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Let f ∈ L1(R) ∩ L2(R) be a complex-valued function. We will use the convention that

f̃(k) = 1√
2π

∫ ∞
−∞

dx f(x)e−ikx, f(x) = 1√
2π

∫ ∞
−∞

dk f̃(k)eikx.

We want to prove that ∫ ∞
−∞

dx |f(x)|2 =
∫ ∞
−∞

dk |f̃(k)|2

or, equivalently, ‖f‖22 = ‖f̃‖22. Under a different convention for the Fourier transformation,
there might be some factors of 2π floating around.

‖f‖22 =
∫ ∞
−∞

dx |f(x)|2 =
∫ ∞
−∞

dx f(x)∗f(x)

= 1
2π

∫ ∞
−∞

dx
[∫ ∞
−∞

dkf̃(k)∗e−ikx ·
∫ ∞
−∞

dk′f̃(k′)eik′x
]

= 1
2π

∞∫∫∫
−∞

dx dk dk′ f̃(k)∗f̃(k′)eik′xe−ikx

= 1
2π

∞∫∫∫
−∞

dx dk dk′ f̃(k)∗f̃(k′)eix(k′−k),

where z∗= z̄ denotes the complex conjugate of z ∈ C. The Fourier transformation δ̃(k)
of δ(x) is

δ̃(k) = 1√
2π

∫ ∞
−∞

dx δ(x)e−ikx = 1√
2π
,

so
δ(x) = 1

2π

∫ ∞
−∞

dk eikx.

Using this, ∫ ∞
−∞

dx |f(x)|2 =
∞∫∫

−∞

dk dk′ δ(k′− k)f̃(k)∗f̃(k′)

=
∫ ∞
−∞

dk f̃(k)∗f̃(k)

=
∫ ∞
−∞

dk |f̃(k)|2 = ‖f̃‖22,

giving ‖f‖22 = ‖f̃‖22. �
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