
1 Q

uestion 13

Question 1.1 State the Alternating Series Test and prove that any infinite

series satisfying its conditions is convergent.

The Alternating Series Test states that if a1 > a2 > a3 > . . . and limn→+∞
an =

0 then the infinite series
∑

+∞

n=1(−1)n−1an is convergent.
Proof: Let sm be the partial sum

∑
m

n=1(−1)n−1an.

Now s2k+1 = s2k−1 − a2k + a2k+1 ≤ s2k−1

And s2k+2 = s2k + a2k+1 − a2k+2 ≥ s2k ∀ k ∈ N

=⇒ the subsequence s1, s3, s5, . . . is non-increasing.
=⇒ the subsequence s2, s4, s6, . . . is non-decreasing.

But s2 ≤ s2k ≤ s2k−1 ≤ s1

=⇒ These subsequences are bounded and convergent. (Every non-increasing
or decreasing bounded sequence is convergent), and

lim
n→+∞

s2k = lim
n→+∞

s2k−1 = s

We claim that
∑

+∞

n=1(−1)n−1an = s

Let ε > 0 be given. Then ∃ K1, K2 ∈ N s.t.

|s − s2k−1| < ε when k ≥ K1

and |s − s2k| < ε when k ≥ K2

Choose N s.t. N ≥ ”K1 − 1 and N ≥ 2K2

=⇒ |s − sm| < ε when m ≥ N

=⇒
+∞∑

n=1

(−1)n−1an = lim
n→+∞

sm = s

Therefore is convergent.

Question 1.2 Does the infinite series

+∞∑

n=1

cosnπ + sin1

2
nπ

n2

satisfy the conditions of the Alternating Series Test?

No it does not satisfy the conditions of the Alternating Series Test. But it
does converge using the Direct Comparisson Test.
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