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30 November — 1 December 2016

1. Find the general solution to
2
B =n —h(z) =0.
(@) + — () + —h(z)

Solution:
This equation is of the Euler-Cauchy type. It can be rewritten as 22h” (z) + 2zh/(z) + 3h(z) = 0..

Use a trial solution h = ™. The auxiliary equation is m(m — 1) + 2m + 3 = 0, which has distinct
real roots at (—1 £4v/11)/2. So the general solution can be written as

Vi1
h(m) = x_%'i_%z + o rx 2772 ¢

or alternatively, in terms of real functions,

cos (g log x)

h(l’) = C3 \/E

2. Find the general solution to
a?g"(x) — xg'(z) + g(z) = 2°.

Solution:

First step: find two linearly independent complementary solutions to the homogeneous equation

22g" (x) —xg'(x) + g(x) = 0. Since this is an Euler-Cauchy equation, use the trial function g = 2™.

The characteristic equation is m(m — 1) —m + 1 = 0, which has a double root at m = 1. So the
two independent complementary solutions, are

g1 =z, g2 = zlogx.

Second step: find a particular solution to the nonhomogeneous equation. The trial function is the
same type of power as appears in the nonhomogeneous part, with an undetermined coefficient:

gp = AxS.

The first and second derivatives of this trial function are

g, = 64z’
gy = 30Az".

We substitute these functions into the differential equation:
30A42° — 6A4x° + Az’ = 2C.

Therefore A = 1/25, and the particular solution is g, = 2°/25.
Third step: combine the complementary and particular solutions to construct the general solution
of the differential equation. It is

26

= 1 —.
g=c1x +cexrlogx + 25



3. Find the general solution to

F)+f(t) —6f(t) =t.

Solution:

First step: find two linearly independent complementary solutions to the homogeneous equation
f(t)+ f(t) — 6£(t) = 0. Use the trial function e*. The characteristic equation is A2 + X\ — 6 = 0,
which has two real roots at A\ = 2 and Ay = —3. So the two independent complementary solutions,
are

fi=¢é*, f2=e.

Second step: find a particular solution to the nonhomogeneous equation. The trial function is
a polynomial of degree 1 with undetermined coefficients: f, = At + B. The first and second
derivatives of this trial function are f, = A and f, = 0.

Substitute these functions into the differential equation:

A—-6(At+B) = t
(—6A)t+ (A—6B) = t
Therefore —6A4 =1 and A— 6B = 0, from which we conclude that A = —1/6 and B = —1/36. The
particular solution is thus f, = —t/6 — 1/36.

Third step: combine the complementary and particular solutions to construct the general solution
of the differential equation. It is

t 1
£t = ere® Fepe —

4. Find the solution to

F&) + £(t) = 6£(t) ="
with initial values f(0) = 0, f(0) = 0.

Solution:

First step: find two linearly independent complementary solutions to the homogeneous equation
f(&) + f(t) —6f(t) = 0. This is the same equation we considered in the previous problem. As
above, the two independent complementary solutions, are

fi=¢é*, fo=e%.

Second step: find a particular solution to the nonhomogeneous equation. The trial function is
a multiple of the exponential function on the right-hand side, f, = Ce*. The first and second

derivatives of this trial function are f, = 4Ce* and f, = 16Ce*. Substitute these functions into
the differential equation:

16Ce* + 4Ce*t — 6Ce* = e

This equation is satisfied for C' = 1/14. Thus the particular solution is f, = e*/14.

Third step: combine the complementary and particular solutions to construct the general solution
of the differential equation. It is

1
f(t) = cre® 4 coe 3 + ﬁe‘“

Fourth step: fix the remaining constants using the initial values. We need the first derivative of
f(t), which is

f(t) = 9¢1€%t — 3coe™ 3t + %e“



Now we evaluate f(0) and £(0) and set them equal to the values given.
1
c1+ ¢+ ﬂ = 0
2
2c1 — 3¢ + ? = 0

We can solve this linear system of equations by routine elimination to find ¢; = —1/10,co = 1/35.

Therefore the full solution is given by

R T AT ST VN e
fit) = 106 +35e +14e .



