Question 1
Question 0.1 State and prove Rolles Theorem

(Rolles Theorem) Let f be a continuous real valued function defined on
some interval [a,b] & differentiable on all (a,b). If f(a) = f(b) = 0 then 3
some s € [a,b] s.t. f'(s) = 0.

f is continuous on [a, b] therefore assumes absolute max and min values
on [a,b]. These can only occur at :

1. Points on [a, b] where f'(x) doesn’t exist.

2. The end points a&zb.

3. Some internal point s where f’(s) =0
1. Void by hypothesis (f is continuous).
2. If either the end points a&b are a max or min then f is a constant function
and s can be taken anywhere in [a, b].
3. If a max or min occurs at some internal point s in [a,b] then f'(s) =0
and we have a point for the theorem. |

Question 0.2 Let f : R = R be a function which is 2k = 1 times dif-
ferentiable, for some non-negative integer k. Let a&b (a < b) & (a,b € R.
Suppose that f9(A) = 0 and f9b) = 0 for j = 0,1,...,k.Prove that 3
some £ € R s.t. a < & < b for which fZ*+1(¢) = 0.

Suppose 0 < j < k & fU(x) =0 for x = ap,a1,...,a;11 & a=ag < a; <
o< ajp1=b

Applying Rolles Theorem to f9) on [a;_1,a;] fori =1,2,...,j+13b; s.t. a;_1 <
b; < a; and s.t. szl(bi) =0
Also 3 fj+1(bj+2) where bj+2 =)

Repeatedly applying this result for j = 0,1,...,k — 1 we see that 3
C0,Cly - -5 Chy1 Where a = g < ¢1,< ... < g1 = b st fuy(x) = 0 when
r=¢ (i=0,1,2,...,k+1)

So f® =0 for k+ 2 values in [a, b].
Applying Rolles Theorem to f*) on the relevant subintervals in [a, b]
fE =0 for k+ 1 values in [a, b]

fED =0 for k4 2 values in [a,b] for j=0,1,... . k+1
In particular f*D (&) =0 for some £ € [a,b] |}



Question 0.3 State the Mean Value Theorem, and show how it mad be de-
duced as a corollary of Rolles Theorem..

(Mean Value Theorem) Let f be a continuous real valued function defined
on some interval [a,b] & differentiable on all (a,b). Then 3 some s € [a, b
s.t. a<s<b&w:f’(s)

Let g(z) : [a,b] = R be defined by

= ()= () - LU 2T

as required |



Question 2
Let f :[a,b] = R be a bounded function defined on the interval [a, b]

Question 0.1 Define the concept of a partition of the interval [a,b]. Give
the definition of lower sum L(P, f) & upper sum U(P, f) of f for partition P

A Partition P is a set {1, 29, 23,... 2.} all € Rst. a =129 < 11 < 23 <
o<z, =0

The lower sum L(P, f) = > mi(x; — x;_1)

The upper sum U(P, f) = >0 Mi(z; — x-1)

Where m; = inf{f(x):x;1 <z <ax;} & M; = sup{f(z) : ;-1 <x < z;}

Question 0.2 Define the lower Riemann Integral L f(f f(t)dt and the upper Riemann Integral U |
of [ on interval [a,b]. Define precisely what is meant by saying that the func-

tion f is Riemann Integrable on [a,b], and define the Riemann Integral

of a Riemann Integrable function on [a,b].

E/ t)dt = sup(L(P, f))
u [ f(eydt = inf (U (P 1)

A function f on [a,b] is Riemann integrable if £ [ f(t)dt = U [? f(t)dt
The Riemann Integral of f on [a,b] is the common value of £ [ f(t)dt and
Uy f(t)dt

Question 0.3 Explain why L(P, f) < U(Q, f) for all partitions P and QQ on

[a,b]. and show that
c/ ﬁ<u/

Let R be a common refinement of P and (). Using the fact that
L(P )< LR, f) < UR, f) < U, f)

And L(Q, f) < L(R, f) < UR, f) < U(Q,[)

It is clear from the above inequalities that L(P, f) < U(Q, f)
Taking the sup of the L.H.S. of this inequality we get

E/ ()t < U(Q, f)

and taking the inf of the R.H.S. of this inequality we see that

E/ dw<u/



Question 0.4 Let f : [a,b] = R be a constant function with value c. What
are the values of L(P, f) & U(P, f) for any partition P on [a,b].

Now f is a constant function. Therefore L(P, f) = U(P, f). Using the
definitions from above it is clear that m; = M; and the value is c.

= L(P, [) =U(P, f) =) (xi —xi1).c = (b—a).c
i=1
Question 0.5 Let f:[0,1] = R be defined by
f(t) ={tif tisrational,0 if t is irrational}

Is f Riemann Integrable on [a,b]? Justify your answer.

f is not Riemann Integrable on [a, b] because
Each interval [z;, z;_1] contains both rational and irrational numbers

= U(P,f)=tand L(P, f) =0

— E/abf(t)dt £ L{/abf(t)dt



Question 3
Let f :[a,b] = R be a bounded function defined on the interval [a, b]

Question 0.1 Define the concept of a partition of the interval [a,b]. Give
the definition of lower sum L(P, f) & upper sum U(P, f) of f for partition P

A Partition P is a set {1, 29, 23,... 2} all € Rst. a =129 < 11 < 23 <
<z, =0

The lower sum L(P, f) = > mi(x; — x;_1)

The upper sum U(P, f) = > Mi(x; — x-1)

Where m; = inf{f(x): ;1 <z <ax;} & M; = sup{f(z) : ;-1 <x < z;}

Question 0.2 Define the lower Riemann Integral L f(f f(t)dt and the upper Riemann Integral U [
of f on interval [a,b]. Define precisely what is meant by saying that the func-

tion f is Riemann Integrable on [a,b], and define the Riemann Integral

of a Riemann Integrable function on [a,b].

E/ t)dt = sup(L(P, f))
u [ ftyde = inf(U(P, )

A function f on [a,b] is Riemann integrable if £ [° f(t)dt = U [° f(t)dt
The Riemann Integral of f on [a,b] is the common value of £ [’ f(t)dt and
Uy ftydt

Question 0.3 Let f : [0,1] = R be defined by f(t) = 1 —t%. Calculate
L(P,, ) and U(P,, f), where P, denotes the partition of [0,1] into n subin-
tervals of length % ie. P={ty,t1,...,t,} wheret; = % fori=20,1,...,n

Hence show that . b 2
g/a f(t)dt = (U)/a ftydt =5

f takes values between 1 — D% and 1 — % and 1 — % < 1- (i_nl)Q
Using the definitions from above
] . 1 2
mizl—l—andMizl—(Z )
n n

Now L(P,, f) = Zmz(mz — Ziq) = %i(l - =)



And U(Pn,f) = n Mz(xz xz—l) = li(l . (Z - 1)2)
i=1 ni4 n
1. & 1 2 1 1

— U --5Y -2 Lo L

n3’ = 3 2n  6n?
Then 2 — L — L < 2P fydt <U P f(e)dt < 2+ L — L

But The upper and lower Riemann Integrals do not depend on n because it
is constant.

:>£/abf(t)dt:2/1/abf(t)dt:§ i



Question 4.

Question 0.1 Let f : [a,b] = R be a continuous function defined on the
interval [a,b] and let

_ /xf(t)dt, (a<z<b)
Prove that F('xz) = f(z) for all z s.t.(a < x < b)

f is continuous = given any ¢ > 0 3 some 6 > 0 s.t. [f(t) — f(2)] < 3¢
Vt,x € |a,b| satistying |t — z| < J. Now

P W ZF@ gy =2 [ e — 1) = 1 [0~ sy
If0< |h|<1and z+h € [a,b]. Then
[0 - s@pir] < Seln
:>’F(£E h;—F(ﬁ)_f()S% —.

:>F,(5U):}L%F(x+h2_F($) ) B

Question 0.2 Use the method for integration by parts to evaluate
/ te7tdt for any s >0
0

note [udv =uv — [vdu
Let u; =t = duy = 3t%dt and let v = —e~! = dv; = e dt

/ e ldt = —e 7' — / s( e )3t2dt
Let uy = 3t? = duy = 6tdt and let v9 = —e™! = dvy = e~ !dt
/O C(—eh3e2dt = 312t — /O "(—ehy6tdt
Let us = 6t = dus = 6dt and let v3 = —e™! = dvg = e dt
/Os —e "6tdt = —6te™" +6 /Os(—e_t)dt = —6te”" — 6e ™"
— / )32t = —3t2% " — Gte ™" — Ge
= /0 e tdt = [—e 't? — 3t?e ™t — 6te”" — 67|}

— / tPe7tdt = —e '(s® +35° + 65+ 6) + 6
0



Question 5.

Question 0.1 Let f : [a,b] = R be a continuous function defined on the
interval [a,b] and let

F(z) = / " Ht)dt, (a <z < b)

Prove that F('x) = f(z) for all z s.t.(a < x <b)

f is continuous = given any ¢ > 0 3 some 0 > 0 s.t. [f(t) — f(z)| < %e

Vit,x € [a,b] satisfying |t — x| < 0. Now

Flx+h)—F(x
h

If0< |h|<1land x+h € [a,b]. Then

@y =1 [ rwa g =3 [0 - fa

— P() = i T g

Question 0.2 Find the Derrivative of the function g : R = R defined by

4

g(x) :/ t2e”
0

Using the fundemental theorem of calculus from above we know that if
F(x) = J7 f(t)dt then F'(x) = f(z)

Now in this case \
F(z) = / t2et” = F(t%e")
0

F'(z) = 42" e®



Question 6

Question 0.1 Let f be a function that is k —times differentiable and whose
k" derrivative is continuous on some open interval containing a, a+ h where
a,h € R Using the Rule for integration by parts show that

fla+1) = 1)+ 30 2 70s) + rula )

Where ry(a, h) = " ) /1(1 — )" 10 (g 4 th)dt

(k—1)!'Jo
Take the expression for r4(a, h) and work on it integrating by parts.
1 1
/ (1 =)L f®) (g 4 th)dt = / udv
0 0
Where u = f*)(a + th) and du = hf* ) (a + th)dt

And v =251 —t)F and dv = (1 —t)F'dt
note that [udv = uv — [vdu Then

/ L=t)F ) (et de = [ (a+th)%(1—t)k]é— / 1 %(H)kh PO (atth) dt
f(’“ + 2 / EFOD (0 4 th)dt (k> 0)
= ri(a,h) = (l{:hﬁ < k/ (kH (a+ th)dt)
hk
= 12 9a) + riaala )

s (0 h) = h/ol F(a+ thydt — /0l %(f(a+th))dt — [f(a+ )]}

= f(a+h) = f(a) +r(a,h)

The required formula follows exactly by induction on k& |}



Question 7
Let fi, fa, f3,... be a sequence of continuous real-valued functions on an
interval [a,b] and let f be a real-valued function on [a, b].

Question 0.1 Define what is meant by saying that the functions f, converge
uniformly to f on the interval [a,b] as n — oo

The functions f,, are said to converge uniformly to some real-valued function
[ if given any € > 0 I some N € N s.t. |fu(z) — f(x)] <eVn > N and
Ve |ab].

Question 0.2 Suppose that the function f,, converges uniformly to f on [a, b]

as n — +o0o. Prove that
b b
lim / Fult)dt = / F(t)dt

n—-+o0o

Let € > 0 be given. Choose some ¢ s.t. 0 < €g(b —a) < e. Now

10— solar < [ o~ [ s < [ 15,00 - ro)ar

now because f, converges uniformly to f on [a, b] then

/ab Falt)dt — /;f(t)dt} < /ab |fn(t)—=f(t)|dt < eo(b—a) < e whenever n > N

The Result follows (because € can be chosen arbitrarily small) |}

Question 0.3 Give an example of a sequence f1, fo, f3 ... of real valued func-
tions on an interval [a,b] and a continuous real valued function f on |a,b]
s.t.

b b
Jim [ g ode# [
even though lim,, . o fo(t) = f(t) for allt € [a,b]



Question 8

Question 0.1 What is meant by saying that an infinite sequence z1, 22, 23 . . .
of complex numbers is convergent.

An infinite sequence of complex numbers z1, 2o, 23 . . . is said to converge to
some [ € C if given any € > 0 3 some N € N s.t. |2, — 1| <eVn > N.

Question 0.2 Suppose that z, = x, + iy, for alln € N and i = /—1. Sup-
pose the sequence T1, Xo, X3, ... converges to A and that the sequence yi, Yo, Y3, . . .
converges to p where A\, u € R. Prove that the sequence zy1, 29, 23, . . . converges
to the complex number X\ + ip

Suppose that z, — [ as n — +oo where | = X + iu. Then given any
e>03some NeNst. |z,-1l]<eVn > N.

= |z, — A < €& |y, — pu| <epsilon¥n > N

Therefore x,, — A and y,, — p as n — +oo.

Conversely suppose that x,, — A and y, — p as n — +oo then given any
e > 03dsome Ni, Ny € N s.t. |z,—A| < %e when n > Ny and |y, —p| < %e
when n > Ns.

Let N = max(Ny, Ny) therefore when n > N then

1 2
-2 2

= |z, — l| < € as required ||

1
lzn — > = |20 = A+ |y —p* < €+ =€ +e

Question 0.3 Let (z,) and (w,) be convergent infinite sequences of complex
numbers. Prove that the infinite sequence (z, + w,) is convergent.

Suppose z, — l; asn — +oo and w,, — [y asn — +o00. Where 2, = x,, +1yn,
and wy, = T, + Wn,. And l1 = A\ +ipq and lo = X+ ipo.

Then given any € > 0 3 some Ny, Ny € N s.t. |z, — ;| < € when n > N; and
|w, — ls] < € when n > N

:>|$n1—)\1‘<€&|yn1—,u1\<€whenn2 N,

= |Tp, — Ao| < € & |Yn, — pio| < € when n > Ny

= Ty, = AL, Yng — M1, Ty — A2, Yn, — M2 all as n — 400

Conversely suppose that x,, — A |, Yo, — M1, Tny, — A2, Yn, —
po all as n — +oo.



Let € > 0 be given then 3 Ny, Ny, N3, N, € N s.t.
|Zn, — M| < 3¢ when n > Ny | |z, — Ao < 7€ when n > N,
|Yn, — p1] < +€ when n > N3 and |y,, — p2| < 3¢ when n > N;. Let

1 1
N = maz(Ny, Na, N3, Ny) then

1 1 1 1
|zn =l |+ |wn—la| = |z, = A1+ [y, — [+ Tn + Ao+ [y, —p2| < 1erger et e

|2n — L] + |wp, — o] < e = (2, + w,,) is convergent. |

Question 0.4 What is meant by saying that an infinite series Y129 s, is
convergent?

An infinite series Y129 s, is said to converge to some s € C IFF given any
e >0 Jsome N € N s.t.

<eVm> N

m
an—s

n=1

Question 0.5 Test the following infinite series for convergence.

sin(n) — 4
Z \/Qn —

This diverges by the direct comparisson test.

Jio 7sm —4
This converges by the direct comparisson test.

“+00

(2n)!

n=1
This converges by the ration test.

—+00

D

n=1

n!
nn+3

This converges by the direct comparisson test.



Question 9

Question 0.1 What is meant by saying that a sequence z1, 2o, 23, ... of com-
plex number is a Cauchy Sequnce.

A sequence z1, 29, 23, . . . of complex numbers is a Cauchy Sequence IFF given
any € >0 3 some N € N s.t |2, — z,] <€V m,n>N.

Question 0.2 Prove that every convergent sequence of compex number is a
Cauchy Sequence.

If the sequence 21, 29, 23, . . . is convergent then 3 some N € N s.t given any
€e>0 |z, -1 < %ewhenmz N and |z, — ] < %ewhennz N and where
l = llmn_)+oo Zn

1 1
— \zm—zn\:\(zm—l)—(zn—l)\<§e+§e:e

= |2m — 2| < € which means that z, is a Caucy Sequence. |}
Question 0.3 Prove that every Cauchy Sequence of complex number is bounded.

Let the sequence 21, 29, 23, . .. be a Cauchy Sequence. = I some N € N
St |zm — 2| <1V m,n>N

In Particular |z,| < |zy|+ 1 when n > N

= |2,| < R where R = max(|z|, |22|, .., |2n-1],- -+, |en] + 1)

Therefore the sequence is bounded as required. |

Question 0.4 Prove that every Cauchy sequence of complex numbers is con-
vergent.

Cauchy Sequences are bounded therefore have convergent subsequences by
the Bolzano Weierstrass theorem.

Let zy,,, Zn,, - . . be one such subsequence. Therefore lim,,_, | Zn; =1
We claim that lim,, ., 2z, =
Let € > 0 be given therefore 3 some N € N s.t. |z, — z,] < 3¢ when
m,n > N.
Let j be chosen s.t. n; > N and |z,, — z,| < 3¢

1 1
|zn—l\:|zn—znj\+\znj—l|§§e+§e:ewhenn2N

= |z, — | <e¢

Therefore every Cauchy Sequence is convergent. |



Question 10

Question 0.1 Test the following series for convergence:

“— nlyn

unsure

X 3sin(n) — 2
N

n=1

This converges by the direct comparisson test.

Z +ooﬂ

o logn

This diverges by the direct comparisson test.

Z +00
n=1

This diverges by the direct comparisson test.

4 + cos(n?)

5 oot
+00

+2
n=1 n"

This converges by the direct comparisson test.



Question 11
Question 0.1 Prove that the infinite series 3,29 l 1s divergent.

Let s,, be the partial sum 77", -
We claim that sq > k“ Vke N
When k£ =1 the result is clear.

Now suppose that sgp_1 > g then

S Sok— S Sk—

Therefore by induction on k it follows that sop >

= the series s1, 9, S3, . .. is not bounded and therefore cannot converge.

— the series 3% © is divergent. [

k+1
2

Question 0.2 Prove that the infinite series 325

nlogn

Let a, = —— and let s, = S° _, —

nlogn m=2 nlogn

1 1 1 1 1 1 1
— % = 2log2 * (3l093 * 4log4> * (5log5 * 6logb * Tlog7 * 8l098>

1 1 1 2 4
. =1 >
et ((2’f—1 + 1)log2k-1 e 2’“[092’“) — 2log2 * 2log4 * 8log8
2k—1

— o+ _ ! <1+1+1+ 1)
T 2klog2k  2log2 2 3 Tk

s 1 +o0 1
Sok 2 2log2 n=2pn
Therefore sy — +00 as n — 400 so the series is divergent. [}



Question 12
Question 0.1 Prove that the infinite series 39 # is convergent.

The Alternating Series Test states that if a; > ay > a3 > ... and lim,, . a, =

0 then the infinite series 372 (—1)""'a,, is convergent.

Proof: Let s, be the partial sum > (—1)""!a,,.
Now Sopy1 = Sok—1 — ok, + A2k41 < Sop—1
And Soto = Sop + Qopy1 — Qogyo > So VEEN
— the subsequence s1, s3, S5, . . . is non-increasing.
— the subsequence ss, 34, Sg, . . . is non-decreasing.
But s9 < 59, < 5951 < 51

— These subsequences are bounded and convergent. (Every non-increasing
or decreasing bounded sequence is convergent), and

im sop = lim S9p_1 = s
n—-—+00 n—-—+00

We claim that 329 (=1)""ta, = s
Let € > 0 be given. Then 3 K;, K, € N s.t.

|s — sor_1| < e when k > K;

and |s — soi| < € when k > Ky

Choose N s.t. N >7"K; —1and N > 2K,

= |s — 8| < e whenm >N

+o0
= > (-1)"'a, = lim s, =35
n=1

n—-+4o0o
Therefore is convergent. |

too (=Dt

ne1 ——— where a, > a,_1 Vn

Using this result and since in the case of )
and lim,, .. a, = 0 this series converge.



1 Q

uestion 13

Question 1.1 State the Alternating Series Test and prove that any infinite
series satisfying its conditions is convergent.

The Alternating Series Test states that if a; > ay > a3 > ... and lim, . a, =

0 then the infinite series >.7%(—1)""'a,, is convergent.

Proof: Let s, be the partial sum > (—=1)""a,,.
Now Sgpq1 = Sop—1 — Qop + Q241 < Sop—1

And Sopyo = Sop + Qo1 — Gopr2 > Sop V k€N

— the subsequence sy, s3, S5, . . . is non-increasing.
—> the subsequence ss, 34, Sg, . . . is non-decreasing.

But s9 < 59, < 5951 < 51

— These subsequences are bounded and convergent. (Every non-increasing
or decreasing bounded sequence is convergent), and

lim s9p = lim S9p_1 = s
n—-+o00 n—-+00

We claim that > (—1)""ta, = s
Let € > 0 be given. Then 3 K, Ky € N s.t.

|s — sok—1| < e when k > K,

and |s — so| < € when k > K,

Choose N s.t. N >7"K; —1and N > 2K,
= |s — S| < e when m > N
+o0o
— n2::1(—1)”_10Ln = nl_1£100 Sm =S
Therefore is convergent. |

Question 1.2 Does the infinite series

cosnm + sin%mr

—+00

2.

n=1

n2
satisfy the conditions of the Alternating Series Test?

No it does not satisfy the conditions of the Alternating Series Test. But it
does converge using the Direct Comparisson Test.



Question 14

Question 0.1 Determine which of the following subsets of R? are open and
which are closed:

{flz,y) e R*: (v —2)* +9* < 9}

This subset is open, because firstly it does’t contain its limit points, sec-
ondly because its complement R?\ f(z,y) is closed.

[flay) € R?: (w—2) 4 > 9)
This subset is closed, because it contains its limit points and its comple-
ment is open.
{fz,y) e R*: (z —2)* +y* <9 and z < 0}

This subset is neither open or closed. This is because the (x —2)? +y? <9
would make the set open but the x > 0 would make it closed.

{flr,y) eR*: (x —2)* +y* > 9 or v < 0}

This subset is closed because both sections of the set. ie the (x —2)2+4% > 9
part is closed and the x > 0 would also make the subset closed.



Question 16

Question 0.1 Prove that a sequence x1, s, x5 ... of points of R? converges
to some point p IFF, given any open set U which contains p,3 some N € N
s.t. the point x; belongs to UV j s.t. j > N.

Suppose that the sequence 1, o, x3 ... has the property that given any open
set U containing p exists some N € N s.t. ; € U when j > N.

Let € > 0 be given. The open ball B(p,€) is an open set. =—> 3 some
N € N s.t. z; € B(p,epailon) when j > N.
= |z; — p| < € when j > N. Therefore the sequence converges.

Conversely. Suppose that the sequence converges to some p. Let U be an
open set containing p. Then 3 some € > 0 s.t. the open ball B(p, €) of radius
p arround € is a subset of U.

—> Jsome € > 0 s.t. U contains all points x of X s.t. |z —p| < e. But
J some Nin N s.t. |x; —p| < e when j > N since the sequence converges to
.

— z; € U when j > N [ ]

Question 0.2 Using part (a) or otherwise show that if F' is a closed set in
R? and if x1, 72, 23,... is an infinite series of points of R? belonging to F
which converges to some complex number p then p € F.

The complement of I, R?\ F is open bye definition. = Suppose p € R*\F
then it follows that z; € R*\F V j > N.
This contradicts the fact that z; € F'V j = p € F' as required. |



