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4. The Simplex Method

4. The Simplex Method

4.1. Vector Inequalities and Notational Conventions

Let v be an element of the real vector space R"”. We denote by
(v); the jth component of the vector v. The vector v can be
represented in the usual fashion as an n-tuple (v, va,..., vp),
where v; = (v); for j =1,2,..., n. However where an
n-dimensional vector appears in matrix equations it will usually be
considered to be an n x 1 column vector. The row vector
corresponding to an element v of R" will be denoted by v’
because, considered as a matrix, it is the transpose of the column
vector representing v. We denote the zero vector (in the
appropriate dimension) by 0.



4. The Simplex Method (continued)

Let x and y be vectors belonging to the real vector space R” for
some positive integer n. We write x <y (and y > x) when

(x)j < (y)j for j=1,2,...,n. Also we write x < y (and y > x)
when (x); < (y); for j=1,2,...,n.

These notational conventions ensure that x > 0 if and only if
(x)j >0forj=1,2,...,n.

The scalar product of two n-dimensional vectors u and v can be
represented as the matrix product u’v. Thus

-
uv=uwuvy+uw+- -4+ upv,

for all u,v € R", where u; = (u); and v; = (v); for j =1,2,...,n.

Given an m x n matrix A, where m and n are positive integers, we
denote by (A);; the coefficient in the ith row and jth column of
the matrix A.



4. The Simplex Method (continued)

4.2. Feasible and Optimal Solutions

A general linear programming problem is one that seeks values of
real variables xi, x2, ..., X, that maximize or minimize some
objective function

C1X1 + C2X2 + -+ CpXp

that is a linear functional of x1, xo, ..., x, determined by real
constants ci, ¢, ..., C,, where the variables x1, x2, ..., x, are
subject to a finite number of constraints that each place bounds on
the value of some linear functional of the variables.



4. The Simplex Method (continued)

These constraints can then be numbered from 1 to m, for an
appropriate value of m, such that, for each value of / between 1
and m, the ith constraint takes the form of an equation or
inequality that can be expressed in one of the following three

forms:—
aj1x1 + aj2xe + -+ + aj,nXn = by,
aj1x1 +ajoxo + -+ aj nXn > bj,
aj1x1 + ajoxo + -+ - + ajpxn < bj
for appropriate values of the real constants a; 1, a;2,...,a;, and
b;. In addition some, but not necessarily all, of the variables
X1, X2, ..., X, may be required to be non-negative. (Of course a

constraint requiring a variable to be non-negative can be expressed
by an inequality that conforms to one of the three forms described
above. Nevertheless constraints that simply require some of the
variables to be non-negative are usually listed separately from the
other constraints.)



4. The Simplex Method (continued)

Definition

Consider a general linear programming problem with n real
variables x1, X, ..., X, whose objective is to maximize or minimize
some objective function subject to appropriate constraints. A
feasible solution of this linear programming problem is specified by
an n-dimensional vector x whose components satisfy the
constraints but do not necessarily maximize or minimize the
objective function.

| \

Definition
Consider a general linear programming problem with n real
variables x1, X2, ..., X, whose objective is to maximize or minimize

some objective function subject to appropriate constraints. A
optimal solution of this linear programming problem is specified by
an n-dimensional vector x that is a feasible solution that optimizes
the value of the objective function amongst all feasible solutions to
the linear programming problem.




4. The Simplex Method (continued)

4.3. Programming Problems in Dantzig Standard Form

Let A be an m x n matrix of rank m with real coefficients, where
m < n, and let b € R™ and c € R" be vectors of dimensions m and
n respectively. We consider the following linear programming
problem:—

Determine an n-dimensional vector x so as to minimize

c"x subject to the constraints Ax = b and x > 0.

We refer to linear programming problems presented in this form as
being in Dantzig standard form. We refer to the m x n matrix A,
the m-dimensional vector b and the n-dimensional vector c as the
constraint matrix, target vector and cost vector for the linear
programming problem.



4. The Simplex Method (continued)

Remark

Nomenclature in Linear Programming textbooks varies. Problems
presented in the above form are those to which the basic
algorithms of George B. Dantzig's Simplex Method are applicable.
In the series of textbooks by George B. Dantzig and Mukund N.
Thapa entitled Linear Programming, such problems are said to be
in standard form. In the textbook Introduction to Linear
Programming by Richard B. Darst, such problems are said to be
standard-form LP. On the other hand, in the textbook Methods of
Mathematical Economics by Joel N. Franklin, such problems are
said to be in canonical form, and the term standard form is used
for problems which match the form above, except that the vector
equality Ax = b is replaced by a vector inequality Ax > b.



4. The Simplex Method (continued)

Accordingly the term Danztig standard form is used in these notes
both to indicate that such problems are in standard form at that
term is used by textbooks of which Dantzig is the author, and also
to emphasize the connection with the contribution of Dantzig in
creating and popularizing the Simplex Method for the solution of
linear programming problems.



4. The Simplex Method (continued)

A linear programming problem in Dantzig standard form specified
by an m X n constraint matrix A of rank m, an m-dimensional
target vector b and an n-dimensional cost vector ¢ has the
objective of finding values of real variables x;, x2, ..., x, that
minimize the value of the cost

C1X1 + CXp + + -+ + CnXp

subject to constraints

Arixt +Aipxo + -+ Arpxp = by,
Apix1 + Axoxo 4+ -+ Axpxn = bo,
Am,lxl + Am,2X2 + -+ Am,an = bm

and



4. The Simplex Method (continued)

In the above programming problem, the function sending the
n-dimensional vector x to the corresponding cost ¢’ x is the
objective function for the problem. A feasible solution to the
problem consists of an n-dimensional vector (xi, x2, . .., X,) whose
components satisfy the above constraints but do not necessarily
minimize cost. An optimal solution is a feasible solution whose
cost does not exceed that of any other feasible solution.



4. The Simplex Method (continued)

4.4, Basic Feasible Solutions

We define the notion of a basis for a linear programming problem
in Dantzig standard form.



4. The Simplex Method (continued)

Definition

Let A be an m x n matrix of rank m with real coefficients, where
m < n, let b € R™ be an m-dimensional column vector, let c € R”
be an n-dimensional column vector. Consider the following

programming problem in Dantzig standard form:

T

find x € R"” so as to minimize c' x subject to constraints

Ax = b and x > 0.

For each integer j between 1 and n, let al) denote the
m-dimensional vector determined by the jth column of the
matrix A, so that (al)); = (A);; for i =1,2,..., m and
j=1,2,...,n. A basis for this linear programming problem is a
set consisting of m distinct integers ji, f2, ..., jm between 1 and n
for which the corresponding vectors

a(j1)7 a(j2)7 . ,a(jm)

constitute a basis of the vector space R™.




4. The Simplex Method (continued)

We next define what is meant by saying that a feasible solution of
a programming problem Dantzig standard form is a basic feasible
solution for the programming problem.

Definition

Let A be an m x n matrix of rank m with real coefficients, where
m < n, let b € R™ be an m-dimensional column vector, let c € R"
be an n-dimensional column vector. Consider the following

programming problem in Dantzig standard form:—

find x € R" so as to minimize c

Ax =b and x > 0.

A feasible solution x for this programming problem is said to be
basic if there exists a basis B for the linear programming problem
such that (x); = 0 when j & B.

X subject to constraints




4. The Simplex Method (continued)

Lemma 4.1

Let A be an m x n matrix of rank m with real coefficients, where
m < n, let b € R™ be an m-dimensional column vector, let c € R"
be an n-dimensional column vector. Consider the following
programming problem in Dantzig standard form:

find x € R" so as to minimize c"x subject to constraints
Ax = b and x > 0.

Let aY) denote the vector specified by the jth column of the
matrix A for j =1,2,...,n. Let x be a feasible solution of the
linear programming problem. Suppose that the m-dimensional
vectors al) for which (x) j > 0 are linearly independent. Then x is a
basic feasible solution of the linear programming problem.

<




4. The Simplex Method (continued)

Proof

Let x be a feasible solution to the programming problem, let

xj = (x); for all j € J, where J ={1,2,...,n}, and let

K ={j € J:x > 0}. If the vectors al) for which j € K are
linearly independent then basic linear algebra ensures that further
vectors al) can be added to the linearly independent set

{al) : j € K} so as to obtain a finite subset of R™ whose elements
constitute a basis of that vector space (see Proposition 2.2). Thus
exists a subset B of J satisfying K C B C J such that the
m-dimensional vectors al) for which j € B constitute a basis of the
real vector space R™. Moreover (x); =0 for all j € J\ B. It
follows that x is a basic feasible solution to the linear programming
problem, as required. |}



4. The Simplex Method (continued)

Theorem 4.2

Let A be an m x n matrix of rank m with real coefficients, where
m < n, let b € R™ be an m-dimensional column vector, let c € R"
be an n-dimensional column vector. Consider the following

programming problem in Dantzig standard form:

find x € R" so as to minimize c"

Ax =b and x > 0.

X subject to constraints

If there exists a feasible solution to this programming problem then
there exists a basic feasible solution to the problem. Moreover if
there exists an optimal solution to the programming problem then
there exists a basic optimal solution to the problem.




4. The Simplex Method (continued)

Proof
Let J={1,2,...,n}, and let al) denote the vector specified by
the jth column of the matrix A for all j € J.

Let x be a feasible solution to the programming problem, let

xj = (x); forall j € J, and let K = {j € J: x; > 0}. Suppose that
x is not basic. Then the vectors al) for which j € K must be
linearly dependent. We show that there then exists a feasible
solution with fewer non-zero components than the given feasible
solution x.



4. The Simplex Method (continued)

Now there exist real numbers y; for j € K, not all zero, such that
> yjal) =0, because the vectors al) for j € K are linearly

JjeK
dependent. Let y; =0 for all j € J\ K, and let y € R” be the
n-dimensional vector satisfying (y); = y;j for j =1,2,...,n. Then
Ay—ZyaU) Zya(f =0.
Jjed JEK

It follows that A(x — Ay) = b for all real numbers A, and thus
X — Ay is a feasible solution to the programming problem for all
real numbers A for which x — Ay > 0.



4. The Simplex Method (continued)

Now y is a non-zero vector. Replacing y by —y, if necessary, we
can assume, without loss of generality, that at least one
component of the vector y is positive. Let

x;
)\o:minimum<J e Kandyj>0>,
Yj

and let jo be an element of K for which Ao = xj,/yj,- Then

% > Ag for all j € J for which y; > 0. Multiplying by the positive
Yj
number y;, we find that x; > Agy; and thus x; — A\gy; > 0 when

yj > 0. Also A\p > 0 and x; > 0, and therefore x; — Agy; > 0 when
y; < 0. Thus x; — Aoy; > 0 for all j € J. Also xj, — Aoyj, = 0, and
xj — Aoyj = 0 for all j € J\ K. Let X =x — Agy. Then x' > 0 and
Ax' = b, and thus X’ is a feasible solution to the linear
programming problem with fewer non-zero components than the
given feasible solution.



4. The Simplex Method (continued)

Suppose in particular that the feasible solution x is optimal. Now
there exist both positive and negative values of A for which

x — Ay > 0. If it were the case that ¢y # 0 then there would exist
values of A for which both x — Ay > 0 and Ac"y > 0. But then
c’(x — Ay) < c"x, contradicting the optimality of x. It follows
that ¢y = 0, and therefore x — Ay is an optimal solution of the
linear programming problem for all values of A for which

x — Ay > 0. The previous argument then shows that there exists a
real number Ay for which x — Agy is an optimal solution with fewer
non-zero components than the given optimal solution x.



4. The Simplex Method (continued)

We have shown that if there exists a feasible solution x which is
not basic then there exists a feasible solution with fewer non-zero
components than x. It follows that if a feasible solution x is chosen
such that it has the smallest possible number of non-zero
components then it is a basic feasible solution of the linear
programming problem.

Similarly we have shown that if there exists an optimal solution x
which is not basic then there exists an optimal solution with fewer
non-zero components than x. It follows that if an optimal solution
x is chosen such that it has the smallest possible number of
non-zero components then it is a basic optimal solution of the
linear programming problem. |



4. The Simplex Method (continued)

4.5. A Simplex Method Example

Example
We consider the following linear programming problem:—
minimize
3x1 + 4x0 + 2x3 + 9x4 + 5x3
subject to the following constraints:
5x1 4+ 3x0 + 4x3 + Tx4 + 3x5 = 11;
4x1 + xo0 + 3x3 + 8x4 + 4x5 = 6;
xj >0 forj=1,2,3,4,5.



4. The Simplex Method (continued)

The constraints require that xi, x2, X3, X4, x5 be non-negative real
numbers satisfying the matrix equation

X1

IHES]

X4

= W
w &
o
AW

VR
» O

X5

Thus we are required to find a (column) vector x with components
X1, X2, X3, X4 and x5 satisfying the equation Ax = b, where

53 4 7 3 11
A_<41384>’ b_(6)'



4. The Simplex Method (continued)

w_ (> @ _(3 @ _ [ 4
O=(3) = (1) 0=(3)
@_ (7 G _ (3
a _<8> and a —<4).

For a feasible solution to the problem we must find non-negative
real numbers xi, x2, X3, Xa, X5 such that

Let

x1a® 4+ x0a® + x32 4 x3a® + x52®) = b.

An optimal solution to the problem is a feasible solution that
minimizes

C1x1 + X2 + G3X3 + C4X4 + C5X5
amongst all feasible solutions to the problem, where ¢; = 3,
=4, c3=2,¢,=9and ¢cs =5.



4. The Simplex Method (continued)

Let ¢ denote the column vector whose ith component is ¢;
respectively. Then

c"=(3 429 5),
and an optimal solution is a feasible solution that minimizes c’x
amongst all feasible solutions to the problem. We refer to the
quantity c”x as the cost of the feasible solution x.



4. The Simplex Method (continued)

Let I ={1,2,3,4,5}. A basis for this optimization problem is a
subset {J1, Jg} of I, where j1 # jo, for which the corresponding
vectors all), al2) constitute a basis of R2. By inspection we see
that each pair of vectors taken from the list a(*), a(?) a3 a4 a(5)
consists of linearly independent vectors, and therefore each pair of
vectors from this list constitutes a basis of R?. It follows that every
subset of | with exactly two elements is a basis for the
optimization problem.

A feasible solution (x1, X2, x3, X4, x5) to this optimization problem is
a basic feasible solution if there exists a basis B for the
optimization problem such that x; = 0 when j # B.

In the case of the present problem, all subsets of {1,2,3,4,5} with
exactly two elements are bases for the problem. It follows that a
feasible solution to the problem is a basic feasible solution if and
only if the number of non-zero components of the solution does
not exceed 2.



4. The Simplex Method (continued)

We take as given the following initial basic feasible solution x; = 1,
xo =2, x3 = x4 = x5 = 0. One can readily verify that

a(® 4 2a(® = b. This initial basic feasible solution is associated
with the basis {1,2}. The cost of this solution is 11.

We apply the procedures of the simplex method to test whether or
not this basic feasible solution is optimal, and, if not, determine
how to improve it.



4. The Simplex Method (continued)

The basis {1,2} determines a 2 x 2 minor Mg of A consisting of
the first two columns of A. Thus

5 3
v (22)

We now determine the components of the vector p € R? whose
transpose ( p1 P2 ) satisfies the matrix equation

(a @)=(pP p2 )Mz
Now
It follows that

1/ 1 -3
_1__7
Mg = 7(—4 5)'
.

p' = (p p2)=(a Cz)M§1



4. The Simplex Method (continued)

We next compute a vector q € R®, where q7 =c” — pT A. Solving
the equivalent matrix equation for the transpose q' of the column
vector g, we find that

We denote the jth component of the vector j by g;.

Now g3 < 0. We show that this implies that the initial basic
feasible solution is not optimal, and that it can be improved by
bringing 3 (the index of the third column of A) into the basis.



4. The Simplex Method (continued)

Suppose that X is a feasible solution of this optimization problem.
Then AX = b, and therefore

c"x=p'Ax+q'x=p b+q"x

The initial basic feasible solution x satisfies
5
-
q'x=> qx =0,
j=1

because g1 = g = 0 and x3 = x4 = x5 = 0. This comes about
because the manner in which we determined first p then q ensures
that g; = 0 for all j € B, whereas the components of the basic
feasible solution x associated with the basis B satisfy x; = 0 for

j & B. We find therefore that p”b is the cost of the initial basic
feasible solution.



4. The Simplex Method (continued)

The cost of the initial basic feasible solution is 11, and this is equal
to the value of p”b. The cost c’X of any other basic feasible
solution satisfies

where X; denotes the jth component of X.

We seek to determine a new basic feasible solution X for which
x3 > 0, x4 = 0 and X5 = 0. The cost of such a basic feasible
solution will then be less than that of our initial basic feasible
solution.



4. The Simplex Method (continued)

In order to find our new basic feasible solution we determine the
relationships between the coefficients of a feasible solution X for
which x4 = 0 and X5 = 0. Now such a feasible solution must
satisfy

x1a) 4+ %22 4 %3203 = b = x;a(M) 4 x2a?,
where x; and x» are the non-zero coefficients of the initial basic
feasible solution. Now the vectors all) and a(® constitute a basis
of the real vector space R2. It follows that there exist real numbers
t13 and tp 3 such that a® = t1,3a(1) + t2,3a(2). It follows that

(71 + t173i3)a(1) + (72 + t273Y3)a(2) = xla(l) + Xza(z).



4. The Simplex Method (continued)

The linear independence of a1 and a(® then ensures that
X1+ t13X3 = X1 and X + 1 3X3 = X2. Thus if X3 = A, where
A > 0 then

X1 = X1 — )\t1’3, X9 = Xp — )\t273.

Thus, once t1 3 and t> 3 have been determined, we can determine
the range of values of X that ensure that X; > 0 and X, > 0.
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In order to determine the values of t; 3 and t 3 we note that

4 4 1 0
1 4 1 1
and therefore
3 _ (1) @_ (53 t3,1
a = 313’ +t3qa < 41 > ( 52 >

31
- M , ,
(o)
5 3
v (2)

where
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It follows that

t31 _1.(3) 1
’ =M = —
( 3.2 > B d 7

Thus t31 = % and t32 = %

|
N\
|
I
o |

w
~_
7 N
w
~

I
N
~l—~o
~_



4. The Simplex Method (continued)

We now determine the feasible solutions X of this optimization
problem that satisfy X3 = A and X4 = X5 = 0. we have already
shown that

X1 = X1 — )\t173, Xo = Xp — )\t2,3.

Now x1 =1, x0 =2, t13 = % and tr3 = % It follows that
x1=1-— %)\ and Xp =2 — %/\. Now the components of a feasible
solution must satisfy x; > 0 and X» > 0. it follows that

0< AL % Moreover on setting A = % we find that X; = 0 and
Xo = %. We thus obtain a new basic feasible solution X associated

to the basis {2, 3}, where

The cost of this new basic feasible solution is 10.



4. The Simplex Method (continued)

We now let B’ and x’ denote the new basic and new associated
basic feasible solution respectively, so that B’ = {2,3} and

XT=(0 2 £ o0oo0).

We also let Mg/ be the 2 x 2 minor of the matrix A with columns
indexed by the new basis B, so that

(3 4 4 1/ 3 -4
MB’—<1 3> and MB’_5<_1 3>



4. The Simplex Method (continued)

We now determine the components of the vector p’ € R? whose
transpose ( p; ph ) satisfies the matrix equation

(e a)=(r p)Ms.

We find that

(P p) =



4. The Simplex Method (continued)

We next compute the components of the vector q’ € R® so as to
ensure that

q/T:cT—p/TA
53473
:(34295)—(2—2)(41384>
= (34295)-(242 -2 =2)
= (100 11 7)

The components of the vector q' determined using the new basis
{2,3} are all non-negative. This ensures that the new basic
feasible solution is an optimal solution.



4. The Simplex Method (continued)

Indeed let X be a feasible solution of this optimization problem.
Then Ax’ = b, and therefore

CTX — p/TAi—f— q/TX/ _ p/Tb + q/Ti.
Moreover p’"b = 10. It follows that
c’x =10+ X1 + 11x4 + 7x5 > 10,

and thus the new basic feasible solution x is optimal.



4. The Simplex Method (continued)

We summarize the result we have obtained. The optimization
problem was the following:—

minimize

3x1 + 4x0 + 2x3 + 9x4 + 5x5

subject to the following constraints:

5x1 + 3x0 + 4x3 4+ x4 + 3x5 = 11;

4x1 + xo + 3x3 + 8x4 + 4x5 = 6;

xj >0 forj=1,23,4,5.

We have found the following basic optimal solution to the problem:

9 7

X1:O7 X2:gv



4. The Simplex Method (continued)

We now investigate all bases for this linear programming problem
in order to determine which bases are associated with basic feasible
solutions.

The problem is to find x € R® that minimizes ¢’ x subject to the
constraints Ax = b and x > 0, where

53 47 3 11
A_<41384>’ b_<6>

c"=(3 429 5).

and

For each two-element subset B of {1,2,3,4,5} we compute Mg,
Mg! and Mg'b, where Mg is the 2 x 2 minor of the matrix A
whose columns are indexed by the elements of B. We find the
following:—
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B | Mg Mg Mpb | cTMpb]
(2,4} (f g) 117<_81 _37> <f) i
es (1144 T) ()]
ol (30)a(5 )(8)]
oo (5015 ) ()]
{4.5} (22) ‘1‘<—48 _73) <—2323> l




4. The Simplex Method (continued)

From this data, we see that there are four basic feasible solutions
to the problem. We tabulate them below:—

’ B ‘ X ‘ Cost
{1,2} | (1,2,0,0,0) 11
{2,3} | (0,2,£,0,0) 10
{2,4} | (0,42,0,%.,0) | 2% =14.529. ..




4. The Simplex Method (continued)

4.6. A Linear Tableau Example

Example

Consider the problem of minimizing ¢’ x subject to constraints
Ax = b and x > 0, where

12335 13
A=|23 12 3|, b= 13
425 1 4 20

b

c"=(24314).

As usual, we denote by A; ; the coefficient of the matrix A in the
ith row and jth column, we denote by b; the ith component of the

m-dimensional vector b, and we denote by ¢; the jth component of
the n-dimensional vector c.
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We let al) be the m-dimensional vector specified by the jth
column of the matrix A for j =1,2,3,4,5. Then

1 2
AW =1 2 ’ PYCHI B ’ a® =11 7
4 2 5



4. The Simplex Method (continued)

A basis B for this linear programming problem is a subset of
{1,2,3,4,5} consisting of distinct integers ji, j», j3 for which the
corresponding vectors aUn) al2) a0s) constitute a basis of the real
vector space R3.

Given a basis B for the linear programming programming problem,
where B = {ji1, 2, j3}, we denote by Mg the matrix whose columns
are specified by the vectors alt), al2) and al®). Thus

(Mg)ix = Aij, fori=1,2,3 and k =1,2,3. We also denote by
cg the 3-dimensional vector defined such that

C;—:(le Cj» CJ'3)'

The ordering of the columns of Mg and cp is determined by the
ordering of the elements ji, j> and j3 of the basis. However we
shall proceed on the basis that some ordering of the elements of a
given basis has been chosen, and the matrix Mg and vector cg will
be determined so as to match the chosen ordering.



4. The Simplex Method (continued)

Let j1=1,jp=2 and j3 =3, and let B = {jl,_jz,_j3} = {1,2,3}.
Then B is a basis of the linear programming problem, and the
invertible matrix Mg determined by ali) for k = 1,2,3 is the
following 3 x 3 matrix:—

Mg =

AN -

2 3
31
2 5

This matrix has determinant —23, and

13 4 7
-1 1 6 7 5
M, — | -6 =7 5 > A —

— — 8 _6 1
8 6 1 23 23 23
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Then
1 0 0
mMglta® = [ o Mgta® = | 1 Mgta® = [ o
0 0 1
_ 24 _25
23 23
M;la(“) = % and I\/IBla(5) = %
13 26
23 23
Also
1
—1
Mgb=1 3
2

It follows that x is a basic feasible solution of the linear
programming problem, where

x'=(13200).



4. The Simplex Method (continued)

The vectors a), a a3 a®) 30 b &) (2 and e®) can then
be expressed as linear combinations of a(t); a(®) a3 with
coefficients as recorded in the following tableau:—

a2 @) @ 306) [ p| (D) 2 LB)

(1) _24 25 _13 4 7
a 1 0 0 23 3|1 23 23 23
@ 27 31 6 71 _>5
a 0 1 0 23 3 |3 =3 23 23
(3) 13 26 3 _6 L
a 0 0 1 23 3 | 2| 23 23 23




4. The Simplex Method (continued)

There is an additional row at the bottom of the tableau. This row
is the criterion row of the tableau. The values in this row have not
yet been calculated, but, when calculated according to the rules
described below, the values in the criterion row will establish
whether the current basic feasible solution is optimal and, if not,
how it can be improved.

Ignoring the criterion row, we can represent the structure of the
remainder of the tableau in block form as follows:—

O . a0 b @ .. O

a(.il)

: MgtA Mg'b Mg?
a(j3)




4. The Simplex Method (continued)

We now employ the principles of the Simplex Method in order to
determine whether or not the current basic feasible solution is
optimal and, if not, how to improve it by changing the basis.

Let p be the 3-dimensional vector determined so that
T T -1
p' =cgMg~.

Then p" Mg = cg, and therefore pTalk) = cj, for k=1,2,3. It
follows that (p” A); = ¢; whenever j € B. Putting in the relevant
numerical values, we find that

PTMB:CZB—:(CJ} S CJ'3):(C1 @ C3):(2 4 3)’
and therefore

pr=(243)M'=(3 5 %)



4. The Simplex Method (continued)

We enter the values of p1, p» and p3 into the cells of the criterion
row in the columns labelled by e(1), e(2) and e®) respectively. The
tableau with these values entered is then as follows:—

2D 20 20 2@ L0 [p] ) @ O
24 25 13 4

a1 o0 0 5% Bl -8 5 %

27 31 6 7 5

13 26 8 6 1

@10 0 1 F B2 F -H i

2 18 _3

23 23 23




4. The Simplex Method (continued)

The values in the criterion row in the columns labelled by (), (2
and e(® can be calculated from the components of the cost
vector ¢ and the values in these columns of the tableau. Indeed let
lik = (/\/Igl);,k fori=1,2,3 and k =1,2,3. Then each r; is
equal to the value of the tableau element located in the row
labelled by ali) and the column labelled by e(¥). The definition of
the vector p then ensures that

Pk = Cjink + Cpla,k + Cj313,k

for k =1,2,3, where, for the current basis, j; =1, j» =2 and
j3=3.



4. The Simplex Method (continued)

The cost C of the current basic feasible solution x satisfies

C =c"x. Now (pTA); = ¢; for all j € B, where B = {1,2,3}.
Moreover the current basic feasible solution x satisfies x; = 0 when
J & B, where x; = (x); for j =1,2,3,4,5. It follows that

5

C—p'b = cTx—p"Ax=) (¢ —(pTA))x
=1
= Y (G- (pTA))x =0,

JjeB

and thus
C=c"'x=p"b.

Putting in the numerical values, we find that C = 20.



4. The Simplex Method (continued)

We enter the cost C into the criterion row of the tableau in the
column labelled by the vector b. The resultant tableau is then as

follows:—
20 2@ 20 4@ L0 [ p [ @ B
a1 0 o % -Z|1 -8 2 I
Ao 1 o Z 13| 85 L -2
@0 o 1 B Bl2ls -5 4
20 % % -5




4. The Simplex Method (continued)

Let s; denote the value recorded in the tableau in the row labelled
by ali) and the column labelled by b for i = 1,2,3. Then the
construction of the tableau ensures that

and thus s; = x;j, for i = 1,2, 3, where (x1,x2, x3, X3, x5) is the
current basic feasible solution. It follows that

C = ¢ys1+ s+ ¢s3,

where, for the current basis, j; = 1, jo =2 and j3 = 3. Thus the
cost of the current basic feasible solution can be calculated from
the components of the cost vector ¢ and the values recorded in the
rows above the criterion row of the tableau in the column labelled
by the vector b.



4. The Simplex Method (continued)

We next determine a 5-dimensional vector q such that
c”" =pTA+qT. We find that

—qT:pTA—CT
1 23 3H5
(% % F)[ 23123
4 2 5 1 4
-(2 431 4)
= (2 2 2y (2 431 4)
= (0 E@)
23 23

Thus

=0, =0, =0 q=-% g=-3%



4. The Simplex Method (continued)

The 4th and 5th components of the vector q are negative. It
follows that the current basic feasible solution is not optimal.
Indeed let X be a feasible solution to the problem, and let X; = (X);
for j =1,2,3,4,5. Then the cost C of the feasible solution X

satisfies
C = cx=p"Ax+q'x=p'b+q'x=C+q'x
— C_Ey _@}
- 2374 237

It follows that the feasible solution X will have lower cost if either
X4 > 0 or x5 > 0.



4. The Simplex Method (continued)

We enter the value of —g; into the criterion row of the tableau in
the column labelled by al) for j = 1,2,3,4,5. The completed
tableau associated with basis {1,2, 3} is then as follows:—

A 2@ 0 @ 0 [ p [ 2 B
SR B R A
a0 1 o Z 3d13|8 L -2
Glo 0 1 B B2 5 & &

o o o % %i2 £ B -2

We refer to this tableau as the extended simplex tableau associated
with the basis {1,2,3}.



4. The Simplex Method (continued)

The general structure of the extended simplex tableau is then as

follows:—
21 42 4B3) (8 4306) | p | D) 2 B3
alt) t11 tip tiz tia tis | S1| N1 n2 ng
al2) b1 tp B3 ta s | S2| N1 NP2 nR3

als) t31 t3p 133 t34 135 | S3| Mm31 B2 33
-1 —9@ —q —q —q | C| p1 p p3

where ji, j> and j3 are the elements of the current basis, and where
the coefficients t; ; s; and r;  are determined so that

3 3 3
2 =3 5000, b=Y sall), ok =3 a0
i=1 i=1 i=1

forj=1,2,3,45and k=1,2,3.



4. The Simplex Method (continued)

The coefficients of the criterion row can then be calculated
according to the following formulae:—

3 3 3
Pk = Z Gitik, C= Zpibi, —q; = ZPiAi,j - G-
i—1 i—1 i—1



4. The Simplex Method (continued)

The extended simplex tableau can therefore be presented in block
form as follows:—

a(l) C 3(5) b e(l) c. e(3)
a(jl)
: Mg'A Mg'b Mg!
a(j3)
pTA _ CT pr pT




4. The Simplex Method (continued)

The values in the criterion row in any column labelled by some at)
can also be calculated from the values in the relevant column in
the rows above the criterion row.

To see this we note that the value entered into the tableau in the
row labelled by ali) and the column labelled by al) is equal to tij,
where t; ; is the coefﬁcient in the ith row and jth column of the
matrix I\/IglA. Also p™ = CBMB , where (cg); = ¢j, for i =1,2,3.
It follows that

(pTA)J—(C Mg lAJ_ZCJ: INE



4. The Simplex Method (continued)

Therefore

.
—q = (PTA)—¢
= Gitijt+ G+ Cplz; — G

for j=1,2,3,4,5.

The coefficients of the criterion row can then be calculated
according to the formulae

3 3 3
Pe= Grik, C= Gsi, —¢=) Gtij—g.
i=1 i=1 i=1



4. The Simplex Method (continued)

The extended simplex tableau can therefore also be presented in
block form as follows:—

NO NG b RO NG
a(1)
: Mg'A Mg'b Mg!
als)

cEMGTA—cT | cLMgb Mgt




4. The Simplex Method (continued)

We now carry through procedures for adjusting the basis and
calculating the extended simplex tableau associated with the new
basis.

We recall that the extended simplex tableau corresponding to the
old basis {1,2, 3} is as follows:—

20 2@ 40 @ 6 [ p | 2 B
G110 0 B BIF &
a@ o0 1 o z #1135 L -2
Glo o 1 B B2 s -4 4

0 0 o & %1202 B -2




4. The Simplex Method (continued)

We now consider which of the indices 4 and 5 to bring into the
basis.

Suppose we look for a basis which includes the vector a(®) together
with two of the vectors a(l), a(® and a(®. A feasible solution X
with x5 = 0 will satisfy

xT=(1+%X 3-ZXx 2-28)x X 0),

where A\ = X4. Indeed A(X —x) = 0, where x is the current basic
feasible solution, and therefore

(x1 — 1)a®) 4 (x2 — 3)a® + (x5 — 2)al® + x,2() = 0.



4. The Simplex Method (continued)

Now
a4 — _%a(l) 4+ 275(2) 4 %3(3)’

ga
It follows that
(%1 —1— 23%4)a® + (%2 — 3+ Zx4)a® + (x5 — 2+ 8%4)a® = 0.

But the vectors a1, a(® and a(® are linearly independent. Thus if
X4 = A and X5 = 0 then

x1—1-28X=0, %-3+2x=0, x3-2+8X=0,
and thus

x1=1+5\ x2=3-3IA X3=2-HA



4. The Simplex Method (continued)

For the solution X to be feasible the components of X must all be
non-negative, and therefore A must satisfy

)\gmin(3x§, 2x%).

Now 3 x % = % ~ 2.56 and 2 x % = % ~ 3.54. It follows that
the maximum possible value of )\ is %. The feasible solution
corresponding to this value of A is a basic feasible solution with
basis {1, 3,4}, and passing from the current basic feasible solution
x to the new feasible basic solution would lower the cost by —ga ),

where —q\ = 28 x 52 = 28 ~ 8.44.



4. The Simplex Method (continued)

We examine this argument in more generality to see how to
calculate the change in the cost that arises if an index j not in the
current basis is brought into that basis. Let the current basis be
{j17j27.j3}' Then

b = s;alt) 4+ sal2) + 5523
and . , , ]
a(l) — tl’ja(Jl) + t2’ja(JQ) + t3Ja(J3).

Now if X is a feasible solution, and if (x);; = 0 for j' & {j1,/2,/3.j},
then . ' . '
x;al) +x,al) £ xa0) £ x50 —b=0.



4. The Simplex Method (continued)

Let A = Yj. Then
(le+At1J—51)a(jl)+(Yj2+At2J—52)auz)+(Yj3+At3J—S3)a(j3) =0.

But the vectors alt), al2) aUs) are linearly independent, because
{j1,/2,/3} is a basis for the linear programming problem. It follows
that

Xj, = Sj — )\t;,j

for i =1,2,3.



4. The Simplex Method (continued)

For a feasible solution we require A > 0 and s; — At; j > 0 for
i =1,2,3. We therefore require

0§A§min<si:t,-,j>0>.
t,'J

We could therefore obtain a new basic feasible solution by ejecting

from the current basis an index j; for which the ratio — has its
iJ

minimum value, where this minimum is taken over those values of

i for which t; ; > 0. If we set A equal to this minimum value, then

the cost is then reduced by —g;\.



4. The Simplex Method (continued)

With the current basis we find that s,/ts» = 27 9 and s3/ta3 = ‘l‘g.

Now & 27 < 13 It follows that we could bring the index 4 into the
basis, obtaining a new baS|s {1,3,4}, to obtain a cost reduction

equal to 228 , given that 52 X % E ~ 8.44.

We now calculate the analogous cost reduction that would result
from bringing the index 5 into the basis. Now s;/t52 = gl and
s3/ts 3 = 26 Moreover 2 26 < 31 It follows that we could bring the
index 5 into the basis, obtalnlng a new basis {1,2,5}, to obtain a
cost reduction equal to 23 X ‘2‘2 1260 ~ 4.62.

We thus obtain the better cost reduction by changing basis to
{1,3,4}.



4. The Simplex Method (continued)

We need to calculate the tableau associated with the basis
{1,3,4}. We will initially ignore the change to the criterion row,
and calculate the updated values in the cells of the other rows.
The current tableau with the values in the criterion row deleted is

as follows:—
21 52 2@ 306) | p| e @ L0B)
1 o o B -B|1-B & %
@0 1 o E B34 & A
a® 10 0 3 % |25 o o®




4. The Simplex Method (continued)

Let v be a vector in R3 and suppose that

Now
3(4) — —%a(l) + %3(2) —+ %3(3)‘

On multiplying this equation by % we find that
%3(4) — —%a(l) + 3(2) _|_ %3(3)’
and therefore

3(2) = %a(l) _|_ %3(4) — %3(3).



4. The Simplex Method (continued)

It follows that
v = (1 + Fp2)a® + Bppa® + (u3 — $p12)a®),
and thus

[y =+ S, ph = Sapia,  py = [i3 — 3afia.



4. The Simplex Method (continued)

Now each column of the tableau specifies the coefficients of the
vector labelling the column of the tableau with respect to the basis
specified by the vectors labelling the rows of the tableau.

The pivot row of the old tableau is that labelled by the vector a(®
that is being ejected from the basis. The pivot column of the old
tableau is that labelled by the vector a(*) that is being brought into
the basis. The pivot element of the tableau is the element or value
in both the pivot row and the pivot column. In this example the

pivot element has the value %—;



4. The Simplex Method (continued)

We see from the calculations above that the values in the pivot
row of the old tableau are transformed by multiplying them by the
reciprocal % of the pivot element; the entries in the first row of
the old tableau are transformed by adding to them the entries
below them in the pivot row multiplied by the factor %; the values
in the third row of the old tableau are transformed by subtracting
from them the entries above them in the pivot row multiplied by
the factor %



4. The Simplex Method (continued)

Indeed the coefficients t;j, s, ri, t;;, s; and r] , are defined for
i=1,2,3,j=1,2,3,4,5and k =1,2,3 so that

3 3
P 0) - Z tiJa(ji) - Z t:{,ja(jil)v
ljl ;:1
b = Zs;a(jf) = Zs,{a(ji/),
lzl /:13
(k) — Z ri,ka(ji) — Z ,»I{’ka(j,-')7
i=1 i=1



4. The Simplex Method (continued)

The general rule for transforming the coefficients of a vector when
changing from the basis a2 30) to the basis alV),a®) a3
ensure that

tﬁJ = 1 t2j,
t2a
t/{J = tij— Z’i tj (i=1,3).
sy = i5
2 24 2,
sl = s,-—252 (i=1,3).

b4



4. The Simplex Method (continued)

The quantity t 4 is the value of the pivot element of the old
tableau. The quantities t; j, s, and rp x are those that are recorded
in the pivot row of that tableau, and the quantities t; 4 are those
that are recorded in the pivot column of the tableau.



4. The Simplex Method (continued)

We thus obtain the following tableau:—

2D 2@ 20 2@ 0 b | D 2 O
01 Z o0 o 2|8|-% B 3
@0 Z o0 o1 Bi8lE I 2
1o - 1 0 Z|B|F -F




4. The Simplex Method (continued)

The values in the column of the tableau labelled by the vector b
give us the components of a new basic feasible solution x’. Indeed
the column specifies that

b = %a(l) + %3(4) + %3(3)’

and thus Ax' = b where

X/T:( 99 0 15 69 O)

27 27 27



4. The Simplex Method (continued)

We continue the discussion of how the extended simplex tableau
transforms under a change of basis.

We now calculate the new values for the criterion row. The new
basis B’ is given by B" = {ji,/5,/5}, where j{ =1, j5 =4 and

J5 = 3. The values pj, p5 and p5 that are to be recorded in the
criterion row of the new tableau in the columns labelled by e(®),
e and e®) respectively are determined by the equation

;o ! / !
Pk = CjiMk + ok + €3k
for k =1,2,3, where
=cq =1, Cjé:C3:3,

and where ], denotes the ith component of the vector e(k) with
respect to the basis aD a® 30) of R3.



4. The Simplex Method (continued)

We find that

i1+ Cpra+cprsy
2><(_f)+1><f+3><2£7
c/r12+c/r22+ /r32

2 x 12—i—1><27—1—3><(—%)

c/r13+c/r23+ /r33

2xﬁ+1x(—ﬁ)+3x%

13
27"



4. The Simplex Method (continued)

We next calculate the cost C’ of the new basic feasible solution.
The quantities s;, s, and s; satisfy s’ = x/ for i = 1,2, 3, where
q 1 =2 3 Y S i
(X1, X5, X5, Xy, x5 ) is the new basic feasible solution. It follows that
! / / /
C' = (,:,-{51 + Cj§52 + Cj§53>
where s{, s} and s} are determined so that

The values of s, s) and s} have already been determined, and
have been recorded in the column of the new tableau labelled by
the vector b.



4. The Simplex Method (continued)

We can therefore calculate C’ as follows:—

C" = ¢sites+e 153—6151+C4S2—|-C353
_ %9 4 6 _ 312
= 2xHZ+H+3x 5 =37

Alternatively we can use the identity C’ = p’"b to calculate C’ as
follows:

C’:pib1+p§bg+p§b3——><13 ><13—1—13 x 20 = 32172



We now enter the values of pj, p5, p5 and C’ into the tableau

4. The Simplex Method (continued)

associated with basis {1,4,3}. The tableau then takes the
following form:—

a1 52 4B3) 44 40) b (1) (2 L(3)
(1) 24 3 99 _9 12 3
a 1 27 0 0 27 | 27 27 27 27
(4) 23 31 [ 60 | 6 1 5
a 0 27 0 1 27 | 27 27 27 27
(3) _13 13|15 6 1 4
a 0 7 1 0 27 | 27 27 27 27
312 6 _2 13
27 27 27 27




4. The Simplex Method (continued)

In order to complete the extended tableau, it remains to calculate
the values —qj'- for j =1,2,3,4,5, where qj’- satisfies the equation
—q;=p'Taj — ¢ forj=1,2,3,4,5.

Now qJ’- is the jth component of the vector q’ that satisfies the
matrix equation —q'” = p’TA —c”. It follows that

—q/T:p/TA—CT
12335
= (2 2 8)[23123
4 2 5 1 4
(2 4 31 4)

= (2 231 8)-(24314)

= (0 -% 00 %)



4. The Simplex Method (continued)

Thus

=0, =2 4¢=0 4q,=0 qt=32.

The value of each qJ’- can also be calculated from the other values
recorded in the column of the extended simplex tableau labelled by
the vector al). Indeed the vector p is determined so as to satisfy
the equation p’Ta(f) = ¢j for all j/ € B. It follows that

o' Tal) = Zt o/ Talih) = ch L

and therefore

ZC/t



4. The Simplex Method (continued)

The extended simplex tableau for the basis {1,4,3} has now been
computed, and the completed tableau is as follows:—

2D 2@ 20 2@ L0 p | D 2 O
Wl 5 0 0 F\F|-% # 5
@0 F o0 o1 B84 1 -3
1o - 1 0 B |F| % %




4. The Simplex Method (continued)

The fact that qj'- >0 forj=1,2,3,4,5 shows that we have now

found our basic optimal solution. Indeed the cost C of any feasible
solution X satisfies

f _ CTi — p/TAX—’— q,Ti — p/Tb + q/Ti
— C/_{_q/TX
76 32

= —X —Xi
+ 27X2 + 27X5’

where X2 = (X)2 and X5 = (X)s.
Therefore X is a basic optimal solution to the linear programming
problem, where

XT=(%2 0 L& 8 o)

27 27 27



4. The Simplex Method (continued)

It is instructive to compare the pivot row and criterion row of the
tableau for the basis {1, 2,3} with the corresponding rows of the
tableau for the basis {1, 4,3}.

These rows in the old tableau for the basis {1,2,3} contain the
following values:—

2D 2@ 20 2@ L0 [ p | @ O

(2 27 31 6 7 5
a 0 1 0 23 3| 3| 23 23 23

76 60 22 18 3
0 0 0 xm 3|20/ 3 3 —3x




4. The Simplex Method (continued)

The corresponding rows in the new tableau for the basis {1, 4, 3}
contain the following values:—

aM 2@ 3B @ 30) | p | e 2 B

) 23 31 | 69 | 6 7 5
a 0 27 0 1 27 27 | 27 27 27
76 32 312 6 2 13

0 —% 0 0 =% |% |23 —3 37




4. The Simplex Method (continued)

If we examine the values of the criterion row in the new tableau we
find that they are obtained from corresponding values in the
criterion row of the old tableau by subtracting off the corresponding
elements of the pivot row of the old tableau multiplied by the
factor ;—?. As a result, the new tableau has value 0 in the cell of
the criterion row in column a(®. Thus the same rule used to
calculate values in other rows of the new tableau would also have

yielded the correct elements in the criterion row of the tableau.

We now investigate the reasons why this is so.



4. The Simplex Method (continued)

First we consider the transformation of the elements of the
criterion row in the columns labelled by at) for j=1,2,3,45.
Now the coefficients ¢;; and t,fJ are defined for i = 1,2,3 and
j=1,2,3,4,5 so that

3 3
al) = Z t; jal) = Z thaU/),
i=1 i=1

where j1 = ji =1, 3 =j, =3, o =2 and j5 = 4. Moreover

thy =t
L P

)

and
tia
t24

)

tl{,j:tiJ_ to (i:1,3).



4. The Simplex Method (continued)

Now

3
—q = D Gt g
i=1

= abj+ob+ at3j—c,
3
- A
-9 = Giti
i=1

/ / /
= Clt1J+C4t2J+C3t3J_q-

Cj.



4. The Simplex Method (continued)

Therefore
g —q = alty—ty)+at;— oty +ca(ty; - t3)
1
= — (—atia+ca—otra—ctzs) by
2.4
da
p— —_— t2 M
tra 7
and thus q
4
qjl —q;j + ba o j

for j =1,2,3,4,5.



4. The Simplex Method (continued)

Next we note that

Mo

C = Cj,si = c151 + ¢S + 353,
i=1
3
¢ = cjrSi = €151 + cas) + c385.
i=1
Therefore
C'—C = c(st—s1)+asy— s+ c3(sh — s3)
= P (—C1t1,4 +cp— oty s — 3t34) 2
2,4
g4 s
= —
24
and thus q
4
c'=Cc+=*2 S

t2a
for k =1,2,3.



4. The Simplex Method (continued)

To complete the verification that the criterion row of the extended
simplex tableau transforms according to the same rule as the other
rows we note that

3
Pk = § Cj.lik = C1n k + Coro k + C313 &,
i=1
3
- r / / /
P = E Cjtlik = €1l + Calp o + €313 4
i=1



4. The Simplex Method (continued)

Therefore
Pk =Pk = clr—rnx)+cr,—cnk+c(rs, —rk)
= — (—atia+ca—otrs—c3t3a) oy
2.4
_ 9 "ok
tra
and thus q
4
Pl = Pk + P . k
for k=1,2,3.

This completes the discussion of the structure and properties of
the extended simplex tableau associated with the optimization
problem under discussion.



4. The Simplex Method (continued)

4.7. The Extended Simplex Tableau

We now consider the construction of a tableau for a linear

programming problem in Dantzig standard form. Such a problem is

specified by an m x n matrix A, an m-dimensional target vector

b € R™ and an n-dimensional cost vector c € R"”. We suppose

moreover that the matrix A is of rank m. We consider procedures

for solving the following linear program in Danzig standard form.
Determine x € R" so as to minimize c"x subject to the
constraints Ax = b and x > 0.

We denote by A;; the component of the matrix A in the ith row
and jth column, we denote by b; the ith component of the target
vector b for i =1,2,..., m, and we denote by ¢; the jth
component of the cost vector c for j =1,2,...,n.



4. The Simplex Method (continued)

We recall that a feasible solution to this problem consists of an
n-dimensional vector x that satisfies the constraints Ax = b and
x > 0 (see Subsection 2). A feasible solution of the linear
programming problem then consists of non-negative real numbers
X1, X2, . - ., Xp for which

3 xal) = b,
j=1

A feasible solution determined by xi, x2, ..., x, is optimal if it
n

minimizes cost ) ¢jx; amongst all feasible solutions to the linear
J=1
programming problem.



4. The Simplex Method (continued)

Let j1,Jo,...,Jjm be distinct integers between 1 and n that are the
elements of a basis B for the linear programming problem. Then
the vectors al) for j € B constitute a basis of the real vector space
R™. (see Subsection 4).

We denote by Mg the invertible m x m matrix whose component
(M) k in the ith row and jth column satisfies (Mg); x = (A);, for
i,k =1,2,...,m. Then the kth column of the matrix Mg is
specified by the column vector alk) for k = 1,2,..., m, and thus
the columns of the matrix Mg coincide with those columns of the
matrix A that are determined by elements of the basis B.



4. The Simplex Method (continued)

Proposition 4.3

Let A be an real m x n matrix of rank m with columns represented
by the column vectors a® a®@ . aM et b be an m-dimensional
column vector, and let B = {j1,j2,...,jm}, where j1,jo,...,jm are
integers between 1 and n for which the corresponding columns
abn) al2) . alm) of the matrix A are linearly independent. Let
Mg be the invertible m x m matrix defined so that (Mg); x = Aij,
fori,k =1,2,..., m. Then there are uniquely determined real
numbers t; j and s; fori =1,2,....,mand j=1,2,...,n for which

al) = Z t,-Jan) and b= Zs;aU’).
i=1 i=1




4. The Simplex Method (continued)

Moreover
m
tij = E ri KAk j
k=1

fori=1,2,...,mand j=1,2,...,n, and

m
si = E ri kb
k=1

for j=1,2,...,n, where r; = (MEI),-,k fori,k=1,2,...,m.




4. The Simplex Method (continued)

Proof

Every vector in R™ can be expressed as a linear combination of the
basis vectors aUt) al2) ... alim) |t follows that there exist
uniquely determined real numbers t;j and s; for i =1,2,..., m

and j =1,2,...,n such that

al) = Z t;JaU’) and b= Zs;aU’).
i=1 i=1

Then

n

Aij= Z te jAij, = Z(MB)i,kth
k=1

k=1

and

b; = ZSkAi,jk = Z(MB)i,kSk-
k=1 k=1



4. The Simplex Method (continued)

Thus al) = MgtW) and b = Mgs forj=1,2,...,n, where tU) and
s denote the column vectors that satisfy (t0)); = tij and (s)i = s
fori=1,2,...,m. It follows that

tU) = I\/lgla(j) and s= I\/Iglb

forj=1,2,...,n. Thus
tij = (Mgla(j)),- = Z r,-,kAkJ
k=1

fori=1,2,...,mandj=1,2,...,n, and

m
Si = (M‘glb); = Z r,-7kbk
k=1
for i =1,2,...,m, where r; = (Mg1); for i,k =1,2,....m.

This completes the proof. |}



4. The Simplex Method (continued)

Let A be an m x n matrix with real coefficients that is of rank m
whose columns are represented by the column vectors

a® a® . alM and let B = {j1,jo,...,jm}, where ji,jo,. .., jm
are integers between 1 and n for which the corresponding columns
aln) al2) ... alm) of the matrix A are linearly independent. Let
Mg be the invertible m x m matrix defined so that (Mg); x = Aj,
fori,k=1,2,...,m.

The standard basis e(1),e(®) ... (™ of R™ is defined such that
(e(k)),- =0jk for i,k =1,2,...,m, where §;  is the Kronecker
delta, defined such that

5o 1 ifk=i
T 0 if k£



4. The Simplex Method (continued)

It follows from Proposition 4.3 (with the column vector b of that
proposition set equal to e(k)) that

el = 2’": 2”’: ri(e))pali) = 2'”: rikal,
i=1 h=1 i—1

where r;  is the coefficient (l\/lgl),-vk in the ith row and kth
column of the inverse Mgl of the matrix Mp.



4. The Simplex Method (continued)

Let A be an m x n matrix of rank m with real coefficients, and let

b be an m-dimensional vector, and let {1, /2,...,/m} be a subset
of {1,2,..., n} for which the corresponding columns
aln) al2) . alm) of the matrix A are linearly independent. We

can then record the coefficients of the m-dimensional vectors

a® 2@ A b W @) elm)

with respect to the basis aUt),al2) ... alim) of R™ in a tableau of
the following form:—

a(l) a(z) e a(”) b e(]-) e(2) c. e(m)

a(’:l) t11 tip o0 tip | S1 | N1 N2 o Mm

al?) | by o - tan | S| 1 R2 o fam

a(jm) tm1i tm2 - tman|Sm|fml 'm2 “** TImm




4. The Simplex Method (continued)

The definition of the quantities t; ; ensures that t; j, = d; ) for
i=1,2,..., m, where

5o {1 ifi=k
BT 0 ifi#£ k.

Also it follows from Proposition 4.3 that

m
tj= Y rikAij
k=1

fori=1,2,...,mandj=1,2,...,n, and

m
si = E ri i bic
k=1

fori=1,2,...,m.



4. The Simplex Method (continued)

If the quantities s1, s, ..., Sy, are all non-negative then they
determine a basic feasible solution x of the linear programming
problem associated with the basis B with components
X1,X2,...,Xn, Where x; = s; for i =1,2,..., m and x; = 0 for all
integers j between 1 and n that do not belong to the basis B.

Indeed . . .
ija(f) — ij-ia(j") — Z Sia(ji)‘
j=1 i=1 i=1



4. The Simplex Method (continued)

The cost C of the basic feasible solution x is defined to be the
value ¢7x of the objective function. The definition of the
quantities s1, Sp, ..., Sy, ensures that

n m
C= E Cixj = E Gj.Si-
j=1 i=1

If the quantities s1, S, ..., S, are not all non-negative then there is
no basic feasible solution associated with the basis B.



4. The Simplex Method (continued)

The criterion row at the bottom of the tableau has cells to record
quantities pi, p2, ..., pm associated with the vectors that
constitute the standard basis e(1),e(® .. (™ of R™. These
quantities are defined so that

m
Pk = E Cji 1k
i=1

for k=1,2,...,m, where ¢j is the cost associated with the basis
vector ali) for i = 1,2,..., k, Now the quantities rik are the
components of the inverse of the matrix Mg, and therefore

m
E rhkAkj = On,i
k=1

for h,i=1,2,..., m, where

5o 1 ifh=i
B0 iR



4. The Simplex Method (continued)

It follows that

m m m m m
> PrAG = DD GuhkAkg = D Gy | D hkAki | = 6
k=1

k=1 h=1 h=1 k=1

On combining the identities

m m m
si = § rikbk, pk = E Girik and C= E CjiSi
k=1 i—1 i—1

derived above, we find that

C= Z Cj.si = ZZ Cjilikbk = Zpkbk-

m m
i=1 i=1 k=1 k=1



4. The Simplex Method (continued)

The tableau also has cells in the criterion row to record quantities

—dq1,—q2,...,—(qn,

where g1, g2, ..., g, are the components of the unique

n-dimensional vector q characterized by the following properties:
@ qg;=0fri=12,....m;

e c'x= C+q'x for all x € R™ satisfying the matrix equation
AX = b.



4. The Simplex Method (continued)

First we show that if ¢ € R” is defined such that q7 =c’ —pTA
then the vector g has the required properties.

The definition of p1, pa, ..., px ensures (as noted above) that

m
> PrAk = G
k=1

fori=1,2,..., k. It follows that
m
qj; = ¢; — (pTA)ji =G — ZpkAka =0
k=1

fori=1,2,...,n.



4. The Simplex Method (continued)

Also pTb = C. It follows that if X € R" satisfies AX = b then
c’x=p'Ax+q'x=p’b+q'x=C+q’x

Thus if 7 = c” — pT A then the vector g satisfies the properties
specified above.

We next show that .
(PTA) =D citij
i=1

forj=1,2,...,n.



4. The Simplex Method (continued)

Now
m
tij = E ri kAkj
k=1

fori=1,2,...,mand j=1,2,...,n. (see Proposition 4.3). Also
the definition of py ensures that

m
Pk = § Cji i k
i=1

for k=1,2,..., m. These results ensure that
m m m m
D oGt =D GirikAki = ) PP = (pTA);.
i=1 i=1 k=1 k=1

It follows that

m m
—G =D kAR TG =D Gitij— G
k=1 i=1

forj=1,2,...,n.



4. The Simplex Method (continued)

The extended simplex tableau associated with the basis B is
obtained by entering the values of the quantities —q; (for
Jj=1,2,...,n), C and px (for k =1,2,...,m) into the bottom
row to complete the tableau described previously. The extended
simplex tableau has the following structure:—

A 2@ .. ) | e @ . e(m)
aql) t11 tip - ta | S1| N1 N2 o Mm
at2) b1 thp - ba| S| N1 P2 o hm
a(’jm) tm,l tm,2 T tm,n Sm | 'm1l 'I'm2 -*° 'm,m
- =9 - —dn | C | p1 P2 Pm




4. The Simplex Method (continued)

The extended simplex tableau can be presented in block form as

follows:—
a(l) e a(") b e(l) e e(m)
a(jl)
3 MgtA Mg'b Mg*
4Um)
pTA _ CT pr pT




4. The Simplex Method (continued)

Let cg denote the m-dimensional vector defined so that

CE:(CJ& Cp ij)'

The identities we have verified ensure that the extended simplex
tableau can therefore also be represented in block form as

follows:—
N NG b M .. e(m
al1)
: MgtA Mg'b Mgt
alim)
cEMGIA—cT | cIMgth cEMg?




4. The Simplex Method (continued)

Given an m x n matrix A of rank m, an m-dimensional target
vector b, and an n-dimensional cost vector c, there exists an
extended simplex tableau associated with any basis B for the linear
programming problem, irrespective of whether or not there exists a
basic feasible solution associated with the given basis B.

The crucial requirement that enables the construction of the
tableau is that the basis B should consist of m distinct integers
J1,J2, -, m between 1 and m for which the corresponding columns
of the matrix A constitute a basis of the vector space R™.

A basis B is associated with a basic feasible solution of the linear
programming problem if and only if the values in the column
labelled by the target vector b and the rows labelled by

alv) al2) . alm) should be non-negative. If so, those values will
include the non-zero components of the basic feasible solution
associated with the basis.



4. The Simplex Method (continued)

If there exists a basic feasible solution associated with the basis B
then that solution is optimal if and only if all the values in the
criterion row in the columns labelled by a®),a® ... a(" are all
non-positive.

Versions of the Simplex Tableau Algorithm for determining a basic
optimal solution to the linear programmming problem, given an
initial basic feasible solution, rely on the transformation rules that
determine how the values in the body of the extended simplex
tableau are transformed on passing from an old basis B to an new
basis B’, where the new basis B’ contains all but one of the
members of the old basis B.



4. The Simplex Method (continued)

Let us refer to the rows of the extended simplex tableau labelled by
the basis vectors a¥),a(® .. a(" as the basis rows of the tableau.
The following lemma determines how elements of the basis rows of
the tableau transform under changes of column bases that replace
a single column of an initial basis by another column that is
linearly independent of the remaining columns of that initial basis.



4. The Simplex Method (continued)

Let A be an m X n matrix of rank m with real coefficients, let

J1,J2,---,Jm be distinct integers between 1 and n, let h be an
integer between 1 and m, and let ji, 5, ..., j, be distinct integers
between 1 and n, where j; # j, and ji = ji for i # h. Suppose that
the column vectors att) aU2) . aUm) are linearly independent,
and that the column vectors aUi) al2) ... alm) are also linearly
independent, where al) denotes the jth column of the matrix A.
Let v be an element of R™, let z1, 20, ..., 2Zm, 21, 2Zb, ..., 2},
tjistagls e tmj denote the uniquely-determined real numbers
for which

m m
. .,
VvV = E Zia(ll) = E Z,{a(‘li)
i=1 i=1
and

a0) ="t 2.
i=1




4. The Simplex Method (continued)

Then 1
Z,/, = —2Zp
th,J'L
and
Z=z— gz (i #h).
h.j;
Proof

Expressing the vector v as a linear combination of alh) and the
vectors aUi) for i = j, and then substituting in the representation of
aUi) as a linear combination of aln) al2) alm) | and using the
requirement that j = j; when i # h, we find that



4. The Simplex Method (continued)

m

H)

v = g zlal)
i=1

= z,’,a(jf/r) + Z z,{a(j")
1<i<m
i#h
= ZzthJLaUh) + Z (Z,/ =+ z,’,t,,j’g)a(jf).
1<i<m
i%h
Equating coefficients of alit) at2)_ .. alm) we deduce that
Zh = Z/,7t;,’J-’/7

and
z,-:z,{—i—z;,t,-# (1<i<mandi#h).



4. The Simplex Method (continued)

It follows that

and

as required. |

We now apply Lemma 4.4 in order to determine how entries in the
basis rows of the extended simplex tableau transform which one
element of the basis is replaced by an element not belonging to the
basis.



4. The Simplex Method (continued)

Thus we consider the manner in which the basis rows of the
extended simplex tableau transform under such a change of basis.
Let A be be m x n matrix of rank m and let b be the
m-dimensional target vector that are employed in the specification
of the linear programming problem. Let the old basis B consist of
distinct integers ji, jo, - .., jm between 1 and n, and let the new
basis B’ also consist of distinct integers ji, 5, . .., jl, between 1
and n. We suppose that the new basis B’ is obtained from the old
basis by replacing an element j, of the old basis B by some integer
J;, between 1 and n that does not belong to the old basis. We
suppose therefore that j; = j/ when i # h, and that j| is some
integer between 1 and n that does not belong to the basis B.



4. The Simplex Method (continued)

Let the coefficients t;;, t,fJ-, si, s/, rix and r/, be determined for

i=12....mj=12....,nand k=1,2,... mso that
. m . m .
aU) — z tiJa(Ji) - Z tI{Ja(J,-)
i=1 i=1
forj=1,2,...,n,
m . m B
b= Zs,-a("') :Zs,{a(/i)
i=1 i=1

and ” .
i=1 i=1

fork=1,2,....m.



4. The Simplex Method (continued)

It then follows from direct applications of Lemma 4.4 that

t, 1 t
hj — hyj>s
th,j,’)
t: o
/ . I'Jp .
HA
hyp,
, 1
Sh = . Sh,
hjj,
/ IJp .
s; = Si— sn (i # h),
h.jl
1
Fhe = h,ks
thjp
t: o
/ IJp .
ik = ik rhi (i # h).



4. The Simplex Method (continued)

The pivot row of the extended simplex tableau for this change of
basis from B to B’ is the row labelled by the basis vector aUh) that
is to be removed from the current basis. The pivot column of the
extended simplex tableau for this change of basis is the column
labelled by the vector aUh) that is to be added to the current basis.
The pivot element for this change of basis is the element th,jt of the
tableau located in the pivot row and pivot column of the tableau.



4. The Simplex Method (continued)

The identities relating the components of al), b and e(¥) with
respect to the old basis to the components of those vectors with
respect to the new basis ensure that the rules for transforming the
rows of the tableau other than the criterion row can be stated as
follows:—

@ a value recorded in the pivot row is transformed by dividing it
by the pivot element;

@ an value recorded in a basis row other than the pivot row is
transformed by substracting from it a constant multiple of the
value in the same column that is located in the pivot row,
where this constant multiple is the ratio of the values in the
basis row and pivot row located in the pivot column.



4. The Simplex Method (continued)

In order to complete the discussion of the rules for transforming
the values recorded in the extended simplex tableau under a
change of basis that replaces an element of the old basis by an
element not in that basis, it remains to analyse the rule that
determines how the elements of the criterion row are transformed
under this change of basis.



4. The Simplex Method (continued)

First we consider the transformation of the elements of the
criterion row in the columns labelled by al) for j =1,2,..., n.
Now the coefficients ¢;; and t,fJ are defined for i = 1,2,..., m and

j=1,2,...,nso that
. m . m .
al) — Z tl.,ja(ﬁ) - Z t;Ja(J{)
i=1 i=1
for j=1,2,...,n. Moreover

tl.zit :
hyj t hj

/

and
/ ti

_ Jh
t’:J_tI’J_

th,j
h,_/l/7

for all integers i between 1 and m for which i # h.



4. The Simplex Method (continued)

Now
m m
/ /
—gi= Gtij—q ad —qi=3 gt;—g
i=1 i=1
Therefore
/ / /
g—a = > Gt~ tif)+ cth— CGtn,
1<i<m
i#h
1 m
= =D Gitij + G | thy
h.j! i
h i=1
qjr
thaj//,
and thus qu
/ Jh
—q;=—q;+ -~ th,j
h.jp,

forj=1,2,...,n.



4. The Simplex Method (continued)

Next we note that

m m
/ /
C= ch,.s,- and C = ZCJ}'S"'
i=1 i=1
Therefore
/ / !
c-C = Z cj.(si — si) + ¢ Sh — Gj,sh
1<i<m
i+h
1 m
= v\ > Gt o | sh
Jh i=1
q;
= h Sh
th,J'L
and thus q
j/
C'=C+ " h Sh
h.j;

fork=1,2,....,m.



4. The Simplex Method (continued)

To complete the verification that the criterion row of the extended
simplex tableau transforms according to the same rule as the other
rows we note that

m m
/ /
Pk = Z G rik and  pj = E Gt Fik
=1 i=1
Therefore
/ / /
Pk — Pk = E , Cj,-(fi,k—ri,k)+cj,’,rh,k—cjhrh,k
1<i<m
ih
m
1 > citig g | i
pry — ) 3 pry
t, Ji “isjp, Jh h,k t) h,k
Jh i=1 Jh
and thus q;
/ I3
Px = Pk + Ik
1.L/.,’J-’/7

fork=1,2,....,m.



4. The Simplex Method (continued)

We conclude that the criterion row of the extended simplex tableau
transforms under changes of basis that replace one element of the
basis according to a rule analogous to that which applies to the
basis rows. Indeed an element of the criterion row is transformed
by subtracting from it a constant multiple of the element in the
pivot row that belongs to the same column, where the multiplying
factor is the ratio of the elements in the criterion row and pivot
row of the pivot column.



4. The Simplex Method (continued)

We have now discussed how the extended simplex tableau
associated with a given basis B is constructed from the constraint
matrix A, target vector b and cost vector c that characterizes the
linear programming problem. We have also discussed how the
tableau transforms when one element of the given basis is replaced.

It remains how to replace an element of a basis associated with a
non-optimal feasible solution so as to obtain a basic feasible
solution of lower cost where this is possible.

We use the notation previously established. Let ji, jo,...,jm be the
elements of a basis B that is associated with some basic feasible
solution of the linear programming problem. Then there are
non-negative numbers s1, sy, ..., S, such that

b= i Sia(ji)7
i=1

where ali) is the m-dimensional vector determined by column j; of
the constraint matrix A.



4. The Simplex Method (continued)

Let jo be an integer between 1 and n that does not belong to the
basis B. Then .

i=1
and therefore

)\a(fo) + Z(si _ >\ti,j0)a(ji) —
i=1



4. The Simplex Method (continued)

This expression representing b as a linear combination of the basis
vectors al0) al) a(2) . aUm) determines an n-dimensional
vector X(\) satisfying the matrix equation AX(A) = b. Let X;(\)
denote the jth component of the vector X(\) for j =1,2,... n.
Then

° Xj(A) =X

° X (N) =si—Atjj, fori=1,2,...,m;

(4] Yj :0whenj¢{j0,j1,j2,...,jm}.



4. The Simplex Method (continued)

The n-dimensional vector X(\) represents a feasible solution of the
linear programming problem if and only if all its coefficients are
non-negative. The cost is then C 4 gj, A, where C is the cost of
the basic feasible solution determined by the basis B.

Suppose that gj, < 0 and that t;j; <0 for i =1,2,...,m. Then
X(A) is a feasible solution with cost C + gj, A for all non-negative
real numbers A. In this situation there is no optimal solution to the
linear programming problem, because, given any real number K, it
is possible to choose A so that C + gj,A < K, thereby obtaining a
feasible solution whose cost is less than K.

If there does exist an optimal solution to the linear programming
problem then there must exist at least one integer i between 1 and
m for which t; j; > 0. We suppose that this is the case. Then x(\)
is a feasible solution if and only if A satisfies 0 < A < \g, where

.. Sj
Ao = minimum <' Do > O> .
i jo



4. The Simplex Method (continued)

We can then choose some integer h between 1 and n for which

s

21— .

th.jo
Let ji = ji for i # h, and let j; = jo, and let B = {ji,/5,...,jl,}.
Then X(Ag) is a basic feasible solution of the linear programming
problem associated with the basis B’. The cost of this basic
feasible solution is
Shdj,
th.jo

C+

It makes sense to select the replacement column so as to obtain
the greatest cost reduction. The procedure for finding this
information from the tableau can be described as follows.



4. The Simplex Method (continued)

We suppose that the simplex tableau for a basic feasible solution
has been prepared. Examine the values in the criterion row in the
columns labelled by a a®@ . 3™ If all those are non-positive
then the basic feasible solution is optimal. If not, then consider in
turn those columns al®) for which the value —gj, in the criterion
row is positive. For each of these columns, examine the coefficients
recorded in the column in the basis rows. If these coefficients are
all non-positive then there is no optimal solution to the linear
programming problem. Otherwise choose h to be the value of i
that minimizes the ratio

" amongst those values of i for which
iJjo

tii, > 0. The row labelled by al") would then be the pivot row if
the column al) were used as the pivot column.



4. The Simplex Method (continued)

Calculate the value of the cost reduction sh(t_%) that would
h.Jjo

result if the column labelled by al®) were used as the pivot column.
Then choose the pivot column to maximize the cost reduction
amongst all columns ato) for which —qj, > 0. Choose the row
labelled by alh), where h is determined as described above. Then
apply the procedures for transforming the simplex tableau to that
determined by the new basis B’, where B’ includes jo together with

Jji for all integers i between 1 and m satisfying i # h.



4. The Simplex Method (continued)

4.8. Further Analysis of the Criterion Row Transformation Rule

We investigate further the reasons why, in a linear programming
problem expressed in Dantzig standard form, the criterion row of
the extended simplex tableau transforms in the same fashion under
change of basis as the other rows of the tableau. Thus let A be an
m X n matrix of rank m with real coefficients, where m < n, and let
b € R™ and c € R" be vectors of dimensions m and n respectively.
We consider the following linear programming problem:—
Determine an n-dimensional vector x so as to minimize
cTx subject to the constraints Ax = b and x > 0.



4. The Simplex Method (continued)

Let p: R™ — R™! and o: R” — R"*! be the embeddings of R™
and R” in R™1 and R"*! respectively defined such that

p(wi, wo, ... wp) = (w1, wa, ..., Wnp,0)
o(x1, %2,y Xn) = (X1, X2, . - -, Xn, 0)
for all (w1, wn, ..., wy) € R™. and (x1,x2,...,x,) € R". Also let

f € R™1 and g € R"! be defined so that

f=(0,0,...,0,1) and g=(0,0,...,0,1).



4. The Simplex Method (continued)

Every element of R™*1 can then be expressed, uniquely, in the
form p(w) + zf for some w € R"” and z € R. Similarly every
element of R™*! can then be expressed, uniquely, in the form
o(x) + yg for some x € R” and y € R. The linear transformation
A:R" — R™ determined by the constraint matrix of the linear
programming problem and the cost vector ¢ € R™ then together
determine a linear transformation A: R — R™*1 from R to
R™1 where

A(o(x) + yg) = p(Ax) + (y — cTx)f

for all x € R" and y € R.



4. The Simplex Method (continued)

This linear transformation A is specified in matrix form as follows:

A1,1 A172 . A17,-, 0
A2’1 A2,2 - A27n 0
A=l
Ami Am2 ... Amn O
—-q —-c¢ ... —c 1

Let A
b= p(b) = (b1, b2, ..., bm,0)7,

where b denotes that target vector of the linear programming
problem, and let

$=0(x)+yg = (xt, %, X0, y)"

for some x € R” and y € R. Then A% = b if and only if Ax=Db

and y = c'x.



4. The Simplex Method (continued)

Indeed the equation Ax = b, expressed in matrix notation, takes
the following form:

A171 A172 e Al’,, 0 X1 b1
Az’l A272 . A27n 0 X2 b2
Ami Ama .. Amn O X by
- —C¢ ... —¢c, 1 y 0

and this matrix equation is clearly equivalent to the two
simultaneous equations Ax = b and ¢’ x = y. The problem of
minimizing ¢’ x subject to the constraints Ax = b and x > 0 is
thus equwalent to the problem of m|n|m|zmg y subject to the
constraints A% = b and x > 0, where b = p(b) and % = o(x) + yg.



4. The Simplex Method (continued)

Now let 41,4 .. a(" denote the first n columns of the
(m+1) x (n+ 1) matrix A. Then

aU) = p(a¥) — ¢f

for j=1,2,...,n, where al) denotes the Jjth column of the
constraint matrix A.



4. The Simplex Method (continued)

Let j1,/2,...,Jjm be a basis for the linear programming problem.
Then the m-dimensional vectors a(fl),a(f2), .. ,a(J'") are linearly
independent. It then follows that the (m + 1)-dimensional vectors

p@a?), p(@®)), ..., p(alm), f

are linearly independent, and therefore the (m + 1)-dimensional
vectors
301) 3(2) . 4Um) ¢

Y

are linearly independent, and therefore constitute a basis of R™*1.



4. The Simplex Method (continued)

The standard basis of R™*1 consists of the vectors

&) a@ . alm £ where e e(@ . e(™ is the standard basis
of R™ and &K = p(e(k)) for k =1,2,..., m. Let coefficients r; x
be determined for i,k =1,2,..., m so that

m

o) =3 r; ol

i=1

fork=1,2,...,m. Then



4. The Simplex Method (continued)

8l = pelhy = Z r: kﬂ(a(j' Z ri’kﬁ(ji) + Z ¢ rif
i=1 i=1

= Z ri kU + pif,
i—1

m
where p = Y ¢jrix for k=1,2,....m
i=1



4. The Simplex Method (continued)

Also let s1, sy, ..., sk be the components of the target vector b
with respect to the basis aU), al2) ... alim) of R™ so that

b= Em: Sia(ji)7
i=1

Then
m ) m ) m
b = pb) =) sip(a) =Y 5200 +3" ¢ sif
i=1 i=1 i=1

= Zm:s,-s(ff) + Cf,
i=1

m
where C = ) ¢js;.
i=1



4. The Simplex Method (continued)

Next let coefficients t; ; be determined so that
al) — Z tiJa(ji)
i=1
forj=1,2,...,n. Then
3V = p(a) —gf =) tijp(ah) — of
i=1
m ) m
= Z t,'ljﬁ(’/") + (Z Cjtij— Cj) f
i=1 i=1

m .
= > rial) — gf,
i=1

m
where g = ¢ — > ¢jtijfor j=1,2,...,n.
i=1



4. The Simplex Method (continued)

These identities show that the coefficients t; ; and —g; in the
column of the extended simplex tableau labelled by the vector at)
are the coefficients of 4U) with respect to the basis

a0 302) . aUm) £
of R™*! for j =1,2,...,n. Similarly the coefficients s; and C in
the column of the extended simplex tableau labelled by the target
vector b are the coefficients of b with respect to the same basis of
R™H1. Also the coefficients rik and py in the column of the
extended simplex tableau labelled by the standard basis vector e(k)
are the coefficients of 8k) with respect to the above basis of R™ 1.

The results just described ensure that the criterion row of the
extended simplex tableau transforms according to the same rules as
the rows above it under change of basis.



4. The Simplex Method (continued)

4.9. The Simplex Tableau Algorithm

In describing the Simplex Tableau Algorithm, we adopt notation
previously introduced. Thus we are concerned with the solution of
a linear programming problem in Dantzig standard form, specified
by positive integers m and n, an m x n constraint matrix A of rank
m, a target vector b € R™ and a cost vector c € R". The
optimization problem requires us to find a vector x € R" that
minimizes c”x amongst all vectors x € R” that satisfy the
constraints Ax = b and x > 0.

We denote by A;; the coefficient in the ith row and jth column of
the matrix A, we denote the ith component of the target vector b
by b; and we denote the jth component of the cost vector c by ¢;
fori=1,2,...,mand j=1,2,...,n.

As usual, we define vectors al) € R™ for j=1,2,...,n such that
(al)); = A;jfori=1,2,...,mand j=1,2,...,n.



4. The Simplex Method (continued)

Distinct integers j1,j2, ..., Jjm between 1 and n determine a
basis B, where
B = {j17j27 B ,jm},

if and only if the corresponding vectors alt), al2) . aUm)
constitute a basis of R™. Given such a basis B we let Mg denote
the invertible m x m matrix defined such that (Mg); x = A;j, for
all integers i and k between 1 and m.

We let t;; = (/\/I;lA),-J and s; = (I\/Iglb),- fori=1,2,...,mand
j=1,2,...,n Then

a0) =3 t; 200
i=1

forj=1,2,...,n, and

b= i s;ali),
i=1



4. The Simplex Method (continued)

A basis B determines an associated basic feasible solution if and
only if s; >0 fori=1,2,..., m. We suppose in what follows that
the basis B determines a basic feasible solution.

Let
m
C= Z Cj.Si-
i=1

Then C is the cost of the basic feasible solution associated with
the basis B.

Let
m
—gi = Gtij— ¢
i=1

Then g; =0 for all j € {j1,j2,...,jm}. Also the cost of any feasible
solution (X1,X2,...,Xp) of the linear programming problem is

n
C+ Z q;X;-
=1



4. The Simplex Method (continued)

The simplex tableau associated with the basis B is that portion of
the extended simplex tableau that omits the columns labelled by

e @ . elm The simplex table has the following structure:
SO .0 . a0 b
alt) t11 tip o tig | S1
al2) th1 to - bnp | S
aUm) tm1 tm2 o tmn | Sm
g1 —q2 -+ —qn| C




4. The Simplex Method (continued)

Let cg denote the m-dimensional vector defined such that

ct=(G G = G )

Then the simplex tableau can be presented in block form as

follows:—
a) a() b
aln)
: MgtA Mg'b
alim)
cEMGTA—cT | cIMg'b




4. The Simplex Method (continued)

Example
We consider again the following linear programming problem:—
minimize
3x1 + 4x0o + 2x3 + 9x4 + 5x5
subject to the following constraints:
5x1 + 3x0 + 4x3 + x4 + 3x5 = 11;
4x1 + xo + 3x3 + 8x4 + 4x5 = 6;
xj >0 forj=1,23,4,5.

We are given the following initial basic feasible solution
(1,2,0,0,0). We need to determine whether this initial basic
feasible solution is optimal and, if not, how to improve it till we
obtain an optimal solution.



4. The Simplex Method (continued)

The constraints require that xi, x2, X3, X4, x5 be non-negative real
numbers satisfying the matrix equation

X1

X2 11

X3 = 6 .
Xa

X5

= W
w &
o N
NS

N
FN )

Thus we are required to find a (column) vector x with components
X1, X2, X3, x4 and xs that maximizes cx subject to the constraints
Ax = b and x > 0, where

53 4 7 3 11
A_<41384>’ b_<6>’

c"=(3429 5).

and



4. The Simplex Method (continued)

Our initial basis B satisfies B = {j1, 2}, where j; =1 and j, = 2.
The first two columns of the matrix A provide the corresponding
invertible 2 x 2 matrix Mg. Thus

5 3
v (22)

Inverting this matrix, we find that
1 1 -3
_]_ _ =
Me =7 ( -4 5 ) '

For each integer j between 1 and 5, let al) denote the
m-dimensional vector whose ith component is A; ; for i =1, 2.

Then , ,
al) = Z t;JaU’) and b= Zs;a(j’),
i=1 i=1

where t;; = (Mg'A);; and s; = (Mg'b); for j = 1,2,3,4,5 and
i=1,2.



4. The Simplex Method (continued)

Calculating Mg A we find that

5 17 9
M§1A: - ? 712 78
017 -7 -3

Also

MBlb:<;>.

The coefficients of these matrices determine the values of t; ; and
s; to be entered into the appropriate cells of the simplex tableau.



4. The Simplex Method (continued)

The basis rows of the simplex tableau corresponding to the basis
{1,2} are thus as follows:—

a(l) 3(2) 3(3) 3(4) 3(5) b

a( ) I 0 = = =
a( ) 0 = — == —2 2




4. The Simplex Method (continued)

Now the cost C of the current feasible solution satisfies the
equation

2
C= E Cj;Si = €151 + €252,
i=1

where ¢ =3, ¢ = 4, s1 = 1 and s, = 2. It follows that C = 11.

To complete the simplex tableau, we need to compute —gq; for
j=1,2,3,4,5, where

2
—q =) Gitij— G
i=1

Let cg denote the 2-dimensional vector whose ith component is
(¢j;). Then cg = (3,4). Let q denote the 5-dimensional vector
whose jth component is g; for j = 1,2,3,4,5. Then

—q' = CEM;lA —c’.



4. The Simplex Method (continued)

It follows that

T = (3 4)((1);)

-(3 429 5)

= (0037 -2 -9).

~Ni= o
| e
~s IR
I ~l©o
~l|oo

\/

The simplex tableau corresponding to basis {1,2} is therefore
completed as follows:—

2@ 2@ 20 @ 20 | p
a1 o 5 i 20
a@l o0 1 I -2 81>

o o 3 -2 -2u




4. The Simplex Method (continued)

The values of —q; for j = 1,2,3,4,5 are not all non-positive
ensures that the initial basic feasible solution is not optimal.
Indeed the cost of a feasible solution (X1, X2, X3, X4, X5) is

11 — 2%3 + 2%, + Dxs.

Thus a feasible solution with X3 > 0 and X4 = x5 = 0 will have
lower cost than the initial feasible basic solution. We therefore
implement a change of basis whose pivot column is that labelled by

the vector a(®).



4. The Simplex Method (continued)

We must determine which row to use as the pivot row. We need to

determine the value of / that minimizes the ratio t—' subject to
i3

the requirement that t; 3 > 0. This ratio has the value % when

i =1 and 14 when / = 2. Therefore the pivot row is the row

labelled by a(!). The pivot element t1 3 then has the value %

The simplex tableau corresponding to basis {2, 3} is then obtained
by subtracting the pivot row multiplied by % from the row labelled
by a(2), subtracting the pivot row from the criterion row, and
finally dividing all values in the pivot row by the pivot element %



4. The Simplex Method (continued)

The simplex tableau for the basis {2, 3} is thus the following:—

a(l) 3(2) a(3) 3(4) 3(5) b
@7 0 1 Z 11
1 11 9
a@l-2 1 0 ¥ {13
-1 0 0 -11 -7 |10

All the values in the criterion row to the left of the new cost are
non-positive. It follows that we have found a basic optimal solution
to the linear programming problem. The values recorded in the
column labelled by b show that this basic optimal solution is



4. The Simplex Method (continued)

4.10. The Revised Simplex Algorithm

The Simplex Tableau Algorithm restricts attention to the columns
to the left of the extended simplex tableau. The Revised Simplex
Algorithm proceeds by maintaining the columns to the right of the
extended simplex tableau, calculating values in the columns to the
left of that tableau only as required.

We show how the Revised Simplex Algorithm is implemented by
applying it to the example used to demonstrate the
implementation of the Simplex Algorithm.



4. The Simplex Method (continued)

Example
We apply the Revised Simplex Algorithm to determine a basic
optimal solution to the the following linear programming
problem:—

minimize

3x1 + 4x0 + 2x3 + 9x4 + 5xz

subject to the following constraints:

5x1 +3x0 + 4x3 4+ x4 + 3x5 = 11;

4x1 + xo + 3x3 + 8x4 + 4x5 = 6;

xj >0 forj=1,2,3,4,5.

We are given the following initial basic feasible solution
(1,2,0,0,0). We need to determine whether this initial basic
feasible solution is optimal and, if not, how to improve it till we
obtain an optimal solution.



4. The Simplex Method (continued)

The constraints require that xi, x2, X3, X4, x5 be non-negative real
numbers satisfying the matrix equation

X1

> iz ( s >
3 6 *
X4

X5

= W
w &
o ~
AW

Thus we are required to find a (column) vector x with components
X1, X2, X3, X4 and x5 that maximizes cTx subject to the constraints
Ax = b and x > 0, where

53 47 3 11
A_<41384>’ b_<6)’

c"=(3429 5).

and



4. The Simplex Method (continued)

Our initial basis B satisfies B = {j1, 2}, where j; =1 and j, = 2.
The first two columns of the matrix A provide the corresponding
invertible 2 x 2 matrix Mg. Thus

5 3
v (22)

Inverting this matrix, we find that
1 1 -3
_]_ _ =
Me =7 ( -4 5 ) '

For each integer j between 1 and 5, let a((j) denote the
m-dimensional vector whose ith component is A; ; for i =1, 2.

Then , ,
al) = Z t;JaU’) and b= Zs;a(j’),
i=1 i=1

where t;; = (Mg'A);; and s; = (Mg'b); for j = 1,2,3,4,5 and
i=1,2.



4. The Simplex Method (continued)

Let rj 4 = (Mgl),-ﬂk fori=1,2and k=1,2, and let

C = ¢gsitcp=cast+os=11
13
p1 = Gnit+cyni=cani+aon ==
11
P2 = Cn2+Cyna=Ccn+onr=—=

The values of s;, ri x, C and py are inserted into the following
tableau, which consists of the columns to the right of the extended

simplex tableau:—

b T @
IEN
@] 2]y 3

3 11

I




4. The Simplex Method (continued)

To proceed with the algorithm, one computes values —g; for j & B
using the formula

—qj = p1Arj + p2A2j — ¢j,

seeking a value of j for which —g; > 0. Were all the values —q; are
non-positive (i.e., if all the g; are non-negative), then the initial
solution would be optimal. Computing —gq; for j = 5,4, 3, we find
that

_ 13 _1n _E_ _40
—qs = T X3—-Fx4-5=-3%

—qa =B x7-Uxg-9=-9

7
13 11 5
—q3 = = x4-—= ><3—2—7



4. The Simplex Method (continued)

The inequality g3 > 0 shows that the initial basic feasible solution
is not optimal, and we should seek to change basis so as to include
the vector a(3). Let

t13 = Als+roAr3=—-1x44+3x3=2

1,3 n1A13+rnzA23 7 7 7

s = mn1Az+ oAz =3x4—-3x3=

Then
a(3) — t]_73a(jl) + t273a(j2) — %a(l) + %3(2).



4. The Simplex Method (continued)

We introduce a column representing the vector a(®) into the
tableau to serve as a pivot column. The resultant tableau is as

follows:—
BT p [e@ @
O E 1[4 3
@323 3
P uly %




4. The Simplex Method (continued)

To determine a pivot row we must pick the row index i so as to

minimize the ratio i, subject to the requirement that t;3 > 0. In
the context of this e’>7<3amp|e, we should pick i = 1. Accordingly the
row labelled by the vector al1) is the pivot row. To implement the
change of basis we must subtract from the second row the values
above them in the pivot row, multiplied by %; we must subtract
the values in the pivot row from the values below them in the
criterion row, and we must divide the values in the pivot row itself
by the pivot element 2.



The resultant tableau corresponding to the basis 2, 3 is then as

4. The Simplex Method (continued)

follows:—
BT p [eD @
O 1 [ 3
@] 0|88 -
0 10| 2 -2

A straightforward computation then shows that if
pr=(2 -2)
then
pPA—c’=(-100 -11 -7).
The components of this row vector are all non-positive. It follows
that the basis {2, 3} determines a basic optimal solution

(097

’ 5 57070)



4. The Simplex Method (continued)

4.11. Finding Initial Basic Solutions

Suppose that we are given a linear programming problem in
Dantzig standard form, specified by positive integers m and n, an
m x n matrix A of rank m, an m-dimensional target vector b € R™
and an n-dimensional cost vector ¢ € R”. The problem requires us
to find an n-dimensional vector x that minimizes the objective
function ¢’ x subject to the constraints Ax = b and x > 0.

Now, in the event that the column vector b has negative
coefficients, the relevant rows of the constraint matrix A and target
vector b can be multiplied by —1 to yield an equivalent problem in
which the coefficients of the target vector are all non-negative.
Therefore we may assume, without loss of generality, that b > 0.



4. The Simplex Method (continued)

The Simplex Tableau Algorithm and the Revised Simplex
Algorithm provided methods for passing from an initial basic
feasible solution to a basic optimal solution, provided that such a
basic optimal solution exists. However, we need first to find an
initial basic feasible solution for this linear programming problem.



4. The Simplex Method (continued)

One can find such an initial basic feasible solution by solving an

auxiliary linear programming problem. This auxiliary problem

requires us to find n-dimensional vectors x and z that minimize the

n

objective function ) (z); subject to the constraints Ax +z = b,
Jj=1

x>0and z> 0.

This auxiliary linear programming problem is itself in Dantzig

standard form. Moreover it has an initial basic feasible solution

specified by the simultaneous equations x =0 and z=b. The

objective function of a feasible solution is always non-negative.

Applications of algorithms based on the Simplex Method should

identify a basic optimal solution (x,z) for this problem. If the cost
n

>~ (z); of this basic optimal solution is equal to zero then Ax =b

j=1

and x > 0. If the cost of the basic optimal solution is positive then

the problem does not have any basic feasible solutions.



4. The Simplex Method (continued)

The process of solving a linear programming problem in Dantzig
standard form thus typically consists of two phases. The Phase |
calculation aims to solve the auxiliary linear programming problem
n
of seeking n-dimensional vectors x and z that minimize ) (z);
subject to the constraints Ax +z=b, x>0 and z > O.I Iflthe
optimal solution (x,z) of the auxiliary problem satisfies z # 0 then
there is no initial basic solution of the original linear programming
problem. But if z=0 then Ax = b and x > 0, and thus the Phase
| calculation has identified an initial basic feasible solution of the
original linear programmming problem. The Phase Il calculation is
the process of successively changing bases to lower the cost of the
corresponding basic feasible solutions until either a basic optimal
solution has been found or else it has been demonstated that no
such basic optimal solution exists.
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