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1. Use L’Hopidal’s rule to calculate
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im ———
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If these limits are taking you a long time, then leave them after doing one or two and go

on to the Taylor series questions.

(1) log,1 = 0 and 1 — z is also zero when x = 1 so differenciate top and bottom. Us-

ing the product rule
d 1
—zlog,r = log,x + x— = log,.x + 1
dx x

and p
—(1—2z)=-1
- (1—2)

SO

zlog,

};LH% . :}:Ln%(—logex— 1)=-1

(2) sin7/2 = 1 so again, this limit looks like zero over zero and so we differenciate.

—(sinx — 1) = cosx

dx
and
L= nf2) = 2o —7/2)
—(x —m = —
dx
Thus )
. sinx — 1 . COS &
lim — = lim

e—n/2 (x —7)2)%  z—n/22(x —7/2)
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which is still zero over zero and so we differenciate again. The differential of the cos x gives
—sinz and the differential of the bottom gives 2, this

. sinx — 1 . COS & . —sinz 1
hm -_— = llm _— = hm —_
x—m/2 (,I‘ — 7T/2)2 x—m/2 2(ZL‘ — 7T/2) x—m/2 2 2
(3) This time
d 1
and
d T 1
N —r = —
dx 2v1 —x
SO
1— v1-—
i LVE = YT )

m~>11/]__1‘_:v~12_ ﬁ

| sin x
—Ilog, cosz = —
dx °¢ COS T
and
— sin’z = 2sinx cos T
dx
SO
. log cosz . —1 1
lim ——— = lim — =—7
z—0 sin‘z z—0 2C08%T 2
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2. Find the first three terms of the Taylor expansion of tanx around = = 0.

So to do this, lets first work out the relevant differentials:

1
dr tanx = cos?y
and if x = 0 this is one. Furthermore
d—Ztanx = i ! =2 sin @
dx? dx cos?x cos®x
and if = 0 this is zero. Thus the first three terms are tanx = —x + O(z?). because the

constant part and the x? term are zero. Often when people say the first three terms they
mean the first three non-zero terms, that would be a very long question in this case and
would give

1 2
t = 2+ —2° + O(z°
an x x—|—3:c —|—15:c + O(2°)



3. Find the first three term of the Taylor expansion of 1/z around z = 1.

So,letx=1+h. lfzx=11/z=1.

d 1 1
dex a2
and this means
d 1
2 - 1
drx|,_,
As to the secod derivative
d? 1 1
dr2z 23
and this means
d? 1
— =2
de? z|,_,

and the Taylor series near x =1 is

1
;:1+h+h2+0(h3)

4. Expand
1

V1i+h

for small h. Include terms of order two in h but stop there.

1
V1+h

Again, differenciate and evaluate.
5. Expand (2 + 2)'/3 near z = 2. What is the third order term.

1.3
—1——h+=h2+ 0
Sh+ gh?+ 0(h)

Let = 2 + h. The third order term in the expand of f(z) for x = a + h is the term
with h3 in it. It is third order in h, that is, h is to the third power. The third order term

is
1

et Al
Now
i(2+ac)1/3 = 1(2+ac)_2/3
dx 3
"0 d? 1 2
— (9 1/3 — - ) —5/3
gz 2t 3(3)< +7)

3



and finally

and so

d? 1 1 /-2 -8
- B _ (= _° —-5/3
d$3(2+:v) 3(3)(3)(2+m)

3

d—(2—|—:1:)1/3

1 /=2\ /=5 10
—__ = - 9 ) —5/3 — _4—8/3
e . 3(3)(3)(+> o7

and this means that the answer is (5/81)47%/3h3. A neater way of writting that would be
to write 478/% = 47341/3 = (41/3) /64 giving

5 41/3h3
5184 ’



