Part 1
231 Part IV Partial Differential
Equations

1 Some linear PDEs involving a scalar field ¢

(aka the Equations of Mathematical Physics)

Vi =0 Laplace’s equation (elliptic)
if)
Vi =p Poisson’s equation (elliptic)
¢ is some scalar field usually called a source term
iii)
(VP+ K)o =0 Helmholtz equation (elliptic)
(V2= kHp=0 'wrong sign’” Helmholtz

k is a real constant

iv)
Vip = D% Heat /diffusion equation (parabolic)

D a constant, ¢ = ¢(7,t) time-dependent

9 1 0%¢ ) )
Vo — 2oz = 0 Wave equation (hyperbolic)

¢ = speed of sound / light

d
Laplacian V? = V.V = div grad = g W T



2 Heat/Diffusion Equation

Image some material where the temperature is not constant but with no sources (or sinks)

of heat.
Temperature is a scalar field ¢(7,t). Heat current j(7,t) is a vector field s.t. energy flux
across an oriented surface S.

INSERT IMAGE OF A VECTOR 7 OUT OF A SURFACE S

is the surface integral [, j(7, t)dA
Let S be a closed (but static) surface. Heat flux out of S

—

- / J(7 t)dA
S

= — rate of change of energy in D

INSERT IMAGE HERE

0 .
= —aafDé(r,t)dV

99

=—a | —(r,t)dV
Dat( )

a constant (heat capacity per unit volume)

Apply Gauss’ theorem

/ J(7t).dA = / div jdV
S

D

so that

.- 09
/D( d1vy+aa)dV—O

where D is any 3d region with a smooth boundary. Thus

divj—l—a% =0

Assume j = —3 grad ¢
where (3 is the thermal conductivity constant
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and the - sign indicates that the heat flows from hot to cold regions

oo . Q@
2 — - — —
ng—D@t with D 3

Laplace’s Equation is a special case of Poisson’s equation and the heat equation

Poisson p = 0 = no source = V¢ =0

0
Heat 8_1? =0 = steady state = V% =0

3 Boundary Value Problems

Often wish to solve a PDE subject to some boundary conditions.
Assume ¢ satisfies some PDE (e.g. Laplace’s equation) in a 3d region D with boundary
S=0D

INSERT IMAGE

3.1 3 basic kinds of b.c.s.
i) ¢ is given on S — Dirichlet boundary conditions

ii) 0,¢ = 1.V¢ (directional derivative in direction of unit normal 77) is given on S —
Neumann boundary conditions

iii) ¢ and 0,¢ are given on S — Cauchy boundary conditions
Can also have mixed b.c.s. where on different parts of S different b.c.s are imposed
This is not exhaustive since there are other types of b.c.s. such as periodic boundary

conditions.

3.2 Elliptic Case

Usually the Cauchy b.c.s. are too strong, i.e. no solutions.

Dirichlet b.c.s. more or less lead to a unique solution.

Neumann b.c.s. lead to a unique solution (up to an arbitrary constant in Laplace/Poisson
cases).

3.3 Other cases (parabolic and hyperbolic)

more complicated.



4 Laplace’s Equation

A solution of Laplace’s equation is called a harmonic function.
Some simple (singular) examples:

3d ¢ = % is harmonic but singular at the origin.

2d ¢ = logr,r = y/x2 + y? harmonic but singular at r = 0.

1d ¢ = z is harmonic but singular at 4-oco.

2d Any holomorphic function ( Complex Analysis ) is harmonic!

Suppose we wish to find a non-singular (e.g. C°°) harmonic function is some domain D
subject to some boundary conditions on S = dD.

4.1 Theorem: Uniqueness of solns to DBCs and NBCs

The solution of Laplace’s equation under Dirichlet’s boundary conditions (DBCs), if it
exists, is unique. The solution of the problem under Neumann boundary conditions, if it
exists, is unique up to an additive constant.

4.1.1 Proof

postponed; digression on vector analysis required.

4.1.2 Green’s Identities

(not to be confused with Green’s theorem in the plane) Let ¢ and ¢ be smooth functions,
(not necessarily harmonic)

Green’s 1st Identity

/ (¢V*) + V. V)V = / dVip.dA
D

S=0D



Green’s 2nd Identity

—

/D (V) — pV2p)dV = / (VY — YV ).dA

S=0D

Proofs

1st identity. Apply Gauss’ theorem to the vector field F = oV
div F = ¢V.(Vt)) + V. Vi
vector identity

= ¢V + V.V

2nd identity. Interchange ¢ and v in first identity the subtract from the first identity.

4.1.3 Proof of uniqueness Theorem

Let ¢ and ¢ be harmonic in D and subject to the same boundary conditions on S = 0D
(either DBCs or NBCs). Consider ¢ = ¢; — ¢o. Apply Green’s 1st identity taking ¢ = ¢

/ (OV2 + Vo) dV = / oV b.dA
D

= 0 (since ¢ = ¢; — ¢ is harmonic) = / OppdA

=0 for DBCs (¢ =0)
=0 for NBCs ( 0,06 =0)
Therefore

/Dng.ngdV =0

and V¢.V¢ is non-negative!
which requires V¢ = 0 or ¢ = constant i.e. ¢; — @9 = ¢ proving the theorem for NBCs.
DBCs: ¢ must be zero since ¢ and ¢, agree on S by assumption.

END FIRST THREE LECTURES

START SECOND THREE LECTURES



5 Gauss’ Mean Value Theorem

for Harmonic Functions
INSERT IMAGE

Suppose ¢ is harmonic in D C R3. The average value of ¢ over the surface of a sphere of
radius R centred at the point 7 is ¢(7).

5.0.4 Note.

This is true for any point in the interior of D. The radius R is any number s.t. the sphere
(and every point inside it) is in D.

5.0.5 Proof

Without loss of generality consider a sphere centred at the origin. Idea is to show that the
average

- 1
= dA
¢R 47 R? /$2+y2+z2:R2 ¢

is independent of the radius R.
Apply Green’s 2nd identity to ¢ and ¢ = % in the regions Ry < r < Ry

INSERT IMAGE

1 1
/ (V2= — —V?¢)dV
R1<r<Ra r

r

1 1 - 1 1 —
= / (V= — —V).dA — / ($V- — ~V¢).dA
r=Rg,out r r r=Rj1,out r r

Now,

/ 1V¢.d?4 _ L / Vo.dA
r=R1,out r Rl r=R1,out

L is constant of sphere r = R,

T

because

1

= — divVedV
Rl r<=R; ¢

- L V2pdV =0
Rl r<=R;



1 —
Similarly / -V¢p.dA =0
r=Ra,out r

Thus,

1 - 1 -
0:/ ¢V—.dA—/ OV =.dA
r=Rg,out r r=Rj,out r

~

1 r Ed
V- = —% in both integralsn =
r r
0= L PdA + ! pdA
R% r=Ro R% r=R1

or ¢, = O,

Letting R — 0, ¢r = ¢(0), R being the radius of the outer sphere.

6 Maximum (minimum) Principle

for Harmonic Functions
Let ¢ be harmonic in a 3d (or 2d) domain D. Then ¢ never assumes its maximum (or
minimum) value at an interior point of D unless ¢ is constant.

6.0.6 Proof

Assume ¢ has a maximum at some point P in the interior of D. For R sufficiently small
the sphere of radius R centred at P is inside D. For every point on the sphere ¢ < ¢(P) so
br < ¢(P) contradicting the MVT. A similar argument holds if P is a minimum.

If ¢ is harmonic in D it assumes its maximum and minimum values at the boundary

S =0D

6.1 Physical Interpretation

Heat Equation V? = D%. If ¢ reaches a steady state g—f = 0, then V2¢ = 0, i.e. the
temperature is harmonic. Suppose we have a finite lump of matter and the boundary
temperature (not necessarily constant) is fixed, e.g. consider a square slab with three sides
fixed to be at 0 degrees and the other at 100 degrees. The steady state temperature inside
the slab is harmonic. Steady state temperature can never exceed 100 degrees (or fall below

0 degrees); heat would immediately flow out of (or enter) such a hot spot (or cold spot).

SQUARE HEAT IMAGE



7 Liouville’s Theorem

If ¢ is harmonic and bounded throughout R3 (or R?) then it is constant.

7.0.1 Proof
Not given.
7.0.2 Note

¢=13d ¢ =logr (2d) are unbounded.

Tr

7.1 Liouville’s Theorem - Complex Analysis Version

If f is holomorphic throughout C (sometimes called an entire function) and bounded
|f| < C then f is constant.

7.2 Solutions

Uniqueness theorem very powerful; any solution with DBCs, however simple is the only
solution.

7.3 Examples
7.3.1 Example i

INSERT IMAGE

Let ¢ be a harmonic function which is constant, say ¢ = a, on the boundary of D.
() = a is trivially a solution of Laplace’s equation with the correct b.c.s.. It must be the
unique solution to this boundary value problem.

7.3.2 Example ii

Let ¢ be harmonic in a 2d annulus with ¢ = 1 on the other boundary (r = Ry) ¢ = b on
the inner boundary (r = R;)

INSERT IMAGE

¢ =Clogr+ D (r = /22 + y?) harmonic but singular at origin,
C, D constants.

a=¢(r=Ry)=ClogRy+ D



b=¢(r=R,)=ClogR + D
a—b:Clog%
D =a— Clog Ry

a—2b
& logrRy 4+ a
Ry

¢

a log

In these 2 examples we have guessed a solution (which we know to be unique).
This is clearly insufficient for most problems, e.g. the square where ¢ is zero on three
sides, and another value, say 1, on the remaining side.

Insert Image

8 Separation of Variables

(a more systematic approach to solving linear PDEs)
Idea is to reduce PDEs involving 2 or more variables to ODEs in each variable.

Try ¢(z,y) = X(2)Y (y)
where X depends on x only and Y depends on y only. Laplace’s equation becomes
Vi = X"(2)Y (y) + X (2)Y"(y) =0
divide through by X (x)Y (y)

X'(z)  Y'(y)

X0 Y

with the first term independent of y and the second independent of x.

X'(a) _ Y'(y)
X(n) ~ YW

Therefore, = constant independent of x and y

3 possibilities constant i) positive, ii) zero, iii) negative.

i)
X'(z) _ Y'(y)

= k* 2 ODEs, k constant

X(z)  Y(y)
X'(@) = BX(2) Y"(y) = —k*Y (y)
with solutions with solutions

X(x) = ek ek Y (y) = sin ky, cos ky

9



For each k 4 independent solutions of Laplace’s equation
¢ = e sin ky, ek cos kye ™ sin ky, e** cos ky
ii) constant= 0
X"(z) = 0; Y"(y) = 0;
X(z)=Ax+B Y(y)=Cy+D

= 4 independent solutions of Laplace’s equation

iii) constant negative

X'z) Yy

X))~ Y "

X(x) = sinkx, cos kx Y(y) = eky’ oy
For each k 4 solutions
ky

¢ = sinkx, " sinkxz, e cos kx, e, coskx,e”

Lots of solutions! None of these satisfy the b.c.s. for one square problem, however we
can implement left and right b.c.s.

¢(0,y) = ¢(m,y) =0

solutions (from iii) ) sin kxe* and sin kze "
satisfy left and right b.c.s. if k is an integer.
Consider a linear combination of these solutions

o(x,y) = Z sin na(bye™ + bye™™)

n=1
Now try to find b, and b, such that upper and lower b.c.s. are satisfied.
8.0.3 Upper boundary condition

0=¢(x,m) = Z sin nz(b,e"™ + b,e” ")

n=1

This is satisfied if

b,e"™ + I;ne_"7T =0 for all n.

10



8.0.4 Lower boundary condition

o(x,0) = Zsin na(b, +b,) =" 1

1 is even while the sines are odd. Recall
flz)=1 O0<z<m—1 —w<z<0

has the Fourier Series expansion
4 1.
flx) = - Z —sinng
n odd >0
Restricting to 0 < z < m we have

1:é Z lsinnx

T n
n odd >0

half-range sine series

~ 4
Set b, +b, = — n odd 0 n even
™

bn:mnodd()neven

4 sinnr e
¢(x>y) - ; Z 627rn 1

n
n odd >0

9 Half-range Sine Series

An even function f can be expanded in sine waves over a half-period

Suppose f(z + 2m) = f(x), f(=k) = f(k)
The function f odd defined as

_ flx), O0<z<mw
Joaa() = —f(z), —m<x<0

is odd and agrees with f(z) for o < x < 7. The usual Fourier expansion of f,4; contains
only sines

f(x):ansinnx O<z<m

n=1

11



2 s
b, = —/ dxsinnz f(z)
0

™

(true if f odd, even or neither)

This is known as a half-range Fourier sine series. If f is odd it coincides with the usual
Fourier series.

In Q2 of problem sheet 19 the cosine must be expanded as a sine series.

Back to our square boundary value problem.

Insert Image
Lines of constant ¢ must converge at the two lower corners.
Insert Image

Closed loops of constant ¢ do not occur — uniqueness theorem would force ¢ to be
constant inside any such loop.
Other constant boundary conditions:

Insert Image

a, b, ¢, d constant
can be dealt with through linear combinations of the basic a = 1, b = ¢ = d = 0 square
and similar solutions

Insert Image

interchange x, and y in a = 1, b = ¢ = d = 0 solution
Insert Image

xr — 1 — x in previous solution

¢ = constant is also a solution.

12



9.1 Periodic Strip

Periodic in x direction 7(x + 27, y) = ¢(x,y) and y in some finite range, say 0 <y < 1
with DBCs at y = 0 and y = 1.

Insert Image

Pz, y=1)=g(x) gz +27)=g(z)
o(v,y=0)= f(x)  flz+27) = f(z)

separation of variables:

o(z,y) = X(2)Y (y)

Solutions (must be periodic in x)

X (x) = cosnz or sinnx Y(y) =e™ or e™
and X (z) = A+ Bx Y(y) =C+ Dy

B = 0 periodicity

(redefine ky = AC, ko = AD)

¢(r,y) = k1 + koy + Z (ane™ + dpe™™) cosna + Z <bne"y + b;e_"y) sin nx

Obtain coefficients k1, ko, a,, @, by, b~n through boundary conditions at y = 0, and

y=1.
Note that separation of variables in Cartesian coordinates is not always possible and
even when it is, it is not always useful (if the boundary conditions are not suited).

10 Seperation of Variables in other Coordinate Sys-
tems

In situations with circular symmetry polar coordinates are advantageous. Separation of
variables in polar coordinates

¢(r,0) = R(r)©(0)
But to solve, for example, Laplace’s equation require Laplacian in these coordinates

e PO P 190 15
C0x2 Oy? 022 ror Or  r20p?

For more compliacated coordinate systems, e.g. spherical polars, this becomes messy

13



10.1 Curvilinear Coordinates

Consider a general change of coordinates

r = x(ul>u2>u3)
Z/(Ula U, Us) orr = K(Uh Uz, Us)

z = z(uy,us, us)

e.g. (uy,us,us) = (r,0,¢) spherical polars.
Can rewrite grad, div and curl as derivatives w.r.t. the new coordinates

grad¢ = —i+ ——j+ =
x 2

8¢ 8u1 4 8¢ 8uz i 8¢ 0U3
Ou; Or  Oug Oxr  Ous Ox
¢ ¢ ¢

= a—mVul + a—WVUQ + a—U?)VU;),

) i+ cyclic perms

Working with other coordinate systems convenient to replace basis vectors ¢, j, k with
unit vectors e,,, €,,, €4, pointing in the direction of increasing u,, us, us.

Define

Lot o
—=t hu1 8u1 e 8u1
1 or or

L T
_to o
eﬂ N hu3 0U3 us 8U3

can abbreviate e, = e, , e, =e  etcand hy = hy,, ho = h,, etc.
1 U1 2 U 1 2

10.2 Spherical Polar Coordinates

xr = rsinfcos¢
= rsinfsing
z = rcost

% = sin @ cos ¢i + sin 6 cos ¢j + cos Ok
. J
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% = \/(sinf cos )2 + (sinfsin ¢)2 4 cos2 6 = 1
-

h, =

e, = sinf cos @i+ sinfsin@j + cos Ok

r . . o
= = sometimes written 7
r

90

= 1 cos 6 cos ¢pi + 1 cos O sin ¢j — rsin Ok

or

_|or| .9 29
hg = 2 —r\/cos2(9(:os2q§+cos2931n ¢+sin“f=r

1
= —@ = cos 0 cos ¢i + cos 0 sin ¢j — sin Ok

€= b, 00

—% = —rsinfsin @i + rsinb cos ¢j

hy = = 7“\/8@'7129 sin? ¢ 4 sin? @ cos? ¢ = rsin f

1 or

e, = —— = —sin ¢i + cos ¢j
Note that the new basis vectors e,, e, and e4 are orthogonal e,.ey = ¢j.e5 = €4.¢, =0
Claim The three (un-normalised) basis vectors

Jor Or Or
8u1 ’ 8u2’ 8U3
are dual to the three gradients
Vul, VUQ, VU3
i.e.
or .
V.= = 0;j , where ¢ is the Kronecker delta
an
Proof

Or  Ouy Oz N Ouy Oy N Ouy 0z 0wy

L Tl s P Wi RO R Dl W

=1
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11 Orthogonal Curvilinear Coordinates

Assume basis vectors e; are orthogonal

(e 5ij
(e.g. spherical polars )
Write

or

b an J

as
Vui.hjgj = 52']‘

or

thui.gj = 52']‘
This implies that e; = h;Vu,; or

1
Vu; = 7 G ( orthogonal coord. system )

Inserting this into gradient formula

d¢ d¢ 9¢
dp = —— - .l
grade o Vu, + iy Vuy + Bty Vus
hl 8u1 -t hg 8uz =2 hg 0U3 =3
For example in spherical polars (7,60, ¢) h, =1, hg =1, hy =rsiné

0P 10® 1 0%

b= — - - -
grad® = Z e+ L 59% ¥ eing 55 %

( large ® not to be confused with angle ¢! )
A vector field F' = F,i + F,y + F.k can be written in terms of the new’ basis vectors
€1, 27 2

F=Fuyew + Fupbuy + Fusuy
abbreviated to
E = Flﬁ—F Fg@‘i‘ Fgg

For example

1
Fo= S(wityj+zk)
1
= —67,,
r2—
OI"FTIT%,FQIF(z):O

16



11.0.1 Divergence and curl

Divergence of a vector field F' = Fie; + Faep + Fies

€3
hyhsy

1 0 0 0
+F = Fihsh —(Fyhsh Fshih
2l hlhghg[ﬁul( 1122 3>+8 2( vhshy) + 0U3( 3hihy)]
(coord system orthogonal)
Proof Based on identity
A S = . | —0
“hohs T hshy T hihy
Write E (F1h2h3)h2h + (F2h3h1)h b + <F3h1h'2)h1h2
Use +¢G =0 +~G+ Vo -G
+F =V(Fihoh Fshsh Fshih
F =V (Fihyhs) - h2h3+v( bhshy) - h3h1+v( 3hihg) -
e 0 e 0 ez 0
V(Fihohs) = —18—u1(F1h2h3) + = o 003 —— (Fyhshy) + hga 3(F3h1h2)

and similarly for V(Fyhshy) and V(Fzhihs).

Using ¢; - ¢j = 0y gives result.

To prove that = th = 0+ cyclic perms.

write e; = ey X eg (orthonormality, can be e; = e3 X e3 )
€1 €9 €3

hzhszh—2xh—3—VU2XVU3

Using identity
VIExG) =(VxE)-G—(VxG) F

€1

v hohs

(V X VUQ) VUg (V X VUg) . VUQ =0

curl grad =0
Curl in orthogonal curv. coords.
1 hlﬁ hg@ hg@
curl ' = ——— o0 0

ou ou ou,
fuhahs | T hyy haly

Proof: not given
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Laplacian
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