
442 Summer 2004 q2 (c) and (d) outline solution.

1. (a) Define an isometry.

(b) Define the Killing vector and show that it satisfies

∇akb + ∇bka = 0.

(c) Show how the Killing vector defines a constant along geodesics.

(d) If ka and la are Killing vectors, show that

[k, l]a = kb
∇bla − lb∇bka

is also a Killing vector. It might be useful to recall the symmetry properties of
the Riemann tensor Rabcd = −Rbacd and Rabcd = Rcdab.

Solution: So consider C = kaUa: along a geodesic we have

Ua
∇aC = Ua

∇a(k
bUb)

= (Ua
∇ak

b)Ub + Ua
∇aUbk

b (1)

Now, the second term is zero by the geodesic equation and the first term can be made
equal to the geodesic equation by symmetrizing

(Ua
∇ak

b)Ub = UaU b(∇akb) =
1

2
UaU b(∇akb + ∇bka) (2)

Next, consider substituting the commutator into the Killing equation

∇a[k, l]b + ∇b[k, l]a = ∇a(k
c
∇clb − lc∇ckb) + ∇b(k

c
∇cla − lc∇cka)

= ∇ak
c
∇clb + kc

∇a∇clb −∇al
c
∇ckb − lc∇a∇ckb + (a ↔ b)

Now, the big trick is to swap the summed index off the nabla onto the Killing vector
using the Killing equation

∇a[k, l]b +∇b[k, l]a = −∇ak
c
∇blc − kc

∇a∇clb +∇al
c
∇bkc + lc∇a∇ckb + (a ↔ b) (3)

we also swap the double nabla terms using the definition of the Riemann tensor

∇a[k, l]b + ∇b[k, l]a = −∇ak
c
∇blc − kc

∇c∇alb − kcRacbdl
d+

∇al
c
∇bkc + lcRacbdk

d + lc∇c∇akb + (a ↔ b) (4)

Now, add in the (a ↔ b) part, the bits with the nabla’s seperate cancel using the
Killing equation, the double nabla terms are also zero by the Killing equation and
we are left with

∇a[k, l]b + ∇b[k, l]a = −kcRacbdl
d + lcRacbdk

d
− kcRbcadl

d + lcRbcadk
d

= kcld(Racbd + Rbcad + Radbc + Rbdac)
= kcld(−Racbd + Radbc − Radbc + Racbd) = 0 (5)
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