MA22S3 Tutorial Sheet 1.^1

13 October 2010 Useful facts:

• Trignometric identities: adding angles sin A ± B = sin A cos B ± cos A sin B cos A ± B = cos A cos B ∓ sin A sin B. (1) • Trignometric identities: products cos A cos B = 1 2 [cos (A − B) + cos (A + B)] sin A sin B = 1 2 [cos (A − B) − cos (A + B)] sin A cos B = 1 2 [sin (A + B) + sin (A − B)]. (2)

• Trignometric identities: double angles sin 2A = 2 sin A cos A cos 2A = cos^2 A − sin^2 A. (3) • Periodic: A function is periodic if for some constant L, f(t+L) = f(t). The smallest such L is called the period.

• Integration by parts: ∫_b a udv = uv]^b_a −

∫_b a vdu (4) • Periodic, even and odd A function f(t) has period L if f(t + L) = f(t), it is odd if f(−t) = −f(t) and even if f(−t) = f(t).

• A function with period L has the Fourier series expansion

f(t) = a_0 2 + ∞∑ n=1 a_n cos ( 2πnt L ) + ∞∑ n=1 b_n sin ( 2πnt L ) . where a_0 = 2 L ∫_{L/2}

−L/2

f(t)dt

1Conor Houghton, houghton@maths.tcd.ie, see also http://www.maths.tcd.ie/~houghton/MA22S3

a_n = 2 L ∫_{L/2}

−L/2

f(t) cos ( 2πnt L ) dt b_n = 2 L ∫_{L/2}

−L/2

f(t) sin ( 2πnt L ) dt

Questions

1. (2) Establish that ∫_π −π dt sin mt cos nt = 0 (5)

for integers n and m.

2. (2) Show by checking whether f(t) = −f(−t) for odd, f(t) = f(−t) for even and neither for neither which of the following are odd, even or neither: sin t, t^3 +t, t^3 +2t^2 and |t|.

3. (4) Find the Fourier series representation of the sawtooth function f defined by f(t) = t for −π < t ≤ π and f(t + 2π) = f(t).