Question 7
Let fi, fa, f3,... be a sequence of continuous real-valued functions on an
interval [a,b] and let f be a real-valued function on [a, b].

Question 0.1 Define what is meant by saying that the functions f, converge
uniformly to f on the interval [a,b] as n — oo

The functions f,, are said to converge uniformly to some real-valued function
[ if given any € > 0 I some N € N s.t. |fu(z) — f(x)] <eVn > N and
Ve |ab].

Question 0.2 Suppose that the function f,, converges uniformly to f on [a, b]

as n — +o0o. Prove that
b b
lim / Fult)dt = / F(t)dt

n—-+o0o

Let € > 0 be given. Choose some ¢ s.t. 0 < €g(b —a) < e. Now

10— solar < [ o~ [ s < [ 15,00 - ro)ar

now because f, converges uniformly to f on [a, b] then

/ab Falt)dt — /;f(t)dt} < /ab |fn(t)—=f(t)|dt < eo(b—a) < e whenever n > N

The Result follows (because € can be chosen arbitrarily small) |}

Question 0.3 Give an example of a sequence f1, fo, f3 ... of real valued func-
tions on an interval [a,b] and a continuous real valued function f on |a,b]
s.t.

b b
Jim [ g ode# [
even though lim,, . o fo(t) = f(t) for allt € [a,b]



