
The Equations of Motion of
Systems of Particles

1 System of Coupled Anharmonic Oscillators
Our potential U describes a system of n coupled anharmonic oscillators,

U(x1, . . . , xn) =
n−1∑
i=1

κ

2 (xi+1 − xi)2 +
n∑

i,j=1

λ

4 (xi − xj)4.

The equations of motion of a system of n particles are given by

miẍi = −∂iU(x1, . . . , xn),

so

miẍi =− ∂i
n−1∑
j=1

κ

2 (xj+1 − xj)2 − ∂i
n∑

j,k=1

λ

4 (xk − xj)4

=− κ
n−1∑
j=1

(xj+1 − xj)(δi,j+1 − δij)− λ
n∑

j,k=1
(xk − xj)3(δik − δij)

=− κ
n−1∑
j=1

δi,j+1(xj+1 − xj) + κ
n∑
j=1

δij(xj+1 − xj)

− λ
n∑

j,k=1
δik(xk − xj)3 + λ

n∑
j,k=1

δij(xk − xj)3

=− κ(xi − xi−1)
n−1∑
j=1

δi,j+1 + κ(xi+1 − xi)
n−1∑
j=1

δij

− λ
n∑
j=1

(xi − xj)3 + λ
n∑
k=1

(xk − xi)3

=− κ(xi − xi−1)
n−1∑
j=1

δi,j+1 + κ(xi+1 − xi)
n−1∑
j=1

δij

− λ
n∑
j=1

(xi − xj)3 − λ
n∑
k=1

(xi − xk)3
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=− κ(xi − xi−1)
n−1∑
j=1

δi,j+1 + κ(xi+1 − xi)
n−1∑
j=1

δij − 2
n∑
j=1

λ(xi − xj)3.

Note that
n−1∑
j=1

δi,j+1 =
{

1 if i 6= 1
0 otherwise

}
= 1− δi1

and similarly for the sum over j of δij,
n−1∑
j=1

δij =
{

1 if i 6= n
0 otherwise

}
= 1− δin.

Then

miẍi =− κ(xi − xi−1)(1− δi1) + κ(xi+1 − xi)(1− δin)− 2
n∑
j=1

λ(xi − xj)3

=− κ(xi − xi−1) + κ(xi+1 − xi) + κδi1(xi − xi−1)− κδin(xi+1 − xi)

− 2
n∑
j=1

λ(xi − xj)3

=− κ(2xi − xi−1 − xi+1) + κδi1x1 + κδinxn − 2
n∑
j=1

λ(xi − xj)3,

where x0 = xn+1 = 0 by assumption.

2 x4 with a Hyperbolic Term
I think this question should possibly be U = ∑

κ cosh(xi+1 − xi) +∑ λ
4x

4
i .

Our potential is

U(x1, . . . , xn) =
n−1∑
i=1

cosh
(
κ(xi+1 − xi)

)
+

n∑
i=1

λ

4x
4
i .

The equations of motion of a system of n particles are given by

miẍi = −∂iU(x1, . . . , xn),

so

miẍi =− ∂i
n−1∑
j=1

cosh
(
κ(xj+1 − xj)

)
− ∂i

n∑
j=1

λ

4x
4
j

=−
n−1∑
j=1

sinh
(
κ(xj+1 − xj)

)
κ(δi,j+1 − δij)−

n∑
j=1

λx3
jδij

=− κ
n−1∑
j=1

δi,j+1 sinh
(
κ(xj+1 − xj)

)
+ κ

n−1∑
j=1

δij sinh
(
κ(xj+1 − xj)

)
− λx3

i
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=− κ sinh
(
κ(xi − xi−1)

) n−1∑
j=1

δi,j+1 + κ sinh
(
κ(xi+1 − xi)

) n−1∑
j=1

δij − λx3
i

=− κ sinh
(
κ(xi − xi−1)

)
(1− δi1) + κ sinh

(
κ(xi+1 − xi)

)
(1− δin)− λx3

i

=− κ sinh
(
κ(xi − xi−1)

)
+ κ sinh

(
κ(xi+1 − xi)

)
+ κδi1 sinh

(
κ(xi − xi−1)

)
− κδin sinh

(
κ(xi+1 − xi)

)
− λx3

i

=− κ
(
sinh

(
κ(xi − xi−1)

)
+ sinh

(
κ(xi − xi+1)

))
+ κδi1 sinh(κx1) + κδin sinh(κxn)− λx3

i

since sinh is odd, where we of course assume x0 = xn+1 = 0.

3 The Toda Potential
The (non-periodic) Toda potential U is

U(x1, . . . , xn) =
n−1∑
i=1

exp
(
α(xi+1 − xi)

)
.

The equations of motion of a system of n particles are given by

miẍi = −∂iU(x1, . . . , xn),

so

miẍi = −∂i
n−1∑
j=1

exp
(
α(xj+1 − xj)

)

= −
n−1∑
j=1

∂i
(
eαxj+1 · e−αxj

)

= −
n−1∑
j=1

(
eαxj+1∂ie

−αxj + e−αxj∂ie
αxj+1

)

= −
n−1∑
j=1

(
−αδijeαxj+1e−αxj + αδi,j+1e

−αxjeαxj+1
)

= −
n−1∑
j=1

αδi,j+1e
α(xj+1−xj) +

n−1∑
j=1

αδije
α(xj+1−xj)

= −αeα(xi−xi−1)
n−1∑
j=1

δi,j+1 + αeα(xi+1−xi)
n−1∑
j=1

δij

= −αeα(xi−xi−1)(1− δi1) + αeα(xi+1−xi)(1− δin)
= −αeα(xi−xi−1) + αeα(xi+1−xi) + αδi1e

α(xi−xi−1) − αδineα(xi+1−xi)

= −αeα(xi−xi−1) + αeα(xi+1−xi) + αδi1e
αx1 − αδine−αxn .

Again, we have to assume that x0 = xn+1 = 0.
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