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3. Simplices and Convexity

3. Simplices and Convexity

3.1. Affine Independence

Definition

Points vg,vi,...,vq in some Euclidean space RX are said to be
affinely independent (or geometrically independent) if the only
solution of the linear system

q
> SjVj
j=0

q

2.5

j=0

is the trivial solution sp = 51 = --- = 55 = 0.
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Let vo,v1,...,vq be points of Euclidean space R¥ of dimension k.
Then the points vg,v1,...,vq are affinely independent if and only
if the displacement vectors vi — vg, V2 — Vo, ..., Vq — Vg are linearly
independent.
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Proof
Suppose that the points vg, vy, ..., vq are affinely independent.
Let s1,5,...,54 be real numbers which satisfy the equation
q
Z SJ — VO =0.
j=1

q q q
Then > sjvj=0and ) sj =0, where sy = — > sj, and therefore

So =86 ="-"=55=0.

It follows that the displacement vectors
V1 —VQ,V2 — Vg, ...,Vq — Vg are linearly independent.
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Conversely, suppose that these displacement vectors are linearly

independent. Let S0, 51, 52, - - sq be real numbers which satisfy
the equations Z sjvj =0 and Z s;=0. Then sp = — Z sj, and
therefore = =
q
0= ZSJVJ = sovo+ZsjvJ = Z i(vj — vo).
j=1

It follows from the linear independence of the displacement vectors
vi —vp for j=1,2,...,q that

s1=% =---=55=0.
q
But then sy = 0 also, because sp = — ) s;. It follows that the
j=1

points vg, V1, ..., Vq are affinely independent, as required. |}
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It follows from Lemma 3.1 that any set of affinely independent
points in R¥ has at most k + 1 elements. Moreover if a set
consists of affinely independent points in R¥, then so does every

subset of that set.
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3.2. Simplices in Euclidean Spaces

A g-simplex in R¥ is defined to be a set of the form

q q
thvj:Ogtjglforj:O,l,...,qand thzl ,
J=0 Jj=0

where vg, vy, ..., vq are affinely independent points of RK. These

points are referred to as the vertices of the simplex. The
non-negative integer q is referred to as the dimension of the
simplex. (Thus a simplex of dimension g has g + 1 vertices.)
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Example
A 0O-simplex in a Euclidean space RX is a single point of that space.

Example

A 1-simplex in a Euclidean space R¥ of dimension at least one is a
line segment in that space. Indeed let \ be a 1-simplex in R¥ with
vertices v and w. Then

A = {sv+tw:0<s<1 0<t<lands+t=1}
= {(I-t)v+tw:0<t <1},

and thus X is a line segment in R with endpoints v and w.
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Example

A 2-simplex in a Euclidean space R¥ of dimension at least two is a
triangle in that space. Indeed let 7 be a 2-simplex in R¥ with
vertices u, v and w. Then

T={ru+sv+tw:0<r,s;t<landr+s+t=1}

Let x € 7. Then there exist r,s, t € [0,1] such that
x=ru+svi+twandr+s+t=1. If r=1then x =u.
Suppose that r < 1. Then

x:ru+(1—r)((1—p)v+pw>

t
where p = 1—, Moreover 0 < r < 1and 0 < p < 1. Also the

p
above formula determines a point of the 2-simplex 7 for each pair
of real numbers r and p satisfying 0 <r<land0<p<1.
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Thus
r={rut@-n((-py+pw)0<pr<il.

Now the point (1 — p)v + pw traverses the line segment vw from
v to w as p increases from 0 to 1. It follows that 7 is the set of
points that lie on line segments with one endpoint at u and the
other at some point of the line segment vw. This set of points is
thus a triangle with vertices u, v and w.
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Example

A 3-simplex in a Euclidean space R¥ of dimension at least three is
a tetrahedron on that space. Indeed let x be a point of a
3-simplex o in R3 with vertices a, b, ¢ and d. Then there exist
non-negative real numbers s, t, u and v such that

x=sa+tb+uc+vd,

and s+ t+ v+ v = 1. These real numbers s, t, u and v all have
values between 0 and 1, and moreover 0 <t <1 —ss,
0<wu<l-sand 0<v<1-—s. Suppose that x # a. Then
0<s<1landx=sa+(1—s)y, where
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Moreover y is a point of the triangle bcd, because

<1, 0<

and

=1.
1—s+1—s+1—s

It follows that the point x lies on a line segment with one endpoint
at the vertex a of the 3-simplex and the other at some point y of
the triangle bcd. Thus the 3-simplex ¢ has the form of a
tetrahedron (i.e., it has the form of a pyramid on a triangular base
b cd with apex a).
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A simplex of dimension g in R¥ determines a subset of R¥ that is a
translate of a g-dimensional vector subspace of R¥. Indeed let the
points vg, Vi, ...,Vq be the vertices of a g-dimensional simplex o
in RX. Then these points are affinely independent. It follows from
Lemma 3.1 that the displacement vectors

Vi —Vp,V2 —Vp,...,Vqg — Vo

are linearly independent. These vectors therefore span a
g-dimensional vector subspace V' of R¥. Now, given any point x of

o, there exist reaI numbers to, t1, ..., ty such that 0 < t; <1 for
j=0,1,..., th_landx_Zth Then
j=0 Jj=0
q q q
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It follows that

o = {VO+ZL‘_, ):0<t;<1forj=1,2,..

and 3 g < 1},
j=1

and therefore o C vg + V. Moreover the g-dimensional vector
subspace V of R is the unique g-dimensional vector subspace of
R¥ that contains the displacement vectors between each pair of
points belonging to the simplex o.
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3.3. Faces of Simplices

Definition

Let o and 7 be simplices in R¥. We say that 7 is a face of ¢ if the
set of vertices of 7 is a subset of the set of vertices of 0. A face of
o is said to be a proper face if it is not equal to o itself. An
r-dimensional face of o is referred to as an r-face of 0. A
1-dimensional face of o is referred to as an edge of o.

Note that any simplex is a face of itself. Also the vertices and
edges of any simplex are by definition faces of the simplex.
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3.4. Barycentric Coordinates on a Simplex

Let o be a g-simplex in R¥ with vertices vg, v, ... Vg If xisa
point of o then there exist real numbers tg, t1, ..., t; such that

q q
d tvi=x, Y ti=land0<t;<lforj=0,1,...,q
j=0

j=0
Moreover to, t1,..., tq are uniquely determined: if
q
ZSJVJ— Ztm and Zsj > =1, then 3-(t;~5)u; = 0
J J

and Z(tJ —5j) =0, and therefore t; —s; =0 for j =0,1,...,q,
=0

because the points vg,vy,..., v, are affinely independent.
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Definition

Let o be a g-simplex in R¥ with vertices vg, v, . .. ,Vq, and let

x € 0. The barycentric coordinates of the point x (with respect to
the vertices vg, vy, ...,Vq) are the unique real numbers

to, t1, ..., tq for which

q q
thvj:x and thzl.
j=0 Jj=0

The barycentric coordinates tg, t1,. .., ty of a point of a g-simplex
satisfy the inequalities 0 < t; <1forj=0,1,...,q.
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Example
Consider the triangle 7 in R3 with vertices at i, j and k, where

i=(1,0,0), j=(0,1,0) and k= (0,0,1).
Then
T={(x,y,2) eR}:0<x,y,z<land x+y+z=1}.

The barycentric coordinates on this triangle 7 then coincide with
the Cartesian coordinates x, y and z, because

(x,y,z) =xi+yj+zk

for all (x,y,z) €.
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Example
Consider the triangle in R2 with vertices at (0,0), (1,0) and (0,1).
This triangle is the set

{(x,y) eR?>: x>0, y>0and x+y < 1.}.

The barycentric coordinates of a point (x, y) of this triangle are tp,
t1 and t», where

th=1—-x—y, t1=x and th=y.
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Example

Consider the triangle in R2 with vertices at (1,2), (3,3) and (4,5).
Let tp, t; and tp be the barycentric coordinates of a point (x, y) of
this triangle. Then ty, t1, t» are non-negative real numbers, and

to + t1 + to = 1. Moreover

(x,y)=(1—-t1— t2)(1,2) + t1(3,3) + (4, 5),
and thus
x=14+2t1 +3tp and y =2+t + 3tr.
It follows that
ti=x—y+1 and tzz%(x—l—Ztl) 3y—fx—l

and therefore
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In order to verify these formulae it suffices to note that
(1.'0, t1, t2) = (1,0,0) when (X,y) = (1 2) (to, t1, 1.'2) (O, ,0)
when (x,y) = (3,3) and (to, t1, t2) = (0,0,1) when (x, y

N—r
Il
—~~
o~
(€]
—
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3.5. The Interior of a Simplex

The interior of a simplex o is defined to be the set consisting of all
points of ¢ that do not belong to any proper face of o.

| \

Lemma 3.2

Let o be a g-simplex in some Euclidean space with vertices

Vo,V1,...,Vq. Let x be a point of o, and let ty, t1,. .., ty be the
barycentric coordinates of the point x with respect to
q
Vo, Vi1,...,Vq, SO that t; >0 for j=0,1,...,q, x= ) tjv;, and
J=0

q
> tj = 1. Then the point x belongs to the interior of o if and only
Jj=0
ift;>0forj=0,1,...,q.
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Proof
The point x belongs to the face of o spanned by vertices

Vjor Vjis - o5 Vs

where 0 < jo < j1 <--- < j, < gq, if and only if t; = 0 for all
integers j between 0 and g that do not belong to the set
{JjosJ1,---,Jr}. Thus the point x belongs to a proper face of the
simplex o if and only if at least one of the barycentric

coordinates t; of that point is equal to zero. The result follows. |}
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Example
A O-simplex consists of a single vertex v. The interior of that
0-simplex is the vertex v itself.

Example
A 1-simplex is a line segment. The interior of a line segment in a
Euclidean space R¥ with endpoints v and w is

{1-t)v+tw:0<t <1}

Thus the interior of the line segment consists of all points of the
line segement that are not endpoints of the line segment.
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Example
A 2-simplex is a triangle. The interior of a triangle with vertices u,

v and w is the set
{ru+sv+tw:0<r,;s,t<landr+s+t=1}

The interior of this triangle consists of all points of the triangle
that do not lie on any edge of the triangle.
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Remark

Let o be a g-dimensional simplex in some Euclidean space R¥,
where k > q. If k > q then the interior of the simplex (defined
according to the definition given above) will not coincide with the
topological interior determined by the usual topology on R
Consider for example a triangle embedded in three-dimensional
Euclidean space R3. The interior of the triangle (defined according
to the definition given above) consists of all points of the triangle
that do not lie on any edge of the triangle. But of course no
three-dimensional ball of positive radius centred on any point of
that triangle is wholly contained within the triangle. It follows that
the topological interior of the triangle is the empty set when that
triangle is considered as a subset of three-dimensional space R3.
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Any point of a simplex belongs to the interior of a unique face of
that simplex.

Proof
let vo,v1,...,Vvq be the vertices of a simplex o, and let x € 0.

q
Then x = > tjv;, where tg, t1, ..., tq are the barycentric
Jj=0
coordinates of the point x. Moreover 0 <t; <1 for j=0,1,...,q

q
and ) tj = 1. The unique face of o containing x in its interior is
J=0
then the face spanned by those vertices v; for which t; > 0. |}
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3.6. Convex Subsets of Euclidean Spaces

Definition

A subset X of n-dimensional Euclidean space R” is said to be
convex if (1 — t)u + tv € X for all points u and v of X and for all
real numbers t satisfying 0 <t < 1.

It follows from the above definition that a subset X of R” is a
convex subset of R™ if and only if, given any two points of X, the
line segment joining those two points is wholly contained in X.
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An simplex in a Euclidean space is a convex subset of that
Euclidean space.

Proof

Let o be a g-simplex in n-dimensional Euclidean space with
vertices wo, W1, ...,Wg, and let u and v be points of o. Then
there exist non-negative real numbers yo, y1,...,yq and

q q
20,21,...,25, where >~ y;=1and ) z =1, such that
i=0 i=0

q q
u= E YiWi, V= E ZiW;.
i=0 i=0

Then
q

(1—tu+tv=>) ((1-1t)y+ tz;)w;.
i=0
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Moreover (1 — t)y; + tzi > 0 for i =0,1,...,q and for all real
numbers t satisfying 0 <t < 1. Also

q

Y ((t—tyi+tz)=(1—t)> yi+ty z=1
i=0 i=0

i=0

It follows that (1 — t)u+ tv € 0. Thus o is a convex subset of
R". 1}
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Let X be a convex subset of n-dimensional Euclidean space R",
and let o be a simplex contained in R". Suppose that the vertices
of o belong to X. Then o C X.

Proof

We prove the result by induction on the dimension g of the
simplex 0. The result is clearly true when g = 0, because in that
case the simplex o consists of a single point which is the unique
vertex of the simplex.
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Thus let 0 be a g-dimensional simplex, and suppose that the result
is true for all (g — 1)-dimensional simplices whose vertices belong
to the convex set X. Let wg,wy,...,wq be the vertices of 0. Let
x be a point of o. Then there exist non- negative real numbers

to, t1, . . ., tq satisfying Z ti = 1 such that x = Z tiw;. Iftg=1

=0 i=0
then x = wg, and therefore x e X.
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It remains to consider the case when ty < 1. In that case let
si=ti/(1—tp) fori=1,2,...,q, and let

q
vV = E SiW;.
i=1

Now s; > 0 for i =1,2,...,q, and

q 1 J 1 q
Z;Si:ltoztizlto (;h-%)zl,

1=

It follows that v belongs to the proper face of o that is spanned by
the vertices wy, ..., wq. The induction hypothesis then ensures
that v € X. But then

X = towqg + (1 — to)v,

where wg € X and v € X and 0 < tp < 1. It follows from the
convexity of X that x € X, as required. |}
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Let X be a convex set in n-dimensional Euclidean space R*. A
point x of X is said to belong to the topological interior of X if
there exists some § > 0 such that B(x,d) C X, where

B(x,0) = {xX' e R" : |xX' — x| < d}.
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Let X be a convex set in n-dimensional Euclidean space R", and
let x = (1 — t)u+ tv whereu,v € X and 0 < t < 1. Suppose that
either u or v belongs to the topological interior of X. Then x
belongs to the topological interior of X.

Proof
Suppose that v belongs to the topological interior of X. Then
there exists 0 > 0 such that B(v,d) C X, where

B(v,0) = {xX' e R": |x' —v| < d}.

We claim that B(x, t§) C X.
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Let x' € B(x, td), and let
]‘ /
z= ;(x —X).
Then v+ 2z € B(v, ) and
X' =(1-t)u+t(v+2),

and therefore x’ € X. This proves the result when v belongs to the
topological interior of X. The result when u belongs to the
topological interior of X then follows on interchanging u and v and
replacing t by 1 — t. The result follows. |}
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Proposition 3.7

Let X be a closed bounded convex subset of n-dimensional
Euclidean space R" whose topological interior contains the origin,
let S"~1 be the unit sphere in R", defined such that

Sl f{ueR": |ul =1},

and let \: S""1 — R be the real-valued function on S"~1 defined
such that
A(u) =sup{t € R: tu e X}

for all u € S" L. Then the function A\: S"~1 — R is continuous.
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Proof

Let ug € S" 1, let to = A(up), and let some positive real number &
be given, where 0 < € < ty. It follows from Lemma 3.6 that

(to — €)u belongs to the topological interior of X. It then follows
from the continuity of the function sending u € S"~! to (ty — ¢)u
that there exists some positive real number §; such that

(to — €)u € X for all u € S"~1 satisfying |u — up| < ;. Therefore
A(u) > to — & whenever |u — ug| < d1.



3. Simplices and Convexity (continued)

Next we note that (o + ¢)ug & X. Now X is closed in R”, and
therefore the complement R"” \ X of X in R” is open. It follows
that there exists an open ball of positive radius about the point
(to + €)ug that is wholly contained in the complement of X. It
then follows from the continuity of the function sending u € S"~1
to (to + €)u that there exists some positive real number > such
that (to + €)u € X for all u € S"~1 satisfying |u — ug| < &,. It
then follows from the convexity of X that tu ¢ X for all positive
real numbers t satisfying t > to + . Therefore A\(u) < tg+ ¢
whenever |u — ug| < d2. Let § be the minimum of §; and ;. Then
0 >0, and

AMug) —e < A(u) < A(ug) + ¢

for all u € S"~1 satisfying |u — ug| < 6. The result follows. |
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Proposition 3.8

Let X be a closed bounded convex subset of n-dimensional
Euclidean space R". Then there exists a continuous map
r: R" — X such that r(R") = X and r(x) = x for all x € X.

Proof

We first prove the result in the special case in which the convex
set X has non-empty topological interior. Without loss of
generality, we may assume that the origin of R"” belongs to the
topological interior of X. Let

S"l={ueR":|u =1},
and let X\: S"1 — R be the real-valued function on S"~1 defined
such that

Au) =sup{t € R: tu e X}
for all u € S"™ 1. Then the function A: S"1 — R is continuous
(Proposition 3.7).
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We may therefore define a function r: R” — X such that

X if x e X;
rx) = { x| 7IA(x|"1x)x if x & X.

Let x € X and let u = |x|~!x. Then x = |x|u, |x| < A(u) and
A(u)u € X. It follows from Lemma 3.6 that if [x| < A(u) then the
point x belongs to the topological interior of u. Thus if the point x
of X belongs to the closure of the complement R"” \ X of X then it
does not belong to the topological interior of X, and therefore

Ix| = A(|x|~1x), and therefore

x = x| 7IA(|x) 7x)x.
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The function r defined above is therefore continuous on the closure
of R™\ X. It is obviously continuous on X itself. It follows that

r: R™ — X is continuous. This proves the result in the case when
the topological interior of the set X is non-empty.
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We now extend the result to the case where the topological interior
of X is empty. Now the number of points in an affinely
independent list of points of R” cannot exceed n+ 1. It follows
that there exists an integer g not exceeding n such that the convex
set X contains a g + 1 affinely independent points but does not
contain q + 2 affinely independent points. Let wo,w1,...,wq be
affinely independent points of X. Let V be the g-dimensional
subspace of R” spanned by the vectors

W1 — Wp, W2 — Wp,...,Wqg — Wp.

Now if there were to exist a point x of X for which x — wg & V
then the points wg, wy, ..., wq, x would be affinely independent.
The definition of g ensures that this is not the case. Thus if

Xy ={x—wp:xe X}

then Xy C V. Moreover Xy is a closed convex subset of V.
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Now it follows from Lemma 3.5 that the convex set Xy contains
the g-simplex with vertices

0, wi —wp, wo —wp, ... Wy — Wo.

This g-simplex has non-empty topological interior with respect to
the vector space V. It follows that Xy, has non-empty topological
interior with respect to V. It therefore follows from the result
already proved that there exists a continuous function

rv: V — Xy that satisfies ry(x) = x for all x € Xy . Basic linear
algebra ensures the existence of a linear transformation

T:R" — V satisfying T(x) = x for all x € V. Let

r(x) = rv(T(x —wo)) +wo

for all x € R". Then the function r: R” — X is continuous, and
r(x) = x for all x € X, as required. i
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3.7. Convex Sets and Supporting Hyperplanes

Let m be a positive integer, let F be a non-empty closed set in
R™, and let b be a vector in R™. Then there exists an element g
of F such that |[x —b| > |g — b| for all x € F.

Proof
Let R be a positive real number chosen large enough to ensure
that the set Fg is non-empty, where

Fo=FN{xeR":|x—b| <R}

Then Fy is a closed bounded subset of R™. Let f: F;p — R be
defined such that f(x) = |x — b| for all x € F. Then f: Fp - R is
a continuous function on Fy.
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Now it is a standard result of real analysis that any continuous
real-valued function on a closed bounded subset of a
finite-dimensional Euclidean space attains a minimum value at
some point of that set. It follows that there exists an element g of

Fo such that
[x —b| = |g—bj

for all x € Fy. If x € F\ Fp then
Ix —b| > R >|g—b|.

It follows that
Ix —b| > |g — b

for all x € F, as required. |}
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3.8. A Separating Hyperplane Theorem

Theorem 3.10

Let m be a positive integer, let X be a non-empty closed convex
set in R™, and let b be point of R™, where b & X. Then there
exists a linear functional ¢: R™ — R and a real number c such
that ¢(x) > ¢ for all x € X and ¢(b) < c.

Proof

It follows from Lemma 3.9 that there exists a point g of X such
that [x — b| > |g — b| for all x € X. Let x € X. Then

(1 —t)g + tx € X for all real numbers t satisfying 0 < t <1,
because the set X is convex, and therefore

|(1—-t)g+tx—b|>|g— b

for all real numbers t satisfying 0 < t < 1.
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Now
(1-t)g+tx—b=g—b+t(x—g).

It follows by a straightforward calculation from the definition of the
Euclidean norm that

lg—b[*> < |(1-t)g+tx—b]?
= |g—bf+2t(g—b).(x—g)
+t°)x — gf?
for all real numbers t satisfying 0 < t < 1. In particular, this

inequality holds for all sufficiently small positive values of t, and
therefore

(g—b).(x—g)>0
for all x € X.
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Let

p(x) = (g —b).x
for all x € R™. Then ¢: R™ — R is a linear functional on R™, and
©(x) > ¢(g) for all x € X. Moreover

©(g) — ¢(b) = g — b|* >0,

and therefore p(g) > ¢(b). It follows that ¢(x) > ¢ for all x € X,
where ¢ = 1(b) + 2¢(g), and that ¢(b) < c. The result
follows. |}
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Let X be a subset of n-dimensional Euclidean space R". A point b
lies on the boundary of X if every open ball of positive radius
centred on the point b intersects both the set X itself and the
complement R"\ X of X in R".

If a subset X of R” is open in R” then every point belonging to
the boundary of the set X belongs to the complement of X. If the
subset X of R™ is closed in R™ then every point belonging to the
boundary of the set X belongs to the set X itself.
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Theorem 3.11 (Supporting Hyperplane Theorem)

Let m be a positive integer, let X be a non-empty closed convex
set in R™, and let b be point of R™ that belongs to the boundary
of the closed convex set X. Then there exists a linear functional
¢: R™ — R and a real number ¢ such that p(x) > ¢ for all x € X
and ¢(b) = c.

Proof

We may assume without loss of generality, that b = (0,0, ...,0).
We must then prove the existence of a linear functional

¢: R™ — R with the property that ¢(x) > 0 for all x € X.
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Now, because the b is located on the boundary of the set X, there
exists an infinite sequence by, by, b3, ... of points of the
complement R™ \ X of the set X that converges to b. It follows
from basic linear algebra that, given any linear functional

: R™ — R on R, there exists a vector w in R™ such that

P(x) = w.x for all x € R™. It therefore follows from

Theorem 3.10, that there exists an infinite sequence vi,vo,vs, ...
of non-zero vectors in R™ such that v;.b; < 0 and v;.x > 0 for all
x € X. We may assume, without loss of generality, that |v;| =1
for all positive integers j.



3. Simplices and Convexity (continued)

It follows from the Bolzano-Weierstrass Theorem (Theorem 1.2)
that the infinite sequence vi,v3,vs, ... has a convergent
subsequence v, Vi,, Vk;, - - ., Where

k1<k2<k3<---.

Let v= lim vj. Then |v| =1. Let p(x) =v.x for all x € R™.

j—+oo
Then

for all x € X. The result follows. |}
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