
442 Summer 2004

1. A paraboloid in three dimensional Eulclidean space

ds2 = dx2 + dy2 + dz2

is given by the equations

x = u cosφ
y = u sinφ

z =
u2

2

where u ≥ 0 and 0 ≤ φ ≤ 2π.

(a) Show that the metric on the paraboloid is given by

ds2 = (1 + u2)du2 + u2dφ2

(b) Writing x1 = u and x2 = φ find the Christoffel symbols for this metric.

(c) Solve the equation of parallel transport

Ua∇aV
b = 0

where

Ua =
dxa

dt

for the curve u = u0 where u0 is a positive constant and with initial conditions
V 1 = 1 and V 2 = 0. [Hint: the problem is simplified if you take t = φ. The
equation of parallel transport will give you two coupled equations for U 1 and
U2, differentiating the dU 1/dφ equation again allows you to decouple the U 1

equation.]

2. (a) Define an isometry.

(b) Define the Killing vector and show that it satisfies

∇akb + ∇bka = 0.

(c) Show how the Killing vector defines a constant along geodesics.

(d) If ka and la are Killing vectors, show that

[k, l]a = kb∇bla − lb∇bka

is also a Killing vector. It might be useful to recall the symmetry properties of
the Riemann tensor Rabcd = −Rbacd and Rabcd = Rcdab.

1



3. In Einstein’s theory of gravity a test particle moves on a geodesic in a space-time
whose curvature is determined by the Einstein equation. In Newton’s theory of
gravity a test particle has an acceleration according to Newton’s law with the force
determined by the Poisson equation. Show that in the non-relativistic weak-field
approximation the Einsteinian gravity for a static space-time is approximated by
Newtonian gravity.

4. (a) Define normal coördinates and use them to prove the cyclic identity for the
Riemann tensor

R d
abc + R d

bac + R d
cab = 0

You do not need to prove that normal coördinates can always be found. It might
be useful to recall

Rabcd = R d
abc = Γd

ac,b − Γd
bc,a + Γe

acΓ
d
be − Γe

bcΓ
d
ae

(b) Calculate the energy-momentum tensor

Tab = FeaF
e
b −

1

4
gabFcdF

cd

for the Maxwell field:

S = −1

4

∫

F abFab

√
gd4x

where
Fab = ∇aAb −∇bAa

where you may quote the variation δg = gh/2 for δgab = hab and h = ηabhab.

(c) Verify that the energy momentum tensor for Maxwell fields satisfies

∇aTab = 0

5. Consider a flat dust universe with zero cosmological constant

(a) Solve the cosmological equations and derive the time evolution of the scale
parameter a(t).

(b) By considering light emitted at time te and received at the present time t0 show
that the distance to a star of red-shift z is given by

s = 3t0

(

1 − 1√
1 + z

)

(c) Explain why a flat universe with zero cosmological constant containing a mixture
of dust and radiation will eventually be dominated by the dust.
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6. Explain which problem prompted Einstein to introduce the cosmological constant,
how the cosmological constant solves this problem and why this solution is not satis-
factory. One advantage of a cosmological model with a cosmological constant is that
it makes the universe older for given observational data. Demonstrate this for a flat
dust universe.

7. The equation of state is often written in adiabatic form

p = (γ − 1)ρ

where p is pressure and ρ is density and 0 ≤ γ ≤ 2 is the adiabatic index with γ = 1
for dust and γ = 4/3 for radiation.

(a) Calculate ρ(a) for general γ. Find the age of the universe for k = 0.

(b) Find γ so that the expansion rate is constant. With this value of γ find a(t) for
k = 1 and k = −1.

(c) In the same notation, show

Ω̇ = (2 − 3γ)HΩ(1 − Ω)

Define the logarithmic scale factor s = log a and write an equation for dΩ/ds.

(d) Comment on the flatness problem.

8. The Universe undergoes a period of inflation driven by a scalar field with potential
V (φ) = m2φ2/2. Write down the slow-roll equations and find the solutions for the
scale factor a and the field φ for initial conditions a = ai and φ = φi at t = 0. For
what range of φ values is this solution inflationary? What condition must be satisfied
by the initial scalar field φi to ensure that an expansion by at least 1030 occurs.

9. Show that their is a coördinate choice so that the linearized vacuum Einstein equa-
tions are ∂2hab = 0 where Gab = ηab + hab. find the plane wave solutions to this
equation and explain why there are only two polarizations. The transverse trace-free
polarization has basis

e+ =









0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0









and

e
−

=









0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0









By taking the e+ polarization, describe the physical effect of a gravitational plane
wave.
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