
Homotopic Proof of Cauchy’s
Theorem

Let

γ1, γ2 : [a, b]→ Ω ⊂ C
γ1(a) = γ2(a), γ1(b) = γ2(b)

be piecewise smooth paths. For t ∈ [a, b], s ∈ [0, 1], assume there exists a
homotopy Φ(t, s) between γ1, γ2 relative to {a, b}:

Φ(t, 0) = γ1(t) Φ(t, 1) = γ2(t)
Φ(a, s) = γ1(a) = γ2(a)
Φ(b, s) = γ1(b) = γ2(b).

Let f : Ω→ C be holomorphic. Then∫
γ1
f dz =

∫
γ2
f dz.

Proof: Φ : [a, b]× [0, 1]→ Ω and ∀(t0, s0),Φ(t0, s0) ∈ Ω. Since Ω is open, this
implies that for ε > 0,4ε (Φ(t0, s0)) ⊂ Ω, ∃δ > 0 such that

Φ (4δ(t0, s0)) ⊂ 4ε (Φ(t0, s0)) .

Therefore, there exists a covering of [a, b]× [0, 1] by 4 δ
2
(t0, s0). [a, b]× [0, 1]

is compact, so there exists a finite subcover of 4 δ
2
(t0, s0),

[a, b]× [0, 1] =
N⋃
k

4 δk
2

(tk, sk),

where
a = t0 < · · · < tN = b, 0 = s0 < · · · < sN = 1,

are chosen such that the distance√
(tk − tk−1)2 + (sl − sl−1)2 < min

{
δk
2

}
.
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Consider the region [tk−1, tk] × [sl−1, sl] and the point α = (tk, sl), α ∈
4 δµ

2
(tµ, sµ). Then ∀β ∈ [tk−1, tk]× [sl−1, sl],

‖(tµ, sµ)− β‖ ≤ ‖ (tµ, sµ)− α︸ ︷︷ ︸
≤ δµ

2

‖+ ‖α− β︸ ︷︷ ︸
≤ δµ

2

‖ < δµ.

This implies that
β ∈ 4δµ(tµ, sµ),

so

[tk−1, tk]× [sl−1, sl] ⊂ 4δµ(tµ, sµ),
Φ
(
[tk−1, tk]× [sl−1, sl]

)
⊂ 4εµ

(
Φ(tµ, sµ)

)
.

Since a disc is star-shaped, there exists an antiderivative F of f . Thus, for

γ̃1(t) = Φ(t, sl−1),
γ̃2(t) = Φ(t, sl),

we conclude that ∫
γ̃1
f dz =

∫
γ̃2
f dz,

so for
γi =

∑
all γ̃s

γ̃i,

we have ∫
γ2

dz =
[∫
γ1

dz +
∫
γ′

dz +
∫
γ′′

dz
]
.

This gives ∫
γ2
f dz =

∫
γ1
f dz

and proves Cauchy’s theorem.

$ Corrections to fionnf@maths.tcd.ie.
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