
Question 4.

Question 0.1 Let f : [a, b] =⇒ R be a continuous function defined on the

interval [a, b] and let

F (x) =
∫

x

a

f(t)dt, (a ≤ x ≤ b)

Prove that F (′x) = f(x) for all x s.t.(a < x < b)

f is continuous =⇒ given any ε > 0 ∃ some δ > 0 s.t. |f(t) − f(x)| < 1

2
ε

∀ t, x ∈ [a, b] satisfying |t − x| < δ. Now

F (x + h) − F (x)

h
− f(x) =

1

h

∫

x+h

x

f(t)dt − f(x) =
1

h

∫

x+h

x

(f(t) − f(x))dt

If 0 < |h| < 1 and x + h ∈ [a, b]. Then
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∣
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∫

x+h

x

(f(t) − f(x))dt
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=⇒
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F (x + h) − F (x)

h
− f(x)
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∣
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2
ε < ε

=⇒ F ′(x) = lim
h→0

F (x + h) − F (x)

h
= f(x)

Question 0.2 Use the method for integration by parts to evaluate
∫

s

0

t3e−tdt for any s > 0

note
∫

udv = uv −
∫

vdu

Let u1 = t3 =⇒ du1 = 3t2dt and let v1 = −e−t =⇒ dv1 = e−tdt
∫

s

0

t3e−tdt = −e−tt3 −
∫

s

0

(−e−t)3t2dt

Let u2 = 3t2 =⇒ du2 = 6tdt and let v2 = −e−t =⇒ dv2 = e−tdt
∫

s

0

(−e−t)3t2dt = −3t2e−t −
∫

s

0

(−e−t)6tdt

Let u3 = 6t =⇒ du3 = 6dt and let v3 = −e−t =⇒ dv3 = e−tdt
∫

s

0

−e−t)6tdt = −6te−t + 6
∫

s

0

(−e−t)dt = −6te−t − 6e−t

=⇒
∫

s

0

(−e−t)3t2dt = −3t2e−t − 6te−t − 6e−t

=⇒
∫

s

0

t3e−tdt = [−e−tt3 − 3t2e−t − 6te−t − 6e−t]s0

=⇒
∫

s

0

t3e−tdt = −e−t(s3 + 3s2 + 6s + 6) + 6
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