Noether’s Theorem and Massive
Electromagnetic Fields

By Noether’s theorem, there exists a conserved stress-energy tensor
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Noether za: a(a,u,(ba)

In order to ensure symmetry of 7" = T"" (required for conservation of
angular momentum), we may have to add a total divergence:
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where KMV (¢, 0¢) is some 3-index Lorentz tensor antisymmetric in A, p.
Regardless of the form of KMV,
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To see this, we take the 4-divergence

aHTlW = aﬂ [Tltfttl)/ether + a)\K:P\MV}
= a#TIGZether + 8N8AK:[/\MV'

Since 0,0, is symmetric and KV antisymmetric in A, g, we conclude that
8”8,\IC[W” = 0. To check conservation,
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but oL oL
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so the derivative becomes
0,IT" =0"L—-0"L.=0

and the tensor is conserved.
Now

P = / & T

= [ @ [Tl + O],
so we wish to show that /d?’x AR = (.

Jabwonchon = [ (a0 + an)
= -/d'?’x aZIC['LO]M

by symmetry and
[aw ot —o

when integrated over a surface.

TEY iher 18 symmetric for real or complex scalar fields but loses this prop-
erty for vector, tensor or spinor fields. This is the case for a theory of free
electromagnetic fields, where

1
(A, 0,4,) = = FuF™.

With this Lagrangian,
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But
FooF?? = (0,A, — 0,A4,)(0°A° — 07 AP)
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= 0,4, 0P A7 — 0,A,0° AP — 0, A, 0P A” + D, A,0° AP
= 20,A4,0°A° — 20,A,0° A?
= 20,A,(0° A7 — 97 AP),
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= 2(0F AN — 0N AF) 4 2(0F AN — O AM)
= 4FH
giving

Tlggether = _FMAGVA/\ + %n’uVFPUFpU‘

This stress tensor is neither symmetric nor gauge invariant. The second term
is obviously symmetric and gauge invariant, since n* and F,, F'*" are both
symmetric and gauge invariant, so we will focus on the first term.

FrRgv Ay 225 pregh A,
(OAN — DM AM)I” Ay 22 (M AY — 07 AP A,
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and OF AN Ay # O AVON Ay, 350 T oiner 18 asymmetric. Under a gauge trans-
formation A, — A}, = A, + 0,0,

(0uAx — OrAL)D" Ay = (04 Ax — OrAy + 9pra — 0x8,0) (8" Ay + 0" D)
= (0,4A\ — 0\A,) (0" A\ + 0"0h\«v)

and

(0uAx — 0\A,)0" Ay # (0, AN — 06A,) (0" A\ + 0"0h«),

uv . . .
SO T oether 1S DOt gauge invariant.

A candidate symmetric and gauge invariant stress-energy tensor is
OM = —FMFY\ + In FyF™.
However, it remains to be shown that this has the form of

O = Tﬁgether + a)\]CP\N]V.
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Assume this to be the case,

—FIF 5 4 i Fa ™ = —F07 Ay o+ 1" By F™ 0K
—FPAFYy = —FM0" Ay + 0K

SO
Y = FIgr Ay — FIFY
= (OFAN — PAMG” Ay — (OF AN — OPAM) (0 Ay — 0, A”)
= OHANY Ay — ONAFOY Ay — (OM A — DM AF) (97 Ay — OWAY)
= O APONAY — DM AFONAY

showing that ©* indeed has the desired form, for 9,/ C*" as above.
We'll now consider a massive relativistic vector field A* with Lagrangian
L ! w1 ZAAF — AL JH
= _ZF’”'F + gm Audt - uJh.
This is the Proca Lagrangian with sources. The equations of motion are given
by the Euler-Lagrange equation:
oL oL

O gondy) ~ od,

Taking derivatives,
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since F,, F'*° does not depend explicitly on A, and
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as before, since the mass and source terms are independent of 9, A4,. Thus,
our massive spin-1 field obeys

O FM + m2A” — J” = 0.
This does not force conservation of current, as

0, [0uF™ +m?A — J'] =0,
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9,0, F" +m?9,A” — 9,J" =0,
d,J" = 0,0,F" +m?®9,A” # 0
necessarily.
0,0, F" +m?0,A" = 0,0,(0" A — 0¥ A*) + m*9, A”
= 0,0,0"A” — 0,0,0" A" + m*0, A”
= 0,0"9,A” — 0,0"0,A" + m*d, A"
= (9,0" — 9,0" + m*)9, A"
= m?9,A”
so if 9,J" = 0, 9,A* = 0 since m? # 0 necessarily. This is the Lorenz gauge
condition, which we expected to emerge since the Proca Lagrangian is the

Stueckelberg Lagrangian with gauge fixing. Going backwards a little bit, we
can remove a term using our inherited gauge condition to get

8,0,0"A” +m?, A" = 0,.J"
=0, |(9,0" +m?) A”]
=0, (0,0" +m?) A",

so on integrating,
(04 m?) A7 = ",

the Klein—Gordon equation with sources.

¥ Corrections to fionnf@maths.tcd. ie.


mailto:fionnf@maths.tcd.ie

