Question 12
Question 0.1 Prove that the infinite series 39 # is convergent.

The Alternating Series Test states that if a; > ay > a3 > ... and lim,, . a, =

0 then the infinite series 372 (—1)""'a,, is convergent.

Proof: Let s, be the partial sum > (—1)""!a,,.
Now Sopy1 = Sok—1 — ok, + A2k41 < Sop—1
And Soto = Sop + Qopy1 — Qogyo > So VEEN
— the subsequence s1, s3, S5, . . . is non-increasing.
— the subsequence ss, 34, Sg, . . . is non-decreasing.
But s9 < 59, < 5951 < 51

— These subsequences are bounded and convergent. (Every non-increasing
or decreasing bounded sequence is convergent), and

im sop = lim S9p_1 = s
n—-—+00 n—-—+00

We claim that 329 (=1)""ta, = s
Let € > 0 be given. Then 3 K;, K, € N s.t.

|s — sor_1| < e when k > K;

and |s — soi| < € when k > Ky

Choose N s.t. N >7"K; —1and N > 2K,

= |s — 8| < e whenm >N

+o0
= > (-1)"'a, = lim s, =35
n=1

n—-+4o0o
Therefore is convergent. |

too (=Dt

ne1 ——— where a, > a,_1 Vn

Using this result and since in the case of )
and lim,, .. a, = 0 this series converge.



