
[Sir Thomas L. Heath, The Thirteen Books of Euclid’s Elements (2nd
edition), pp. 332–333 (1925).]

[Heath’s commentary on Euclid, Elements, Book I, Proposition 37.]

21. Here and in the next proposition Heiberg brackets the words “But the halves of
equal things are equal to one another” on the ground that, since the Common
Notion which asserted this fact was interpolated at a very early date (before the
time of Theon), it is probable that the words here were interpolated at the same
time. Cf. note above (p. 224) on the interpolated Common Notion.

There is a lacuna in the text of Proclus’ notes to i. 36 and i. 37. Ap-
parently the end of the former and the beginning of the latter are missing,
the mss. and the editio princeps showing no separate note for i. 37 and no
lacuna, but going straight on without regard to sense. Proclus had evidently
remarked again in the missing passage that, in the case of both parallelo-
grams and triangles between the same parallels, the two sides which stretch
from one parallel to the other may increase in length to any extent, while the
area remains the same. Thus the perimeter in parallelograms or triangles
is of itself no criterion as to their area. Misconception on this subject was
rife among non-mathematicians; and Proclus (p. 403, 5. sqq.) tells us (1)
of describers of countries (χωρογράφοι) who drew conclusions regarding the
size of cities from their perimeters, and (2) of certain members of commu-
nistic societies in his own time who cheated their fellow members by giving
them land of greater perimeter but less area than they took themselves, so
that, on the one hand, they got a reputation for greater honesty while, on
the other, they took more than their share of produce. Cantor (Gesch. d.
Math. i3, p. 172) quotes several remarks of ancient authors which show the
prevalence of the same misconception. Thus Thucydidies estimates the size
of Sicily according to the time required for circumnavigating it. Around 130
b.c. Polybius said that there were people who could not understand that
camps of the same periphery might have different capacities. Quintilian has
a similar remark, and Cantor thinks he may have had in his mind the cal-
culations of Pliny, who compares the size of different parts of the earth by
adding their length to their breadth.

The comparison however of the areas of different figures of equal contour
had not been neglected by mathematicians. Theon of Alexandria, in his
commentary on Book i of Ptolemy’s Syntaxis, has preserved a number of
propositions on the subject taken from a treatise by Zenodorus περὶ ἰσομέτρων
σχημάτων (reproduced in Latin on pp. 1190–1211 of Hultsch’s edition of
Pappus) which was written at some date between, say, 200 b.c. and 90 a.d.,
and probably not long after the former date. Pappus too has at the beginning
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of Book v. of his Collection (pp. 308 sqq.) the same propositions, in which
he appears to have followed Zenodorus pretty closely while making some
changes in detail. The propositions proved by Zenodorus and Pappus include
the following: (1) that, of all polygons of the same number of sides and equal
perimeter, the equilateral and equiangular polygon is the greatest in area, (2)
that of regular polygons of equal perimeter, that is the greatest in area which
has the most angles, (3) that a circle is greater than any regular polygon of
equal contour, (4) that, of all circular segments in which the arcs are equal
in length, the semicircle is the greatest. The treatise of Zenodorus was not
confined to propositions about plane figures, but gave also the theorem that,
of all solid figures the surfaces of which are equal, the sphere is the greatest
in volume.
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