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We will define the inner product of (real-valued) functions f, g € I*[—£, L] as
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for some L € R.
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tr—>cos<”L”),

:t+— sin (272”) .
Notice that ¢o(t) =1 and so(t) =0 for all t € R
For positive m,n
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<Cm’Cn> = §6mna <5m|5n> = §5mnu <Cm|5n> =0,
so these functions are orthogonal. In fact, they span I? and therefore form a basis

We would like to be able to express a periodic function f € I? as a linear combination
of an infinite number of basis vectors {cp, sp}o2,. This is the Fourier series
Recall that the projection P, (v) of v onto w is given by
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We can use this to determine the coefficients of the Fourier series, as
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Using this we get the Euler formulae
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which define a,, and b,, for all non-negative n. Notice that this gives us
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Let f € I? and f(t+ L) = f(t) for all t € R. We might now be tempted to write
down a naive expression for the Fourier series of f as

> f Cp, f Sn e Tt Tt
ft) = Z [<<Cn||0n>> cn + <<Sn|’3n>> sn] = Z {an cos (2 ) + by, sin <2L )] .

n=0 n=0

We expect (f|cn) = San, and (f|s,) = £b,. However (f|co) # Sao as

(fleo) = ag {colco) + a1 (c1|co) +
+ by (so|co) + b1 (s1]co) +

= ag <Co‘Co>
L
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= aplL.

This is because our definition of qg from the Euler formulae doesn’t follow from the
derivation since (cp|c,) = L # % when n = 0.

One solution to this is to redefine ag such that it is inconsistent with the general
formula for a,, but consistent with our expression for the Fourier series of f above. The
conventional approach is to instead redefine our series to be

oo oo
f(t) = % + ) ancos (@) + ) bysin (@) .
n=1 n=1

Then
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as expected.



