Supersymmetry

A simple supersymmetric theory is described by the Lagrangian
L=0,0"0"¢+ix'g 0x+ F*F, —(©
L@ 0" XLXQ;S' X <><2

L1 2

for ¢ a complex scalar field (bosonic), x a left-handed Weyl spinor (fermionic)
and F' an auxiliary complex scalar field. This Lagrangian is invariant under
the infinitesimal (supersymmetric) transformations (up to O(e))

0p = _i€TU2Xa (1) Note
oy = eF + 0 - 090’ (2) the sign

in eq. 2.
§F = —iela - 0y, (3)

where € = (E;) is a 2-component spinor of Grassmann numbers, so it anti-

commutes with itself and other fermions.

To tackle this, we must find the conjugates of the transformations of the
various fields: d¢*, dx ', dF*. The following identities will be useful. Recall that
o is self-adjoint (o = o) and

ot = (1,07, ot = (1,—0%).
Then (for a = 1,2, 3), by the Grassmann property (af)* = f*a*,
o20a? = — (0%, oPote® = (M)
Te = y%® = —ety® = —€Ty,
xlo%e = 02" = —x"oi,e’ = Lo’y

Now, d¢ under * becomes

0" = (—ie' o*x)"
= i(e"o?x)"
= i(e"anx")"
= i(X") (02)* ()"
=iy o€



dx under T becomes
65X = (eF + o -0po’e)T
=l [+ E*T(O'2)T(O' - 09)t
=l F* + ETU2(Uuaﬂ¢)T
=€l F* + e o?0, ¢ 0"

0F under * becomes

= i(9ux)"(a")'e"
= iaﬂxT6“6T.

We can now study the transformation of the Lagrangian. As £ = £1 +
Lo+ L3 and 6L = 6L, + 0Ly + L3, we will do this term-wise.

0Ly = 6]0,6"0"¢)]
= 0,(09")0"¢ + 9,00 (09)
= 0,(ixTo%e") 0" + 0,0 " (—ie" a?x).

0Ly = 8]ix'a - 0x]
=i(6xNa - Ox +ixTa - 0(6x)
= i(e'F* + ' 0%0,0"0")5 - Ox +ix' - O(eF + o - Op o*€)
= i€ F*G - Ox + iel o oup*oto - Ox
—_——
Opdp*orx
+ix'e - 0(eF) +ix' 7 - (o - 0p o?e*)
801

and noting that 0,¢*c*c"0,x = 0,¢*0"x and ¢"0,(c"0,¢) = 0,0"¢,
=i F*g - Ox + i€’ 020, 0" x
+ix'o - (eF) +ix10,0"¢p o€
0Ly = 0| F"F]
=(0F")F + F*(6F)
=i, X'a"e' F + F*(—ie'a - 0).



Putting this together, our transformed Lagrangian is

6L = 9,(ixTo*e) "¢+ 0,0" 0" (—ie o°X)
1) (2
+iel F*a - Ox + ie’ 0%0,¢" 0" x
®) 4)
+ix'7 - 9(eF) +ix10,0"¢p o2¢*
(5) (6)
+i0,X "' F + F*(—ie'a - 0x).

Noting that

leaves

0L = 8M(iXTJ2e*)@“¢
1)
+ix'a - O(eF) +ix'0,0"¢ o*e*
(5) (6)
+ iaﬂxW“eTF.
—_— ——
(M

Since x' — 0 at oo, integrating (6) by parts gives
/d4x iXTO,ﬁ“gb ot =0— /d4x i(’?,»f@“qb o2,
ix@,ﬁ“gb ol = —i@uXT(?“gb o’
so (6) + (1) = 0. Similarly, (5) + (7) =0 as
/d4x i@MXT(?“eTF =0- /d4m iXTé’*eT@MF.
0L = 0 up to a total divergence and hence is invariant under the supersym-

metry transformation.
We could also introduce a supersymmetric mass term

Ly = {m(bF + ;’ITLXTU2X:| + c.c.,



which we will show to be invariant.
0Ly =9 {mgzﬁF + ;mxTO'2X + c.c.
= {m(égb)F +mo(0F) + ;m((SXT)UQX - ;mXTJQ(éx) +c.c.
Using the Grassmann properties of Yy,

(6x")o*x = (6x) o)
= _(5X)a‘7§aXb
=x"o*(dx)

and inserting 0y = eF + o - 9P o2€”,

x o (0x) = X' o*(eF + o - 0p o*€")
= xTo?%F + xTo%0 - 0¢ 0%,

Examining this second term,

x'o%c - 0 0P = xTo?a" 0,0 0"
= XTauqb oloto’e
= X" 0,0 (")
= 0,0 X (")

We now know that

xTo?(6x) = X o%eF + xTo?o - 0¢ o*c*
= xTo%F +xTo?0 - 0¢ o%€
= xTo%F + 0,0 xT(a")*e*
= XTUQEF — 00 6T5’“‘X,



so the Lagrangian reads
0Ly = {m(&;ﬁ)F +mo(oF) + z'mXTJQ(éx)} + c.c.
- [m(—iETO'Q)OF + mp(—ie'a - Ox)

+imyTo%eF — im0, ¢ elaty } + c.c.

and noting that ¢ — 0 at oo,
/d4x im0, ¢ elaty =0— /d4:v imaeo 6T6“8ux

im0, ¢ ety = —imao 6T6“8ux.

This leaves us with

0Ly = [m(—ieTozx)F + imXTJQEF} + c.c.

so the Lagrangian £ + L4 describes a massive supersymmetric quantum field
theory.

However, there still remains the auxiliary scalar field F'. We can remove
this by first rewriting £, as

Ly = [mqﬁF + ;mXTJQ)g} + c.c.
_ F *F* 3 T 2., T 2. %
=m |QF + ¢ +2(x0x x'o*x7)

as (ixTo?x)* = —ix'o?x* Then, by Euler-Lagrange,

oL oL

Oy
By substitution,

L=0,0"0"¢+ixg-0x+ F'F+m [¢F + ¢ F* + % (x"o?x - XTUQX*)]

* * s T = im *
= 0,0°0"¢ — m*o0" +ix'a - Ox + - (XTo*x — xTo*X").

O Corrections to fionnf@maths.tcd.ie.
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