

Now In(a™™) = In(-) =In1 — In(a™) = —mna.

What about ln(a%)? Let b = a; then b" = a, so In(b") =Ina

and sonlnb=Inaorlnb=1lnalie. ln(a%) =1lna.

Finally, In(an) = ln((a%)m) = mln(a%) = "Ina.
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Differentiation of Logarithm Functions

If y =1In(f(x)), then dy = ﬁ f(x).
Examples: (i) y = In(sinx));

dy _ 1
dr = sinz

.COST = cot x.
(ii) y = In(z?. tan x);

y = In(2?) + In(tanz) = 2Inx + In(tan ) so

dy _ 9. . _ 2 1
de + tanx SeC™ X = x T sinxcosx”

2

(iif) y = In(557);
y=1In(z?) —In(z* +1) =2Inz — In(2* + 1) so

dy 2
de =z 2+1

or =2
X

(iv) y = In(=22e),
y = In(2?) + In(sin In(vz+1) = 2Ilnx + In(sinx) —

z) =
sIn(z +1) SO%_%+ L cosp — 1

sz’ 2" 2+1
Z%—Fcotx—m
(v) y=zlnz;
ZZ—:I: +1l.nx=1+Inz.
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Integration of Logarithm Functions

%1nx=%f0rx>0, SOf%dQC:hlLC—I—C.

If x < 0 what is f %d:{:?

Let I = [2dz,z < 0 and let u = —z. Then g—z —

du=—dzand [ = [ =2 = [ Ly u >0,

so [l =Ilnu+c=In(—z)+c.

—1 or

In general, [ %d:l: = In | # | +¢, but usually the domain

of integration is assumed to be positive and we omit the mod

signs. Any integral of the form [ = [ ]}/((:f)) dx is done by letting

u = f(x) etc.

Examples: (i) I = [

——dT; letu:3x+2;theng—g:3

or du =3dz. Hence I = 5 [ = 1lnu+c=:In(3z+2)+c

(i) I = x%xfldx; let uw = 2% + 1; then g—g = 32

or du:SxQd:c. Hence I = [ =Inu+c=In(z’+1)+¢

ﬁﬁ)[:i[ gild:r: let u = 2 + 1; theng—z:2x
or du = 2zxdzx.
:U:1:>u—2andx—2:>u:5.

Hence I = fd“ = (Inw)]3 =In5—1n2 =In(2).
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7
(iV)]:fo%diU; letu:x—i—5;then§—";:10rdu:da¢.
5
Also x =u — 5.

r=b=wu=10andz=7= u=12.
12 12 12

Hence I = [“2du = [du— [2du = (u)|if — 5(Inu)|}} =
10 10 10

2—ln(g).

3 3
(v) I = [tanzdr = [ 22Ldz;  let u = cosx;

6 6
then Z—Z = —sinz or du = — sinxdx.
ngiu:cos%:fandng:>u:cos§:%.

3
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Exponential and Power Functions

In: R — R:z+— f%dt is 1-1 and onto, so its inverse
exists. Call it exponentiai7 exp, i.e. exp: R — Rt isIn~*
We have y = expxr < Iny = .
Recall the chain rule for derivatives: (fog)'(z) = f'(g(x)).¢'(x).
Since (f~10f)(x) = z, we get (f~Lof)(x) =
so (f 1) (f(@)).f'(x) =Lor (f1)(f(@)) = 7
If y = f(x) then z = f~1(y) and, in the other notation, we
1
dy

dr _
have dy =
Nowy:expxﬁlny:xsog—g:gé:%:y:expx
Y Y
i.e. %expx = expx. We can also see this by using implicit
_ 1dy _ dy _ . _
differentiation since Iny = z = =landso 3 =y =

exp .
Note: (i) exp is 1-1 and onto.
(ii) exp0 = 1 since In 1 = 0.

(ili) * = 0o = expxr — 00, T — —00 = expx — 0.
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(iv) exp(a +b) = expa.expb.

Proof: Let x = expa and let y = expb. Then Inx = a
and Iny = b, so that In(xy) = Inx + Iny = a + b and then
zy =exp(a+0b) i.e. expla+b) = expa.expb.

(v) exp(a —b) = 5.

Proof: Let x = expa and let y = expb. Then Inx = a

and Iny = b, so that ln(ﬁ) = Inx —Ilny = a — b and then
;= expla —b) Le. exp(a — b) = 7.

It seems that exp is behaving like a ”power function”, at least
if a and b above are rational numbers. We now define what we
mean by any real number power, not just rational.

Let a > 0 and p,q € Z. We know what a means, namely
ai = (ap)é. Also, of course, ai = exp(ln(ag)) = exp(2Ina).
This motivates the following

Definition: For any x € R, a” = exp(xIna).

Note that Ina is defined since @ > 0 and then exp(zlna) is
defined for all x € R, so this is a valid definition. Also it agrees

with the definition of a* when x is rational. We have extended

the definition of powers from Q to all of R.
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Now for any x € R we have In(a”) = In(exp(xIna)) = xIna.
Definition: e = exp 1.
Now e” = exp(zlne) = exp(z.1) = expx, so exp itself is a
power function, namely exp z = e*. Also a® = e*"¢,
Definition: We define log,, log to the base a, as the inverse
of a’ie. y=log,xr & a¥ = .
Since In is the inverse of exp x = e*, we see that In is, in fact,
log,, called log to the natural base, i.e. Inx = log, z.
We can easily change from ony base a to the natural base:
y=log,r=a"=x=maY)=Inzr=yha=Inx

Inz

=y = l.e log,x = .

Ina

We have the following diagram for powers and logs:
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Differentiation of Exponential Functions

. (3 _da?. dy _ 4a2?
Examples: (i) y =e*"; % =" 8.

2 _coscz. dy _ .2 _cosx [ o cosx
) — : : )
(ii) y = z°.e P =x°.e" (—sinx) + 2x.e

= 2.°%"(2 — xsinx).

LL’

(iil) y = 1n(1+ew) =In(e”) —In(1 +€") =x — In(1 4 €*);

dy _ 1 1 z _ 1
dx_l 1—1—633'6 o

(iv) y = In(e”.sinz) = In(e”) + In(sinz) = x + In(sinz);

dy !
=1+ ——.cosx =1+ cotu.
(v) y = a* = e*Ine; % = e Ing = Ina.a”.

We could also use implicit differentiation: vy =a" = lny =

In(a*) = rlna,so ! g = Ina and hence =Ilna.y =Ina.a”.
y " dx

: _ _ Inx. dy 1
(vi) y = log, x = oy o=

&I»—*
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Integration of Exponential Functions

d T
Lot =e" = [e'dr=e" +c.

Any integral of the form I = [ /@), f'(z)dz is done by letting

u = f(x) ete.
Examples: (i) [ = [ e 2dx;  let u = 3z — 2; then Z_Z =3

ledr=2 4 o

ordu—Sd:c Hence[—gfe“du— se'+c=3

= 2x or du = 2xdx.

(i1) [:f4xexda:; letu:x;then%
0

r=0=wu=0andz=1=u=1.

1
Hence I = 2f e'du = 2(e")|; = 2(e — 1).

s
p)

(iii) f ST cosxdr;  let w = sinz; then % = COS X Or
0

du = cos xdzx.

r=0=wu=0andz=Z=u=1.

3
1
Hence I = [ e"du = (e")|; = (e — 1).
1 1

(iv) [ = [SHde = [(e" + 4e )dx = (¢" — de )|} =
0 0

{(e——)—(1—4)}:e—§—|—3.

v) [ = f edex; let u = e”+1; then Z—Z = e or du = e*dx.
0

r=0=wu=2andz=1=u=c¢+ 1.
e+1

Hence [ = éf %du = (Inu)|s™ = 111(6‘2“)
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Differential Equations

A linear first order differential equation is an equation of the
form
f(@)E + g(x)y = h(z)
where f(z) # 0 on some interval I. A solution of the equation
is any function y(x) that satisfies it. The equation is homo-
geneous if h(x) = 0. We shall consider only homogeneous
equations here. The equation is called linear since if y1(x) and
yo(x) are solutions of the homogeneous equation, then so is
y1(z) + yo(x) and yy(x) — yo(x) and ay(x) for all @ € R. We
solve the equation
f(@)2 + g(z)y =0

by "separating the variables”:

fla)% = —g(z)y

— ig_:yc — —%, assuming y # 0 on 1,
1dy _ [ 9=)
yd:c ff(ﬂﬂ)dx

= f —dy =— #dw by the substitution formula,
= Iny = — ff Ldy = — J(x) + ¢, say, assuming y > 0 on I,

=y = e 10+t = i@t = De=I@) letting D = ¢
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Examples: (i) az@ +y=0, I=(0,00).

oy =0 1 - -
ﬁfi%dx:fgdy:—f%dﬁilﬂy:—1H$+C

= y = e "¢ = Deinv — Des = D.%, D a constant.

(i) (3% + 1)% — 22y =0, [I=(—00,00).

d d X
(3352 + 1)ﬁ 2vy =0 = gl/dg 3:c22+1
ifi%dx:fidy f32+1dx:>lny:%1n(3x2—|—1)—i—c

=y = De3nBr*+1) _ Deln(3x2+1)% _ D(3x2 4 1)7};_

Exercise: (i) xd—y +2y=0, [I=(0,00)

(ii) d—y — (tanx)y =0, [ = (—00,00).

Every linear first order differential equation has infinitely many
solutions (take different values for the constant D). However,
if we specify that y must be a particular value for some given
value of z, y(xy) = yo say, then we get a unique solution since
we can solve for D. The equation f (x)% + g(x)y = 0 with
the condition y(xg) = yo is called an initial-value problem.
Examples: (i) 2%4—3?; =0, y(—3)=-3, I=(—00,00).
28 +3y=0= [L1dy=— [3da

ilny:—%x—kciy:l)e_%x;
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Now y(—3) = =3 = =3 = De?3 = De?, so D = —3e" 2,
and hence y = —3e 2e"3" = —3e3(0+3),
(i) %+ (cota)y =0, y(3)=1, I=(0,7)

g—z—l—(cotx)y:02> fidy: — [ cot zdx

= Iny = —In(sinz) +¢c = y = De—lnGing) _ peln(gs) —

Dl.

‘sinx?

Nowy(3)=1=1=D(1),s0 D=1and y = —

sinzx”

Definition: A quantity is said to have an exponential growth
(decay) model if it increases (decreases) at a rate that is pro-
portional to the amount of the quantity present at any given
time. Mathematically we have

% = ky, k>0 (growth) and % = —ky, k>0 (decay).

k is called the growth (decay) constant.

Y—ky= [Y=Fk[dt=Iny=kt+c

Me¢ = Deft | for some constant D. Taking ¢ = 0 gives

=y=ce
y(0) = De’, so D = y(0), the initial value of the quantity.
Similarly, if % = —ky, k>0, wegety= De .

dy
k is often called the relative growth rate, %, i.e. the growth

rate as a fraction of the quantity, which is constant over time.
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It is usually given as a percentage e.g. a relative growth rate
of 5 percent per unit of time means that k& = .05.

The time required for the initial quantity to double is called
the doubling time : Suppose y = yoe*’, where o = y(0) is the
initial size. Then 2yy = yoe" = 2 = €M, so that kt = In?2
and t = lnTQ is the doubling time. This is usually denoted by
Tie T =12

For decaying the time taken for half the quantity to decay is
called the half-life: we get %yo = ype M = % = e M so that
—kt =—In2 and t = IHTQ again.

Examples: (i) Suppose that an initial population of a colony
of bacteria is 10,000 and that the colony grows exponentially
at the rate of 1 per cent per hour and that y = y(t) is the
number of bacteria present ¢ hours later.

(a)  Find an initial-value problem whose solution is y(t).

(b)  Solve for y(t).

(¢)  How long does it take the population to double?

(

d)  How long does it take the population to reach45,0007
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(a) ¥ =ky, k>0, y(0)=10,000.
() Y=ky= [L=Fk[dt=Iny=kt+c
= y = eMe® = DeM, for some constant D.

Now k£ = .01 = SO Y = Deﬂlﬂit; to find D we have

0o
y(0) = 10,000 = 10,000 = De’ = D. The full solution is
y(t) = 10, 000e 00",

(¢) 20,000 = 10, 000em0! = em0! = 2 s0 T = 1001n2 hours.

In2
-

We could just use the formula T" =
(d) 45,000 = 10,0006mt = Tt = 4.5, s0 t = 100In4.5
hours.

(i1) A cell of e.coli divides into two cells every 20 minutes when
placed in a nutrient culture. Let y = y(¢) be the number
of cells present £ minutes after a single cell is placed in the
culture and assume that the growth rate is approximated by a
continuous exponential growth model.

(a)  Find an initial-value problem whose solution is y(t).

b)  Solve for y(t).

(
(¢) How many cells are present after 2 hours?
(

d) How long does it take for the number of cells to reach
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1,000,000?
(a) L =ky, k>0, y(0)=1
() H=ky= [L=Fk[dt=Iny=kt+c

kt

= y = eMef = Delt, for some constant D. Also y(0) = 1 =

D =1, s0 y(t) = eM.

In2

Now T = 20, so 20 = 1n2 or k = ln2 and so y(t) = e®"

(c) y(120) = e 3120 — e6ln2 cells.

In2

(d) 1,000,000 = e20’ = B2t = In(10°) = 61n 10,

1201n 10

o minutes.

SOt =
(iii) In a certain culture of bacteria the number of bacteria
increased sixfold in 10 hours. How long did it take for the
population to double, assuming that the growth rate is ap-

proximated by a continuous exponential growth model?

y = yoet = 6yy = yoe'™*, so k = 1n6 . Doubling time is T' =

In2 _ 10In2
k= In6

_ In2 _ 10In2
T = k  In6

hours. Alternatively, 2yg = yoe*? = e*’ = 2, so

hours.
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