Homotopic Proof of Cauchy’s
Theorem

Let
Y, [a, 0] = Q C C
7(a) =ya(a), 7(b) = 2(b)

be piecewise smooth paths. For t € [a,b],s € [0, 1], assume there exists a
homotopy ®(t, s) between 71, v, relative to {a,b}:

CI)(t, 0) = '71(t) Cb(t, 1) - '72(t)
®(a,s) = n(a) = y2la)
D(b, s) = 1(b) = 72(D).

Let f: Q — C be holomorphic. Then

fdz :/ fd.

Proof: ¢ : [a,b] x [0,1] — Q and V(to, s9), P(to, s0) € €. Since  is open, this
implies that for ¢ > 0, A (P (o, s9)) C §2, 3§ > 0 such that

0] (A(s(to, 80)) C AE (@(to, S())) .
Therefore, there exists a covering of [a, b] x [0, 1] by Ag(to, S0)- [a,b] x [0,1]
is compact, so there exists a finite subcover of A% (to, So0),
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where
a=1ty<- - <ty =0, O=sy<---<sy=1,

are chosen such that the distance

\/(tk — tk,1)2 + (8[ — 8171)2 < min {5216} .
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Consider the region [ty_1,tx] X [s;-1,5] and the point o = (t,s), a €
Asi(tu, SM>. Then Vﬁ S [tk—latk] X [81_1,81],
2
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This implies that
B e Dg, (", s"),

SO

[tk—latk] X [Sl—la Sl] C A(;M (t“,s“),
O ([th-r,ta] X [s121,81]) C A, (D", 51)).

Since a disc is star-shaped, there exists an antiderivative F' of f. Thus, for

’71(75) = (I)(tv 51—1)7
:72(t) = CI)(t, Sl)’

[fdz:/fdz,

we conclude that

so for

Yi = Z :}/ia

all s
we have
/dz:[ det [ dzt [ dz}.
Y2 7 v v

This gives

fdz= [ fdz

72 71

and proves Cauchy’s theorem. O

C Corrections to fionnf@maths.tcd.ie.
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