MA22S3 Tutorial Sheet 9: Solutions

7-8 December 2016

1. Use the method of variation of parameters to find the solution to the following initial value problem.

y' =2y +y=2ze",  y(0)=-1, y'(0)=0.

Solution: The solutions to the complementary equation y” — 2y’ + 1y = 0 can be found from the
trial function y = e**, giving the characteristic equation A2 — 2\ + 1 = 0 with a double root at
A = 1. Our two complementary solutions are therefore

xT

y1 =e”, Y2 = we”.

To solve the nonhomogeneous differential equation using variation of parameters, we write a par-
ticular solution in the form

Yp = UYL+ U2Y2
= wure® + usxe®.

The first derivative of this expression is
y, = wie” +ug(x+1)e” +uje” + upze”
At this point, we impose the additional constraint that the terms with u} and w} sum to zero:

uye” + uhzre”®

ui +upr = 1)
Then the second derivative of y, is
y, = wie” +ug(r+2)e” +uje” +uh(z 4 1)e”

Substituting these derivatives into the differential equation, we find that the terms proportional to
u1 and ug cancel out, as expected, leaving us with the equation

uie” +ub(x +1)e” = 2ze”
uy+ (x+Duy = 2x (2)
Therefore
uy =2z — (x + 1)ub.
We can solve the linear system of equations (1) and (2) for v} and uj, with the result
uy = 22?2

uy, = 2x

Alternatively, we could have written these solutions for v} and u), more directly, using the formula
given in terms of the Wronskian W (y1,y2) = y1¥5 — y1y2-

Integrating these solutions while disregarding the constants of integration, we find



Therefore, a particular solution to the differential equation is given by

2
Yp = _§x36x+x3ex

The general solution is

Yy = cyit+cy:+yp

T

. . 1
= c1e” + coxe® + §x3e .

Now let us fix the constants with the initial values.

1
y(x) = cie® +c(z+1)e” + <3x3 + o:2> e’
-1 = y(0)=¢
0 = Y0)=c1+co
Therefore ¢; = —1 and ¢; = 1, so the solution is
x x 1 3 x
Yy = —e'+xe‘+§x e .

. Find the first four terms in the series expansion about z = 0 of the solution to the following initial
value problem.

y +2y=¢e", y(0)=1

Solution: Write the series expansion for the solution as

o0
y= g ama™ = ag + a1z + asx?® + azax® + - -

m=0

Differentiate to get
oo
y = Z mamz™ ' = ay + 2asx + 3asz® + -
m=0
Then

oo
20y = ZZamme
m=0

0o
= § 2am—2mmi1
m=2

= 2a9x + 20122 + 2a92> + 3a3x4 + -
We also need the (Taylor) series expansion for e* about x = 0, which is

1 1 1
r m_q Za2 g a3
e mEZO m!$ +$+2I +6I +

1
- 1 m—1
ﬂ; m—1"



Equating coefficients of like powers of x in the differential equation, we find

[2°] ap =1
[ 1] 2&2 + 2&0 =1
1
[27] 3as + 2a1 = 5
Given that ap = y(0) = 1, and value a; = 1, we can compute a; = —1/2 and a3 = —1/2. Therefore

the series expansion around x = 0 starts with

1 1
y:1+xf§x275x3+~~

It is possible to write a formula for the recursive relation producing the coefficients of the power
series. To do this, we write

The summation indices have been shifted so that we can write the series solution by equating powers
of 2™~! on both sides, starting from m > 2. The first two terms need to be treated separately. We
find

B 1=
[z'] : a; =1

- 1
[z™1, m>3: mam+2am_2:m.

The recursive relation is

ag is undetermined,

a1:1.

Ay, = % (ﬁ — Zam_g) for m > 2.



